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Abstract. A countable family {xj}, j ∈ J , in a separable Hilbert space H, is a

Parseval frame for H if ‖f‖2 =
∑

j∈J |〈f, xj〉|2 holds for all f ∈ H. In the case

that H = L2(Rd) and the affine system {Dj
ATkψi|j ∈ Z, k ∈ Zd, 1 ≤ i ≤ n}

obtained from a finite subset Ψ = {ψ1, ψ2, · · · , ψn} of L2(Rd) is a Parseval
frame, Ψ is called an A-dilation Parseval frame multiwavelet (of length n).
Here A stands for a d × d expansive matrix, and T , DA are the translation
and A-dilation unitary operators acting on L2(Rd) defined by (T `f)(t) =

f(t − `), (DAf)(t) = | det A| 12 f(At), ∀f ∈ L2(Rd), ` ∈ Zd, t ∈ Rd. In the
special case that there exist disjoint measurable sets {E1, E2, ..., En} such that

ψ̂i = 1
(2π)d/2 χEi

for each i, Ψ is called an A-dilation s-elementary Parseval

frame multiwavelet. A measurable set E is called a frame multiwavelet set of
multiplicity m (under A-dilation) if E can be written as a disjoint union of

measurable sets {E1, E2, ..., Em} such that ψ̂i = 1
(2π)d/2 χEi

defines a Parseval

frame multiwavelet Ψ = {ψ1, ψ2, · · · , ψn}, and that this cannot be done for any
integer less than m. An A-dilation s-elementary Parseval frame multiwavelet
with length m that is defined on a frame multiwavelet set of multiplicity m is
said to be intrinsic. It is known that single A-dilation wavelets exist in L2(Rd)
for any expansive matrix A. In this paper, we show that for any d×d expansive
matrix A and any given m ∈ N,the family of intrinsic A-dilation s-elementary
Parseval frame multiwavelet with length m is not empty, and is path-connected
under the norm topology of (L2(Rd))m. The same result holds for the family
of all intrinsic A-dilation s-elementary Parseval frame multiwavelets of length
m.

1. Introduction

A sequence {xn} in a Hilbert space H is called a frame for H if there exist
constants C1, C2 > 0 such that

C1‖x‖2 ≤
∑

n∈N
|〈x, xn〉|2 ≤ C2‖x‖2, ∀x ∈ H.

In the case that C1 = C2 = C, {xn} is called a tight frame and the constant C is
called the frame bound for {xn}. In particular, if C1 = C2 = 1, then {xn} is called
a normalized tight frame, or a Parseval frame.
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In this paper, we consider a special kind of Parseval frames for the space L2(Rd).
A d× d matrix A is called an expansive matrix if all eigenvalues of A have modulus
greater than one. In this paper, we will restrict ourselves to such expansive matrices.
Let T , DA be the translation and dilation unitary operators acting on L2(Rd)
defined by (T `f)(t) = f(t − `), (DAf)(t) = | detA| 12 f(At), ∀f ∈ L2(Rd), ` ∈ Zd,
t ∈ Rd. Throughout this article, we will use f̂ or Ff to denote the Fourier transform
of a function f ∈ L2(Rd). It is defined as

(Ff)(s) : =
1

(2π)d/2

∫

Rd

e−i(s◦t)f(t)dm,

for all f ∈ L2(Rd), where s ◦ t denotes the real inner product. For any bounded
linear operator P on L2(Rd), we define Ŝ := FSF−1. Furthermore, for any subset
X of L2(Rd), we will use X̂ to denote the collection of Fourier transforms of all
elements in X.

Let Ψ = {ψ1, ψ2, ..., ψn} be a finite subset of L2(Rd). Ψ is called an A-dilation
Parseval frame multiwavelet (of length n) if {Dj

ATkψi|j ∈ Z, k ∈ Zd, ψi ∈ Ψ} is a
Parseval frame for L2(Rd). In the case that n = 1, Ψ is called a single Parseval
frame and the corresponding ψ1 is called a Parseval frame wavelet.

A Parseval frame wavelet and multiwavelet system is a redundant wavelet sys-
tem and has many desirable properties that are of interest in applications [1, 10,
11, 12, 13]. Much effort has been devoted the study of various aspects of multi-
wavelet systems. For a few examples of recent studies related to multiwavelets, see
[16, 18, 19].

