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Abstract. The writhe of a knot diagram is a simple geometric measure of the
complexity of the knot diagram. It plays an important role not only in knot theory
itself, but also in various applications of knot theory to fields such as molecular
biology and polymer physics. The mean squared writhe of any sample of knot
diagrams with n crossings is n when for each diagram at each crossing one of
the two strands is chosen as the overpass at random with probability one-half.
However, such a diagram is usually not minimal. If we restrict ourselves to a
minimal knot diagram, then the choice of which strand is the over- or under-
strand at each crossing is no longer independent of the neighboring crossings
and a larger mean squared writhe is expected for minimal diagrams. This paper
explores the effect on the correlation between the mean squared writhe and the
diagrams imposed by the condition that diagrams are minimal by studying the
writhe of classes of reduced, alternating knot diagrams. We demonstrate that the
behavior of the mean squared writhe heavily depends on the underlying space of
diagram templates. In particular this is true when the sample space contains only
diagrams of a special structure. When the sample space is large enough to contain
not only diagrams of a special type, then the mean squared writhe for n crossing
diagrams tends to grow linearly with n, but at a faster rate than n, indicating
an intrinsic property of alternating knot diagrams. Studying the mean squared
writhe of alternating random knot diagrams, also provides some insight into the
properties of the diagram generating methods used, which is an important area
of study in the applications of random knot theory.
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1. Introduction

It is well known that knots occur in circular DNA and in ring polymers and play an
important role in the properties of these subjects. To study the various geometric
and topological complexity measures of DNA knots and ring polymer knots, one
needs first to build a proper mathematical model for such objects. For example,
random polygons are frequently used to model the behavior of ring polymers at
thermodynamic equilibrium [10, 12, 14]. For random polygons, measures (both
geometric and topological) such as the average overall dimension, the average end
to end distance, the average radius of gyration, the mean average crossing number,
the mean squared writhe, the knot type, etc have been studied [6, 9, 10, 12, 14, 17, 19].
It is frequently the case that one wishes to know how a ring polymer or a circular DNA
molecule is knotted and/or to what extent the ring polymer (circular DNA molecule)
is topologically entangled. Although in theory the knot type (and complexity) of a
ring polymer can be rigorously determined [1, 4, 5, 20], such information is not easy
to retrieve in practice if the ring polymer or the circular DNA molecule is long. One
thus turns to measures that are easier to obtain experimentally and can be used to
detect at least the average overall knot complexity of the ring polymers being studied.
For example, the mean average crossing number (ACN) is thoroughly studied in [6]
for this reason. In this paper we are interested in a measure similar to the ACN in
terms of the definition and easiness of computation called the writhe. Here one assigns
each crossing in a knot projection diagram a ±1 according to a right hand rule, and
considers the summation of these signs averaged over all possible projections of the
knot, the measure so obtained is defined as the writhe of the knot. So in some sense
one could think of the writhe of a knot as the signed generalization of the ACN. Like
the ACN, the writhe of a knot is not a knot invariant, but is a geometric property
of the knot depending on its particular space configuration. However, in general, the
writhe contains more topological information than the ACN. For example, the mean
ACN of all polygons with the same knot type and length (which is likely to be a
large positive number if the polygons are long) cannot tell us whether the polygons
are knotted (much less how complicated the knots are). However, the mean writhe
of all polygons (of the same length) with the trivial knot type is zero (by a simple
symmetry argument). Thus a positive (or negative) mean writhe of all polygons (of
the same length) with the same knot type implies that the knot type of the polygons
is nontrivial. Because of its importance, the behavior of writhe for various random
polygons has been studied quite extensively, see for example [13, 18, 21, 22, 23] and
the references in the review article [25] concerning writhe. In the case that the random
polygons are the uniform random polygons confined in a cube, the asymptotic behavior
of the mean squared writhe has been established recently [24].

In this paper, we are interested in the behavior of writhe from a rather
mathematical point of view. Instead of studying the average squared writhe behavior
for certain random polygons in R3, we want to study the average squared writhe
behavior for certain (minimum) random knot diagrams. Here each knot diagram will
produce only one writhe and we do not project the knot diagram in other directions
hence there is no need to take the average over different projections of the knot
(diagram). To avoid confusion, some authors call the writhe obtained by averaging
over all possible projections of a knot the spatial writhe and the writhe computed from
one knot diagram the diagrammatic writhe. Throughout this paper, it is understood
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that the term writhe means the diagrammatic writhe, unless otherwise stated. The
study of mean squared writhe of random knot diagrams has been sparse since the
space of random knot diagrams is still not well understood. In this paper, we aim to
compare the average behavior of the squared writhe between minimal knot diagrams
(in particular alternating knot diagrams) and all (alternating, non-alternating and
non-minimum) knot diagrams. Even with a lack of complete understanding of the
knot diagram space, we believe that some meaningful and interesting relationships can
still be revealed. Indeed, we demonstrate that the mean squared writhe of alternating
knot diagrams differs from the mean squared writhe of all knot diagrams under several
known knot diagram generating methods. All methods investigated sample a large
enough space of knot diagrams, that is, the sample space contains either all or at least
most possible knot diagrams.

In the following, we give a brief introduction to key concepts and terms in knot
theory. In Section 2, we make some quick observations of the mean squared writhe
for a few simple diagram template families which result in the minimum and the
maximum mean squared writhes possible, respectively. In Section 3, we explore the
mean squared writhe of alternating 2-bridge knots. This is one of a few special cases
where the mean squared writhe can be rigorously determined. In Section 4, we present
the numerical results concerning the mean squared writhe of random alternating knot
diagrams under a few generating methods. The paper is concluded in Section 5 with
some discussions on the findings and some questions for future study.

Since our discussion of basic knot theory here is quite informal (emphasizing
intuition over rigor), the reader may want to check out details and precise definitions
in a standard text in knot theory, see for example [1, 4, 5].

Throughout this paper, a knot means a simple closed curve in the 3-dimensional
space. Two knots K1 and K2 are topologically equivalent if one can be continuously
deformed into the other without self intersection. The collection of all knots that are
topologically equivalent is called a knot type. In the case that there are more than one
simple closed curve present, the term link is used. Each simple closed curve in a link
is called a component of the link.

For a fixed knot K, a knot diagram of K is the projection of K (as a space
curve) onto a plane. Such a projection is regular if no more than two segments of K
cross at any point in the projection. If p : R3 → R2 is the projection map, then we
call p(K) = T ∈ R2 a diagram template of K. If in addition, the over/under strand
information is given at each crossing in T , then we call the resulting diagram a knot
diagram of K. Any knot reconstructed from a knot diagram of K is topologically
equivalent to K. However, different over/under strand assignments at the crossings of
a diagram template usually lead to different knots. Figure 1 illustrates an example of
a diagram template and a knot diagram using the same template. The number of self
intersection points (crossing points) in a knot diagram is called the crossing number
of that diagram. Apparently, such a number not only depends on the knot type of K,
it also depends on the geometrical shape of K and the projection direction chosen.
The minimal number of crossings in all regular projections of all simple closed curves
having the same knot type as K is called the crossing number of the knot K and is
denoted by Cr(K). By this definition, if K1 and K2 are of the same knot type, then we
have Cr(K1) = Cr(K2). Furthermore, it may be the case that for a fixed embedding
of K none of its regular projections has crossing number Cr(K). A diagram D of
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a knot K is minimal if the number of crossings in the diagram equals Cr(K). A
knot diagram is said to be alternating if one encounters over-passes and under-passes
alternately when traveling along the diagram. In such a case the corresponding knot
is called an alternating knot. The crossing number of an alternating knot equals the
number of crossings in any reduced alternating diagram (that is, a diagram which does
not allow any obvious simplification) of it. For example, the crossing number of the
knot which has the knot diagram in Figure 1(b) is equal to the number of crossings in
the diagram (10 in this case) because it is alternating and reduced. In general, if one
assigns the over/under crossings arbitrarily in a diagram template, the result may not
be a minimal knot diagram. That is, the resulting knot may have a crossing number
that is less than the number of crossings in the diagram template.

(b)(a)

Figure 1. (a) A diagram template with 10 crossings; (b) An alternating knot
diagram corresponding to the template in (a).

A knot K is called a composite knot if it can be obtained by cutting open the
components of two non-trivial knots K1 and K2, respectively and reconnecting the
strings as shown in Figure 2. We write K = K1#K2 and call K1 and K2 the connected
sum components. A knot K that is not a composite knot is called a prime knot. When
a knot diagram is viewed as a diagram template (a 4-regular planar graph), we call
it a prime template if it is at least three-edge connected (that is, removing any two
edges from the graph does not disconnect the graph). (Actually any 4-regular graph
that is three-edge connected is also 4-edge connected.) It is traditional in knot theory
to study prime knots and for this reason we concentrate on prime diagram templates.

If we assign a fixed embedding K of knot type K an orientation, then this
orientation allows us to assign a ±1 at each crossing in a diagram D of K using
the right hand rule as shown in Figure 3. The writhe of the diagram D is the sum
of these signed crossing numbers and is denoted by wD. The average of wD over all
possible projections of K is defined as the writhe of K. In general, the writhe of a knot
K largely depends on the geometry of K and is not a knot invariant. However, if K
is an alternating knot, then wD is invariant among all reduced alternating diagrams
having the same knot type as that of K. Note that the writhe of a knot diagram is
independent of the orientation of the knot chosen. The writhe of the alternating knot
which has the knot diagram shown in Figure 1 b is −4. All the concepts discussed
above can be applied to links, except that for a link the writhe is only defined if each
component of the link is assigned an orientation and the writhe may change when one
of the components is reoriented.
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K1 K2

Figure 2. A composite knot K = K1#K2.

Figure 3. A positive and a negative crossing.

2. Mean squared writhe: Benchmark and extreme cases

As stated in the last section, our aim is to investigate the effect of the minimal diagram
condition on the mean squared writhe by studying the behavior of the mean squared
writhe of randomly generated alternating knot diagrams. To generate a random knot
diagram, a random diagram template is generated first from the chosen sample space
with uniform distribution (or with a distribution that is as close to uniform as possible),
and then the generated diagram template is turned into an alternating knot diagram.
Since each diagram template determines exactly two alternating knot diagrams that
are mirror images of each other and mirror images have equal squared writhe, each
diagram template completely determines the squared writhe of its corresponding
alternating knot diagrams.

In order to set up a benchmark for comparison purposes we first choose a set
Υ of diagram templates as the sample space for the random diagram templates. We
calculate the writhe of random knot diagrams which are generated in two steps. In
the first step a random diagram template is generated from the sample space Υ (with
uniform distribution). In the second step, select one of the two strands of each crossing
in the template with equal probability as the over strand in a manner ensuring that
these assignments are independent of each other. For a diagram template with n
crossings, there are 2n different ways to select the over strand at the crossings. Given
an orientation and the over-strand information, each crossing is assigned a ±1 based
on the right-hand rule. Since the selection of the over strands are independent of each
other, so are the signs determined for the crossings. Let εj be the sign at the j-th
crossing in the template and P (εj = 1) = P (εj = −1) = 1/2. Furthermore, the events
εi and εj (1 ≤ i, j ≤ n and i 6= j) are independent. Let wD be the writhe of the knot
diagram D obtained from the template, then wD =

∑
1≤j≤n εj and

E(w2
D) = E((

∑

1≤j≤n

εj)2) =
∑

1≤j≤n

E(ε2
j ) = n,

since E(εiεj) = E(εi)E(εj) = 0 when i 6= j. Consequently, the mean squared writhe
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of all random knot diagrams with n crossings is n, regardless of the chosen sample
space Υ of the diagram templates.

The benchmark discussed above includes alternating, non-alternating, and non-
minimal knot diagrams based on templates chosen from Υ in the calculation of the
mean squared writhe and the result is in fact independent of Υ. However, restricting
ourselves to minimal alternating knot diagrams may lead to different values for the
mean squared writhe when different diagram template space Υ is used. The following
examples are trivial, however they do serve the purpose of making the point that the
space of templates Υ in consideration greatly affects the value of the mean squared
writhe, hence validating our study of the dependence of the mean squared writhe on
the underlying diagram template space.

First consider the case that the sample space Υ1 of n crossing templates contains
only one member as shown in Figure 4. Its corresponding alternating knot diagram is
the (2, n) torus knot (link) whose squared writhe is always n2. So in this case the mean
squared writhe of alternating knot diagrams based on templates in Υ1 is n2, which is
the largest possible. Next we consider the template space Υ2 illustrated in Figure 5
(for n = 6k). Clearly in this case, each corresponding alternating knot diagram has a
squared writhe of zero and thus the mean squared writhe of Υ2 is zero, which is the
smallest possible.

(b)(a)

Figure 4. A special diagram template that yields the largest possible writhe for
its corresponding alternating knot diagrams. The signs of all crossings are either
positive or all are negative.