In this paper, we are mainly concerned with another (rather theoretical) aspect
of a multiwavelet system, namely the topological property of such a system. In par-
ticular, we are interested in the path-connectedness of the set of all (multi)wavelets
in our study. The question concerning the path-connectedness of the set of all or-
thonormal wavelets was first raised in [7]. Similar questions were raised and stud-
ied in [2, 6, 22, 23, 24, 25] concerning the sets of all MRA-wavelets, tight frame
wavelets, MRA tight frame wavelets and a special class of frame wavelets called s-
elementary frame wavelets. In [22, 25], it is shown that the set of all MRA-wavelets
is path-connected. In [24], it is shown that the set of all s-elementary orthonormal
wavelets is path-connected. This result is extended to the set all s-elementary tight
frame wavelets (with any given frame bound) in [2]. The proofs of these theorems
were based on the complete characterizations of the corresponding wavelets. Inter-
estingly, while the complete characterization of the s-elementary frame wavelets is
still an open question, it has been shown that the set of s-elementary frame wavelets
is path-connected as well [6]. These results all deal with the one dimensional case.
In the higher dimensional case, the situation is complicated by the fact that various
dilation matrices have to be considered. Nonetheless, the path-connectedness of the
set of all MRA A-dilation wavelets has been established affirmatively for the special
case that A has integer entries with |det(A)| = 2 [20, 21].

Let Ψ = {ψ1, ψ2, ..., ψm} be an A-dilation Parseval frame multiwavelet. We say
that Ψ is s-elementary if there exists disjoint measurable sets E1, E2, ..., Em such
that ψ̂i = 1

(2π)d/2 χEi for each i. The corresponding set E = ∪m
i=1Ei is called an

(A-dilation) Parseval frame multiwavelet set. Note that it is possible that E may
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admit a different partition {E′
1, E

′
2, ..., E

′
n} with n < m such that {E′

1, E
′
2, ..., E

′
n}

also defines an A-dilation s-elementary Parseval frame multiwavelet. In particular,
one can easily (and rather artificially) make an A-dilation s-elementary Parseval
frame multiwavelet of any length m from any wavelet set E by partitioning it into m
disjoint subsets E1, E2, ..., Em of positive measures and define Ψ = {ψ1, ψ2, ..., ψm}
by ψ̂i = 1

(2π)d/2 χEi
. Thus the following definition makes sense.

Definition 1.1. A measurable set E is called a frame multiwavelet set of mul-
tiplicity m (under A-dilation) if E can be written as a disjoint union of measurable
sets {E1, E2, ..., Em} such that ψ̂i = 1

(2π)d/2 χEi
defines an A-dilation s-elementary

Parseval frame multiwavelet Ψ = {ψ1, ψ2, ..., ψm} of length m, and that this cannot
be done for any integer less than m. An A-dilation s-elementary Parseval frame
multiwavelet with length m that is defined on a frame multiwavelet set of multi-
plicity m is said to be intrinsic.

We aim to prove the following two main results in this paper. First, we show
that for any expansive d × d matrix A and any given integer m ≥ 1, there exists
a frame multiwavelet set of multiplicity m. In other word, there exists intrinsic
s-elementary Parseval frame multiwavelets of any given length m. Second, we will
prove that the set of all A-dilation s-elementary Parseval frame multiwavelets with
the same length m is path-connected (the same is true for the set of all intrinsic
A-dilation s-elementary Parseval frame multiwavelets of length m for any given m).

We will introduce some basic definitions, terminologies in the next section, as
well as some known and preliminary results needed later in the paper. In Section
3, we will prove the existence of intrinsic A-dilation s-elementary Parseval frame
multiwavelets with any given length. In Section 4 we will prove that the set of
all intrinsic A-dilation s-elementary Parseval frame multiwavelets with the same
length is path-connected. In the last section, we generalize the concept of intrinsic
A-dilation s-elementary Parseval frame multiwavelets to general A-dilation Parseval
frame multiwavelets. However, the path-connectivity of the set of all intrinsic A-
dilation Parseval frame multiwavelets with the same length remains open at this
time.

2. Frame multiwavelet sets in Rd

For any Y ⊆ Rd and any t ∈ Rd, let Y + t denote the set {y + t : y ∈ Y }. In
the case that ` ∈ Zd, we will also let I` denote the d−cube [−1/2, 1/2)d + `. For a
Lebesgue measurable set E in Rd with finite measure, define

τ(E) =
⋃

`∈Zd

(E ∩ 2πI` − 2π`).