3. A rigorous case study: The mean squared writhe of random
alternating 4-plats

Having established the extreme cases in the last section, we now ask the following
question: If we sample all possible diagram templates of n crossings uniformly, what
is the mean squared writhe of the corresponding random alternating knot diagrams?
Note that the random alternating knot diagrams are to be generated by sampling the
space of all diagram templates uniformly. Since the space of all diagram templates of
n crossing is still not well understood and there is no known method that can sample
the n crossing diagram templates uniformly, we study this problem numerically using
several known diagram template generating methods (some of them are at least known
to be ergodic in the sense that any possible diagram template can be sampled with a
positive probability with this method).
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(b)(a)

Figure 5. A special family of diagram template that yields the smallest possible
squared writhe for its corresponding alternating knot diagrams. For each set of 6
crossings (see dashed box) the sign of the top 3 crossings is opposite to the sign
of the bottom 3 crossings.

But first we examine a special large class of diagram templates, since in this case
we can give a theoretical analysis of the mean squared writhe. This class consists of the
diagram templates whose corresponding alternating knot diagrams are the so-called
4-plats.

A 4-plat K is a knot (or a link with two components) that admits a special
alternating 4-plat diagram D. A 4-plat diagram consists of four strings (numbered
1, 2, 3, and 4, from top to bottom) and there are only crossings between the top
three strings, with the first and the last crossings being between the second and the
third strings (see Figure 6). Sequences of consecutive crossings between the same two
strands are usually grouped together as sequences of “half twists” and indicated by a
gray box in Figure 6. A 4-plat template is a diagram template whose corresponding
alternating diagram is a 4-plat diagram. A well known result in knot theory states
that any 4-plat admits a minimal alternating diagram given by a vector {c1, c2, ..., ck}
(where k is odd) in which all ci’s are positive integers and the overpass for the left
most crossing starts with string 3 [4]. The ci’s specify the number of half twists in
the 4-plat. Specifically, c2i−1 (for 0 < i ≤ dk

2 e) is the number of half twists in the i-th
block of crossings between strings 2 and 3 and c2i (for 0 < i < dk

2 e) is the number
of half twists in the i-th block of crossings between strings 1 and 2. Furthermore,
such a vector determines a 4-plat uniquely up to the reversal of the vector. That is,
the vectors {c1, c2, ..., ck} and {ck, ck−1, ..., c1} are the only vectors that represent the
same 4-plat. For more details on 4-plats and their classifications see [4].

From the known results about 4-plats, it follows that a 4-plat template T can be
completely described by a vector {c1, c2, ..., ck}, where k is an odd positive integer, c1

is the number of half twists between the second and the third strings, c2 is the number
of half twists between between the first and the second strings, c3 is the number of half
twists between the second and the third strings, and so on. We ignore that a vector
and its reverse specify templates for identical 4-plats and we consider a 4-plat template
completely determined by the vector {c1, c2, ..., ck}. (Thus each 4-plat diagram may
be sampled with two different templates with the exception of the 4-plat diagrams
which have a palindromic vector form.) The space of all 4-plat templates is given
by all such vectors with n crossings and is denoted by Sn. The sample space Sn has
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size 2n−2. This is because the first and the last crossings have to be between the
second and the third strings, but for any other crossing there are two choices. 4-plats
are invertible: A 4-plat knot (or link) with an orientation given by an arrow on each
component is equivalent to the same 4-plat knot (or link) with the orientation of each
arrow reversed.

Since a 4-plat link has two components, a 4-plat template for a link cannot
uniquely determine the squared writhe of its corresponding alternating 4-plat diagrams
(since altering the orientation of one component can change the absolute value of the
writhe of the diagram). Thus oriented alternating 4-plat diagrams cannot be sampled
uniformly by simply sampling the space of all 4-plat templates (of odd vector lengths)
and one has to consider the orientation of the components in the 4-plat templates as
well. By reversing all arrows if necessary we can always orient the 4th string (the
bottom string) so that its direction is from left to right.

For deriving the mean squared writhe in this section, the sample space Υ consists
of all oriented 4-plat templates whose 4th string is oriented from left to right. Two
4-plat templates with different vectors are considered different templates. We denote
this sample space by So

n.

c
1

c
3

c
k

c
k-1

c
2

Figure 6. A typical 4-plat template. A gray box with label ci represents a
sequence of ci half twists.

Remark 1 So
n is in fact a good candidate for a case study in the sense that it

does contain diagram templates that yield the extreme squared writhe values. For
example, the template with vector {n} has the largest possible squared writhe value
of n2 and for even n ≥ 4 the templates with vectors {n/2, n/2 − 1, 1} (n ≡ 0(4)) or
{2, n/2 − 2, n/2 − 2, 1, 1} (n ≡ 2(4)) have the smallest possible squared writhe value
0. Similarly, for odd n ≥ 6 the templates with vectors {(n − 5)/2, (n − 7)/2, 3, 1, 2}
(n ≡ 1(4)), or {(n − 3)/2, (n − 5)/2, 1, 1, 2} (n ≡ 3(4)) have the smallest possible
squared writhe value 1.

Remark 2 In [11] the exact number of (unoriented) 4-plat knots and links with n
crossings is counted, however the expressions are dependent on the congruence of n
mod 4 and the formulas are not pretty. To simplify matters we describe an algorithm
to generate members of So

n that is ergodic is approximately uniform.

In the following we describe an algorithm to sample oriented 4-plat templates
with k = n + 2 crossings. To generate an oriented 4-plat template from So

n with k
crossings, we generate the first n crossings of a 4-plat (minus the 4th string since that
is always constant) uniformly and then close this open structure to an oriented 4-plat
template by adding two more crossings.
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Let us call the structure obtained from an oriented 4-plat template by removing
the 4-th string and a small segment from the arcs connecting the first and the second
strings (both at the head and at the end of the template) an oriented braid template
of three strings. Exactly one of the three strings must be oriented from left to right.
For each crossing after the first two, the string with the left-to-right orientation may
be any one of the three strings, and the crossing may be between strings 1 and 2 or
between strings 2 and 3. This gives rise to six possible configurations for a single
crossing which we label A1, A2, and A3 and B1, B2, and B3 as shown in Figure 7.

2

1

2

3

1

2

3

1

2

3

1

2

3

1

2

3

1

2

3

A2 B1 B3

A 3 A1 B

Figure 7. The six different crossing types: A1, A2, A3 for the three negative
crossings and B1, B2, B3 for the three positive crossings. The small arrow
indicates the string with the orientation from left to right.

Since the left-to-right oriented string continues from crossing to crossing, once the
crossing type of Cj−1 is given, there are only two possibilities for the crossing type of
Cj as shown in the following diagram, where the crossing type of the crossing Cj−1 is
on the left of the arrow and the two possible crossing types of the crossing Cj are on
the right side of the arrow. A careful reader may want to check out the details.

A1 −→ A2, A3, A2 −→ A2, A3, A3 −→ A1, B1 (1)
B1 −→ B2, B3, B2 −→ B2, B3, B3 −→ B1, A1. (2)

With these observations, the following method generates the oriented 3-string
braid template for the open structure of the 4-plat uniformly. Label the n crossings in
the oriented braid by C1, C2 .. up to Cn. Uniformly select A2 or B1 for the starting
crossing C1. This ensures that the first crossing is between strings 2 and 3 and that
string 3 can properly be connected to the left-to-right oriented 4th string. Then use
(1) and (2) to generate the rest of the braid crossings in a sequential manner. Denote
this 3-string braid template (with orientation) by Bn.

The second step in the algorithm is to close the oriented braid into an oriented
4-plat template Pn+2 by adding exactly two crossings at the end of the braid, see
Figure 8. First, we add the 4th string (with orientation from left to right) to Bn and
on the left side connect strings 1 and 2 with each other as well as strings 3 and 4. The
last crossing in the 4-plat template on the right must be either A2 or B3 (but not B1)
since the crossing must be between strings 2 and 3, and to allow strings 3 and 4 to
be connected, string 3 on the very right cannot be the one oriented from left-to-right.
The oriented braid template can be capped at the end by a 2-crossing structure to
obtain an odd vector length 4-plat template. It is easy to see that there are exactly
eight such closures. Moreover, Figure 8 shows that Bn can always be closed with an
addition of two crossings on the right regardless of the crossing type of the rightmost
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crossing in Bn. Depending on the crossing type of the last crossing in Bn, there
are exactly one or two such structures that can be used to create an oriented 4-plat
template. For example, if the rightmost crossing in Bn is of type A3, then there are
two ways to cap it off, but if the rightmost crossing in Bn is of type A1, then there is
only one way to do so, as shown in Figure 8. In the case that there are two possible
closings we select one of these closings with equal probability.

3

A1A 3

B1A2 B3

B2A 3

B

Figure 8. The different strategies to close the right side of a braid template.
The label next to each diagram is the type of the rightmost crossing in the braid
template. For the crossing types A3 and B3 there are two different closings; for
all other crossing types there is only one closing possible.

We are now ready to state and prove the main theorem of this section.

Theorem 1 Assume that random oriented 4-plat templates are generated by the
algorithm described above. Then the mean squared writhe of a large enough sample of
alternating 4-plat diagrams with k crossings is of the order 11

3 k for large k.

Remark 3 It is easy to see that the above algorithm is ergodic, i.e. each element of
So

n can be generated with a positive probability. We do not claim that the algorithm
samples this space with uniform probability due to the closing procedure. However
we do claim that the algorithm is good enough to capture the true mean squared
writhe of 4-plats regardless of what set of 4-plats we consider as our sample space.
For example we could decide to sample the 4-plat knot templates only, or the oriented
4-plat knot and link templates only (which is the space S0

n), or merely oriented 4-
plat link templates. In each of these (an other) cases, the above algorithm may be
used and the analysis of the mean squared writhe as shown below holds. That is,
the elements in each of these potential sample spaces have a mean squared writhe of
the order of 11n/3 for large n. The reason is that the 4-plat templates generated by
the algorithm consist of two parts: the open 4-plat structure and one fixed-size right
closing structure. In our algorithm we have chosen to cap the braid Bn with two
additional crossings at the end simply for convenience. It is the smallest number of
crossings that works for all six crossing types Ai and Bi. The different sample spaces
for 4-plats require different closing structures. For example to generate oriented 4-plat
knot templates only, the closing structure on the right contains three crossing. (In
addition, knots with an even number of crossings must start/end with crossing pairs
B1/A2 or A2/B3; for knots with an odd number of crossings, the start/end crossing
pairs of the 4-plat must be B1/B3 or A2/A2). Thus the analysis below is correct for all
but the last few crossings. And the crossings in the open 4-plat structure (the ’braid’)
determine the order of the mean squared writhe for the selected sample space.
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Proof. When moving from an oriented 4-plat template to an oriented alternating
4-plat diagram, the over/under for exactly one crossing must be selected. The earlier
mentioned result which is the basis for the vector representation of alternating 4-plats
specifies that the leftmost crossing is an overpass which starts with string 3 of the
4-plat. Thus for an alternating 4-plat, crossings between strings 2 and 3 always have
string 3 as overpass and crossings between strings 1 and 2 always have string 1 as
overpass. Given the orientation and the overpass information, the sign associated
with crossings of type A is −1 and the sign associated with crossings of type B is +1.

Assume that k = n + 2. We generate a three string (open) oriented braid
template Bn with n crossings first and then assign overpass information to obtain
Ba

n. We choose the first crossing uniformly from {A2, B1}. By our earlier discussion,
the crossings are to be generated in the sequential order starting with C1. Let
Cj be the j-th crossing and ej = −1 if Cj is an A crossing and ej = +1 if Cj

is a B crossing. The values of the ej ’s are not independent of each other. In
fact we have P (ej+1 = −1|Cj = A1) = 1, P (ej+1 = −1|Cj = A3) = 1/2, and
P (ej+1 = −1|Cj = B1) = 0, for example. Let Wr(Ba

n) be the diagram writhe of Ba
n.

Then we have

E(Wr2(Ba
n)) = E((

∑

1≤j≤n

ej)2) =
∑

1≤j≤n

E(e2
j ) +

∑

i 6=j

E(eiej),

where obviously E(e2
j ) = 1 for each j.

We need to calculate the average value of eiej , for each given pair of values i and
j with i, j = 1, 2, 3, . . . , n and i < j. Define N(x, y, s) for s ≥ 1 to be the number of
oriented three string braid templates with s crossings that start with a crossing of type
x and end with a crossing of type y. For example, N(B1, A2, 4) = 1, N(B1, B3, 4) = 2,
and N(A2, B3, 4) = 1. On the other hand, we use N({x1, x2, . . . , xm}, y, s) to
denote the number of oriented three string braid templates with s crossings that
start with a crossing of type x ∈ {x1, x2, . . . , xm} and end with a crossing of type
y. That is, N({x1, x2, . . . , xm}, y, s) =

∑
i N(xi, y, s) (of course we are assuming

that xi 6= xj when i 6= j). For example, N({A2, B1}, B3, 4) = 3. Similarly,
N(x, {y1, y2, . . . , yl}, s) =

∑
i N(x, yi, s) (again assuming that yi 6= yj if i 6= j) stands

for the number of oriented three string braid templates with s crossings that start with
a crossing of type x and end with a crossing of type y ∈ {y1, y2, . . . , yl}. For example,
N(B1, {B3, A2}, 4) = 3. Finally, we define ST (x, {y1, y2, . . . , yl}, s) =

∑
i sign(yi) ·

N(x, yi, s) and ST ({x1, x2, . . . , xg}, {y1, y2, . . . , yl}, s) =
∑

i ST (xi, {y1, y2, . . . , yl}, s).
Notice that if the set C contains all possible crossing types (that is, C =
{A1, A2, A3, B1, B2, B3}), then N(x,C, s) = 2s−1. It follows that E(eiej) can be
expressed as

E(eiej) = 2−j
∑

yp∈C

sign(yp) ∗N({B1, A2}, yp, i) ∗ ST (yp, C, j − i + 1).

We start by considering ST (x,C, s) first. Since the generation of the crossings
using (1) and (2) is symmetrical with respect to crossings of type A and B the following
equalities hold for 1 ≤ i ≤ 3: N(Ai, {A1, A2, A3}, s) = N(Bi, {B1, B2, B3}, s) and
N(Ai, {B1, B2, B3}, s) = N(Bi, {A1, A2, A3}, s). Thus we have



Mean Squared Writhe of Alternating Diagrams 12

ST (Ai, C, s) =
∑

yp∈C

(sign(yp) ∗N(Ai, yp, s))

= −
∑

yp∈{A1,A2,A3}
N(Ai, yp, s) +

∑

yp∈{B1,B2,B3}
N(Ai, yp, s)

= −N(Ai, {A1, A2, A3}, s) + N(Ai, {B1, B2, B3}, s)
= −N(Bi, {B1, B2, B3}, s) + N(Bi, {A1, A2, A3}, s)
= − (

∑

yp∈{B1,B2,B3}
N(Bi, yp, s)−

∑

yp∈{A1,A2,A3}
N(Bi, yp, s))

= −
∑

yp∈C

(sign(yp) ∗N(Bi, yp, s))

= − ST (Bi, C, s).

We use this to simplify the calculation of ST.

First, it is easy to see that ST (B1, C, 2) = ST ({B2, B3}, C, 1) = 2.
Similarly, if q > 1, then we have ST (B1, C, q + 2) = ST ({B2, B3}, C, q + 1) =
ST ({B2, B3, A1, B1}, C, q) = ST ({B2, B3}, C, q). The last equality holds because we
have shown that the contributions of A1 and B1 to ST cancel each other. Repeated
application of this leads to ST (B1, C, q + 2) = ST ({B2, B3}, C, 1) = 2. Thus
ST (B1, C, s) = 2 for s ≥ 2. The same reasoning leads to ST (B2, C, s) = 2 and
thus ST (A1, C, s) = ST (A2, C, s) = −2 for s ≥ 2. Similarly, we have ST (B3, C, s) =
ST (A3, C, s) = 0 for s ≥ 2. With this information the formula for E(eiej) is rewritten
as

E(eiej) = 2−j+1
∑

yp∈{A1,A2,B1,B2}
N({B1, A2}, yp, i) (3)

= 2−j+1N({B1, A2}, {A1, A2, B1, B2}, i).

We now prove by induction that N({B1, A2}, {A1, A2, B1, B2}, i) = 2
3∗(2i−(−1)i)

for i ≥ 1. Clearly N({B1, A2}, {A1, A2, B1, B2}, 1) = 2 and thus the statement is true
for i = 1. Assume the claim is true for all values of 1 ≤ n ≤ m. We have

N({B1, A2}, {A1, A2, B1, B2},m + 1)
= N({B1, A2}, {A1, A2, B1, B2},m) +

2 ∗ (2m −N({B1, A2}, {A1, A2, B1, B2},m))

=
2
3
∗ (2m − (−1)m) + 2 ∗ (2m − 2

3
∗ (2m − (−1)m))

= 2m+1 − 2
3
(2m − (−1)m)

=
2
3
2m+1 +

2
3
(−1)m

=
2
3
∗ (2m+1 − (−1)m+1).

Where in the above, one needs to use equations (1) and (2) again and some details
are left to the reader. This completes the induction proof.
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The above result leads to E(eiej) = 2
3 2−j+1 (2i − (−1)i) = 4

3
2i−(−1)i)

2j and

E(Wr(Ba
n)2)

=
∑

1≤j≤n

E(e2
j ) +

∑

i6=j

E(eiej)

= n + 2 ∗
∑

i<j

E(eiej)

= n + 2 ∗
n−1∑

i=1

n∑

j=i+1

4
3

2i − (−1)i

2j

= n + 2 ∗ (4
3
n− 20

9
+

1
9
21−n((−1)n + 9)

)
(4)

=
{

11
3 n + 40

9 (−1 + 2−n), n even
11
3 n + 40

9 (−1 + 4
52−n), n odd.

(5)

Our 4-plat template Pk (with k = n+2) is obtained by adding exactly two single
crossings at the right end of the braid Bn. From the two crossings to be added and
the given under/overpass information for alternating 4-plats, it can be determined
that each of the possible closing patterns adds ±2 to the writhe of the open 4-plat
structure. (Note that we ignore the equivalence of 4-plats under the reversal of the
vector {c1, c2, ..., ck}.) We have the following inequality for the squared writhe of the
alternating diagram P a

k :

Wr(Ba
n)2 − 4|Wr(Ba

n)| ≤ Wr(Pa
k)

2 ≤ Wr(Ba
n)2 + 4|Wr(Ba

n)|+ 4.

It follows that

E(Wr(Ba
n)2)− 4E(|Wr(Ba

n)|) ≤ E(Wr(Pa
k)

2) ≤ E(Wr(Ba
n)2) + 4E(|Wr(Ba

n)|) + 4.

Since E(|Wr(Ba
n)|) = o(n), this implies that E(Wr(Pa

k)
2) ∼ 11

3 k for large k. This
finishes our proof of the theorem.

An exact calculation of the mean squared writhe of an oriented 4-plat can be
completed using the approaches shown in the proof of Theorem 1. We need to calculate
the values of E(eiej) for i ≤ k − 2 and j = k − 1 or k. This can be done using a
formula similar to (3). We leave the detail to the reader and just state the result:

The value which needs to be added to the mean squared writhe calculated in
equation (4) is

8− 12(1 + (−1)k

2(−1)k + 2k

=

{
8(2k−1)
2k+2

, n even
8, n odd.

Combining this with equation 5 we obtain the exact mean squared writhe for the
4-plat templates of k = n + 2:

11
3 k − 34

9 + 160
9·2k − 24

2+2k , n even
11
3 k − 34

9 + 128
9·2k , n odd.

As part of the proof of Theorem 1 we can determine the exact number of oriented
4-plat templates with k crossings. We determined N({B1, A2}, {A1, A2, B1, B2}, i)
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in the proof of Theorem 1, which can be used to derive N({B1, A2}, {A3, B3}, i).
Since crossings of type A3 and B3 are the only crossings which allow for two different
closings, we have that the number of oriented 4-plat templates with k crossings is:

2k−2 + N({A2, B1}, {A3, B3}, k − 2)

We summarize this in the following corollary:

Corollary 1 The total number of oriented 4-plat templates with k crossings is
1
3 (2k + 2(−1)k).

By Remark 3 the result of Theorem 1 also holds if we restrict ourselves to knots
only. Let SK

n be the set of (oriented) 4-plat knot templates with n crossings, a set
that fits well with the numerical studies in the next section. We have:

Corollary 2 The mean squared writhe of a random alternating 4-plat knot with n
crossings is of the order 11

3 n for large n.

4. Numerical study: The mean squared writhe of random alternating
knot diagrams

In this section we investigate numerically the mean squared writhe of knots using
a larger sample space of the diagram templates with n crossings. In order for the
calculated results to be meaningful, we must compute the mean squared writhe for
a large range of n. One immediate problem this investigation encounters is that
in order to sample the space of all n crossing diagram templates uniformly, one
needs to tabulate all such diagram templates. For small n this has been done. For
example, in order to tabulate knots and links up to 16 crossings (the current state
of knot tabulation), diagram templates up to 16 crossings have all been accounted
for [15]. Alternating knots and links have been tabulated further - at least up to 22
crossings and thus the corresponding diagram templates have all been accounted for
[16, 26, 27, 28]. However, the number of diagram templates grows exponentially fast
with the crossing number [11, 30, 32]. There are known methods that can tabulate the
set of all possible n crossing alternating diagrams. These methods work recursively by
building the n crossing diagrams from the set of all n−1 crossing diagrams. However,
they are computationally feasible only for small numbers of crossings (or vertices).
Consequently, there is no known method that can sample the space of all diagram
templates of n crossings uniformly for large n. (Here “large” means any n that exceeds
the current range of knot tabulation outlined in the previous sentences. Our samples
use n that are several orders of magnitude larger than the current range of tabulation.)
Thus we turn our attention to the few diagram template generating methods known
to us. Although it is not known whether any of these methods generates the diagram
templates uniformly, some of them do have a few basic desirable qualities. Such
desirable properties include: (a) The diagram templates generated should be without
cut vertices. A cut vertex of a diagram template is a vertex whose removal divides
the template into two disjoint components. The reason to avoid cut vertices is that
any knot diagram (alternating or non-alternating) created from a diagram template
with a cut vertex is reducible, that is, it does not contain the minimal number of
crossings. The crossing representing the cut vertex can be simply removed by rotating
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part of the knot diagram, see Figure 9. (b) The generating method should be ergodic
in the sense that it can generate any possible diagram template of n crossings with a
positive probability. (c) The generating algorithm should be fast enough so that one
can collect enough data points in a reasonable time frame.

T

TP P T P

Figure 9. The removal of a cut vertex by rotating part of a diagram.

In this section, we report numerical results obtained using three distinct sampling
methods. Although it is apparent that each method may introduce a bias of its
own kind, however, as can be seen from the results, they do show some common
property of the mean squared writhe of the random alternating knot (link) diagrams
that is distinct from the benchmark property of the mean squared writhe of the overall
random knot diagrams. Next the three different diagram template generation methods
are described.

4.1. The uniform random polygons confined in a square

For i = 1, 2, ..., n, let Ui = (ui1, ui2) be a two-dimensional random point that is
uniformly distributed in the unit square C2 such that U1, U2, ..., Un are independent.
Let ei (called the i-th edge) be the line segment joining Ui and Ui+1, then the edges
e1, e2, ..., en define a uniform random polygon Rn in the confined space (either
the square or the circle), where en is the line segment joining Un and U1. By this
definition, Rn can be considered as a diagram template. We refer to this as the
Uniform Random Polygon (URP) method. The first difficulty one encounters with
this generating method is that we cannot control the number of crossings in Rn.
However, it is known that the mean crossing number of Rn is of the form pn(n − 3)
for some constant p > 0 [2]. Thus for a given value of q, it is not difficult for us to
generate Rn’s with roughly q crossings. If q is relatively large, the error caused by the
small variation in the number of crossings should be small. The second difficulty one
encounters is that a generated diagram template may contain cut vertices. But again
this problem seems to be minor when n is large, as implied by a theorem in [2] that
asserts that with high probability, Rn contains no more than a few simple cut vertices
which are removed by rotating a part of the corresponding knot diagram of Rn. A
strong point of the uniform random polygon model as the diagram template sample
space is that it is ergodic. An interested reader may want to establish this result as
an exercise.

4.2. Diagram templates generated as 4-regular plane graphs

Our second and third method views a diagram template as a 4-regular plane graph.
In both methods we generate such a graph directly using combinatorial methods.
Instead of embedding points in the plane these graphs are generated as combinatorial
objects consisting of vertices and edges and an actual plane embedding is not needed
to compute the writhe. We would like the templates to represent prime alternating
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knots and thus the diagram templates generated by these algorithms are 4-regular
plane graphs that are 4-edge connected and are without loop edges or cut-vertices.
Both algorithms involve several steps:

(i) 1. Generate a random 4-regular plane graph G with n vertices;
(ii) 2. Modify G into a 4-regular plane graph G′ with n′ vertices which is a template

of a single-component knot;
(iii) 3. Extract 4-edge connected templates P1, P2, . . . , Pi from G′.

As in the first method we do not have direct control over the number of vertices
in the templates partly because of steps 2 and 3 above. We simply average templates
whose vertex numbers are relatively close to each other.

4.2.1. Hamiltonian graphs The second generation algorithm method generates 4-
regular plane graphs that are Hamiltonian. A cycle of length k is a connected 2-regular
graph with k vertices v1, v2, . . . , vk. A Hamilton cycle in a graph with n vertices is a
cycle of length n and a graph with a Hamilton cycle is called Hamiltonian. While not
every minimal knot projection is Hamiltonian, it was shown in [7] that every knot has
a Hamiltonian projection whose number of crossings is at most four times the crossing
number of the knot.

The random generation algorithm starts by generating a (Hamilton) cycle with
n vertices. This cycle contains n edges. A 4-regular graph with n vertices has 2n
edges. Thus the remaining n edges must be added to the inside and/or the outside
of the Hamilton cycle in such a way that no new crossings will be created. Exactly
two edges (one if it is a loop edge) are added to each of the vertices, that means, each
vertex is an attachment point for exactly two edge endpoints. These can be done in
an elegant way using prefix vectors such that random rooted 4-regular plane graphs
with a Hamilton cycle are generated with near-uniform probability. For more details
see [3].

Figure 10. Generating a 4-regular plane graph with a Hamilton cycle. On
the left the Hamiltonian cycle with 8 vertices and a random set of possible edge
endpoints; next the edge endpoints have been connected with a randomly selected
closing scheme; loop edges are deleted; on the right this template represents the
alternating knot 61.

Let G be a 4-regular plane graph generated by the above method. G usually
represents the projection of a link with several components. In the second step of
the algorithm, the link-graph is changed into a knot-graph by repeatedly combining
two components of the link into one component. A vertex of the graph at which two
different components cross is selected at random and from one of the adjacent faces
one edge of each component is removed and two edges are added which create a bridge
between the two components (see Figure 11) without introducing a new crossing. This
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leads to a projection G′ that contains only one component and thus is the projection of
a knot. Edges which belong to the Hamiltonian cycle are never removed which in rare
cases leads to a two-component link which cannot be combined into one component.
In such a case the projection is discarded.

II

I

Figure 11. Combining two components without creating a new crossing.

Once a 4-regular graph G′ for a knot template has been obtained, the third step
cuts the graph into four edge connected components using a standard algorithm from
graph theory. We refer to this method of generating prime templates as the Hamilton
Cycle (HC) method.

4.2.2. 4-regular plane graphs generated from trees Our third method (due to [31]) is
similar to the second method in that we add edges to a simple structure to generate
our graphs. Instead of the Hamiltonian cycle we use a rooted binary tree with n
internal vertices of degree three and n+2 leaf vertices. The internal vertices and their
connecting edges in the binary tree form the spanning tree of the graph. Then by
adding n + 1 edges - n of these connect each internal vertex to a leaf vertex - to the
2n + 2 vertices we obtain a graph where each internal vertex has degree 4 and the
leaf vertices have degree 2. We ignore the old leaf vertices by treating the two edges
connecting at such a vertex as a single edge which results in a 4-regular plane graph.
In [31] it is shown that rooted 4-regular plane graphs can be generated with uniform
probability in O(n) time using this method. We next apply steps two and three of our
algorithm similar to the second method, see [8]. We refer to this method of generating
prime templates as the Tree Graph (TG) method.

Root

Figure 12. Generating a 4-regular plane graph using a rooted binary tree. On
the left the binary tree with 9 internal vertices and 11 leaf vertices (one of which is
the root) to which 9 arrows have been added to indicate additional edge endpoints.
On the right the completed 4-regular graph. Note that by removing loop edges
this graph simplifies to the unknot.

Remark 4 When the number of vertices is large, the HC and the TG algorithms
are faster than the URP method since there is no need to compute the possible
intersections between embedded line segments. Furthermore there is no possibility
for numerical errors. The collected data reflects this fact. The TG method is ergodic
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but in the HC method only Hamiltonian templates are generated. However almost all
4-regular, 4-connected plane graphs are Hamiltonian [29] and we can think of the HC
method as almost ergodic. Both the HC and the TG methods (before steps 2 and 3
are applied) actually generate rooted plane graphs with uniform probability. However
steps 2 and 3 introduce bias in the algorithms whose effect is currently not understood.
One obvious limitation of using templates is that different alternating prime knots
have a different number of templates depending on the number of possible flypes in
the knot diagram. Thus even if templates are generated with uniform probability, this
still would not result into uniform generation of knot types.

4.3. Numerical Results

The numerical results of the mean squared writhe using the three different methods
are summarized in Figure 13. Figure 14 zooms in on the smaller crossing values.
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Figure 13. The mean squared writhe data generated by the three methods.

Each data point represents the average squared writhe of 1, 000 alternating knots
with a crossing number that fluctuates by five percent. For example the data points
for knots with 1, 000 crossings includes knots whose crossing numbers vary between
975 and 1025. It is easy to see that the data reveals that the three methods introduce
different bias in each of the samples. However, all three methods produce results that
are strongly linear. The three best-fit functions are:

URP Method: y ≈ 1.17x,

HC Method: y ≈ 2.65x,

TG Method: y ≈ 1.99x.

5. Discussions

Our analytical and numerical results have provided a strong basis for the following
conjecture: the mean squared writhe of (reduced) random alternating knot diagrams
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Figure 14. A more detailed part of Figure 13 covering smaller crossing numbers.

with n crossings is larger than the bench mark value n, if the alternating knot
diagrams are generated by sampling the diagram templates uniformly. Clearly, further
investigations and progresses will depend on further development in our understanding
of the space of the diagram templates. Much less can be said about the mean squared
writhe of minimal knot diagrams since we have not investigated the mean squared
writhe of non-alternating minimal knot diagrams up to this point. The biggest obstacle
here is that it is very difficult to determine whether a large non-alternating knot
diagram is minimal. However, for small knots all alternating and non-alternating
knots have been tabulated, although each knot is only tabulated once (meaning only
one minimal projection diagram is given even though many different minimal diagrams
with (for non-alternating knots) potentially different writhe values may exist for the
same knot). To get a sense of what happens when the sample space contains all known
alternating knot diagrams or all known non-alternating minimal knot diagrams, we
computed the mean squared writhe for all alternating knots up to crossing number 17
and all non-alternating knots up to crossing number 16. This was done using one of
the existing knot tabulation tables. The results are summarized in Tables 1 and 2 for
the cases of alternating knots and non-alternating knots, respectively. Here the mean
squared writhe is obtained by summing the squared writhe of all the alternating (non-
alternating) knots of the same crossing number, then dividing this by the product
of the total number of alternating (non-alternating) knots with this crossing number
times the crossing number. For example, there are three 6 crossing alternating knots
with respective squared writhe 4, 4, and 0. Thus the mean squared writhe for 6
crossing alternating knots is computed as 8/(3 × 6) ≈ 0.444. Since this computation
does not take into account the fact that an alternating knot may have more than one
diagram template, the numbers reported here may be different from the mean squared
writhe when the sample space contains all possible diagram templates of n crossings.
In the case of alternating knots, it is quite visible that the large fluctuations caused
by a small sample space size disappear rather quickly and E(Wr2)/Cr converges to
a range around 2 at a rather striking rate. Very interestingly, a similar pattern holds
for the case of non-alternating knots, see Table 2. In Figure 15 the combined data
of Tables 1 and 2 is shown in the graph. Here the data is grouped into four sets
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Cr # alt knots E(Wr2)/Cr
3 1 3
4 1 0
5 2 5
6 3 0.444
7 7 5.204
8 18 1.250
9 41 4.035
10 123 1.854
11 367 2.907
12 1288 2.122
13 4878 2.331
14 19536 2.097
15 85263 2.112
16 379799 2.039
17 1769979 2.037

Table 1. E(Wr2)/Cr for alternating knots up to 17 crossings.

Cr # non-alt knots E(Wr2)/Cr
8 3 3.500
9 8 2.444
10 42 3.210
11 185 2.226
12 888 2.658
13 5110 2.203
14 27436 2.097
15 168030 2.149
16 1008906 2.086

Table 2. E(Wr2)/Cr for non-alternating knots up to 16 crossings.

by splitting each data set into even and odd crossing numbers. The initially large
difference between alternating knots with even and odd crossing numbers may be due
to the fact that an achiral alternating knots not only has writhe zero but also must
have an even number of crossings.

Thus, the reported data seems to imply that for large crossing numbers,
alternating knot diagrams and non-alternating (but minimum) knot diagrams (of
the same crossing number) seem to make the same overall contribution to the mean
squared writhe. This in some sense justifies the use of only alternating knot diagrams
to study the effect of minimal knot diagram condition on the overall squared writhe
of random knot diagrams. Of course, further investigation at a larger scale may be
needed to reach a more affirmative conclusion here.

On the other hand, the data in Table 1 strongly imply that the URP method
and the HC method do not sample the alternating knot space uniformly, since they
yield very different mean squared writhe. One may wonder what factors contribute to
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Figure 15. Graphical representation of the data from Tables 1 and 2.

the different biases in these three different methods? It is plausible that each method
may have its own bias towards templates with some special (or lack some special)
structures, since in a minimal alternating diagram the contribution to the writhe of
an individual crossing is dependent on the contribution to the writhe of its neighbors
when there is a special structure present. The most drastic case of this dependence
occurs if two crossings are connected by two edges, that is if they form a digon. Then
both crossings have the same sign. In the following, we use a rather non-rigorous
method to estimate the contribution to the squared writhe of such digons (since we do
not know of any rigorous method accomplishing the same). First, we count the digons
in experiments for the various methods. Table 3 shows the number of digon chains
of length k generated by the HC method and by the TG method for 1, 000 knots in
the 10, 000 crossing range (so there are about a total of 107 crossings) as well as for
generating 4-plats with exactly 10000 crossings. A digon chain of length zero means
a single crossing.

About 60% of the crossings belong to a digon chain of length ≥ 2 for diagrams
generated with the HC method and 75% of the crossings belong to digon chains for
the 4-plats. Our non-rigorous method of estimating the contribution of the digons to
the squared writhe consists of replacing in eacdh of the diagrams a digon chain by
a single crossing. THis results in a new (and much smaller) diagram D′ that is still
alternating. Of course this new diagram may still contain digons and it may even be
reducible. For a crossing in D′ that comes from a digon of length k in D, we assign
(k + 1) or −(k + 1) to it, depending on the sign of the crossings in the digon. This
leads to a diagram whose crossings are assigned ±1, ±2, . . .. We would like to think
of D′ as being generated this way directly. If we assume that the assignment of these
values at a crossing is independent from the assignments at other crossings, we obtain
a squared writhe of the form ∑

i=0

Ni (i + 1)2

T
,
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k HC diagrams 4-plat diagrams TG diagrams
0 3982149 2500333 4449893
1 1969079 1248164 4166788
2 463307 624653 1081314
3 112217 312343 232108
4 33134 156637 55490
5 8277 78387 11124
6 2521 39101 2723
7 660 19620 464
8 190 9778 45
9 64 4799 40
10 17 2531 11
> 10 9 2361 0

Table 3. The number of digon chains in 4-plat diagram templates and in diagram
templates generated by the HC method and the TG method when generation 1000
diagram templates with roughly 10000 crossings each.

where Ni = the number of digon chains of length i which have i + 1 crossings as
given in Table 3 and T equals the total number of knots in the sample. Using this
naive model and the data in the table (with T = 1000) for the HC diagrams, we get a
squared writhe of 1.91n, which is between the values of n for the random toss of ±1s
and 2.65n for the actual experiment. Repeating this calculation for the TG method
as well as for 4-plats leads to values for the mean squared writhe of 1.73n and 3.00n,
respectively. The uniform random polygon method produces very few digons and the
same argument produces only a mean squared writhe of approximately 1.03n. Of the
three numerical methods, the HC method yields the largest mean squared writhe. It
can be verified that the distribution of the length of the digon chains is more important
than the actual number: 4-plats contain more digon chains of larger length than the
templates generated through the HC method. Proportionally increasing the number
of digon chains of each length by 25% for the HC method, leads to a distribution which
also has 75% of the crossings in digon chains, but the mean squared writhe of such
a hypothetical construct is 2.14n. The above naive example and the fact that this
method does produce more digons than the other two methods seem to indicate the
alternating knots generated from diagram templates with more digons tend to have
larger mean squared writhe. One more interesting and relevant fact is that all crossings
in a digon chain of any minimal knot diagram, not just the alternating knot diagrams,
must also have the same sign. Could this be part of the reason why non-alternating
knot diagrams produced similar results as shown in Figure 15?

We end this paper with a statement about the case of links. Although the results
in Section 3 include links of two components, the numerical results in Section 4 were
restricted to (prime) alternating knots. Extending this numerical data gathering to
links includes many challenges. With m components, there are 2m−1 different sets of
orientations all of which might result in a different writhe value. Thus any experiment
must address how to handle components. The results may depend on which method
to use and how to add and control the number of the additional components. This is
a topic for future studies.
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