Notice that τ(E) ⊆ 2πI0 = D0, where I0 is the unit d-cube [−1/2, 1/2)d. If the
above union is a disjoint union, we say that E is translation equivalent to τ(E).
If E and F are translation equivalent to the same subset in 2πI0, then we say
that E and F are translation equivalent. This defines an equivalent relation among
measurable sets of Rd that are equivalent to some subsets in D0. Let us denote
this equivalent relation by τ∼. Let µ(·) be the Lebesgue measure. It is clear that
µ(E) ≥ µ(τ(E)). The equality holds iff E

τ∼τ(E) modulo a measure zero set. If
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E
τ∼F , then µ(E) = µ(F ). Two points x, y ∈ E are said to be translation equivalent

if x− y = 2π` for some ` ∈ Zd. The translation redundancy index of a point x in E
is the number of elements in its equivalent class. We write E(τ, k) for the set of all
points in E with translation redundancy index k. In general, E(τ, k) could be an
empty set, a proper subset of E or the set E itself. For k 6= m,E(τ, k)∩E(τ,m) = ∅,
so E = E(τ,∞) ∪ (∪n∈NE(τ, n)).

It can be shown that if E is a Lebesgue measurable set in Rd, then E(τ, k)
is measurable for each k. It follows that E(τ,∞) is also measurable. (For a
proof of this in the case of d = 1, see [3].) Furthermore, E(τ, k) can be parti-
tioned into a disjoint union of k measurable sets Ej(τ, k), j = 1, 2, · · · , k such that
E(j)(τ, k) τ∼τ(E(τ, k)). This partition is not unique. If E is of finite measure, then
it is rather obvious that E(τ,∞) must have measure zero.

Similarly, two non-zero points x, y ∈ E are said to be A-dilation equivalent if
y = Akx for some k ∈ Z. This is also an equivalence relation on E. The A-dilation
redundancy index of a point x in E is the cardinality in its equivalence class. The
set of all points in E with A-dilation redundancy index k is denoted by E(δA, k).
For k 6= m, E(δA, k) ∩ E(δA,m) = ∅. So E = E(δA,∞) ∪ ( ⋃

n≥1 E(δA, n)
)
. In the

case that E = E(δA, 1) and ∪k∈ZAkE = Rd (modulo a measure zero set), E is said
to be an A−dilation generator of Rd.

The following characterization of an s-elementary Parseval frame multiwavelet
is given in [14].

Lemma 2.1. [14] Let E1, E2, ..., Ep be measurable sets in Rd and Ψ =
{ψ1, ψ2, · · · , ψp} is defined by ψ̂i = 1

(2π)d/2 χEi(i = 1, · · · , p), then Ψ is an s-
elementary Parseval frame multiwavelet iff the following conditions hold (modulo
measure zero sets):
(1) E1, E2, ..., Ep are mutually disjoint;
(2) Ei = Ei(τ, 1);
(3) E =

⋃p
i=1 Ei is an At-dilation generator of Rd (where At is the transpose of

A).

Proposition 2.1. Let E be a measurable set of finite measure. Then E is a
frame multiwavelet set of multiplicity m if and only if the following conditions hold:
(1) E is an At-dilation generator of Rd (modulo a measure zero set);
(2) µ(E(τ, m)) > 0 and µ(E(τ, n)) = 0 for any n > m.

Proof. “=⇒” Assume that E is a frame multiwavelet set of multiplicity m,
then (1) holds by definition. Let E1, E2, ..., Em be the sets that define the cor-
responding s-elementary Parseval frame multiwavelet Ψ = {ψ1, ψ, ..., ψm}. By
Lemma 2.1, Ei = Ei(τ, 1) for each i. Thus each point in a set Ei can only be
translation equivalent to at most one point in each Ej where j 6= i. It follows that
E(τ, n) is of measure zero for any n > m. If µ(E(τ, m)) = 0 then we must have
µ(E(τ, k)) 6= 0 for some k < m. In that case we can partition E into E1, E2,
..., Ek such that Ei = E(τ, 1). By Lemma 2.1, Ψ = {ψ1, ψ2, · · · , ψk} defined by
ψ̂i = 1

(2π)d/2 χEi (1 ≤ i ≤ k) is an A-dilation s-elementary Parseval frame multi-
wavelet of length k, contradicting the definition of E.
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“⇐=” We will first partition E into E1, E2, ..., Em such that Ei = Ei(τ, 1).
This can be easily done by partition each E(τ, j) into E(i)(τ, j) (1 ≤ i ≤ j) and then
let Ek = ∪E(k)(τ, j) (let E(k)(τ, j) = ∅ if k > j). It is apparent that µ(Ek) > 0 for
each 1 ≤ k ≤ m. By Lemma 2.1, Ψ = {ψ1, ψ2, · · · , ψm} defined by ψ̂i = 1

(2π)d/2 χEi

(1 ≤ i ≤ m) is an A-dilation s-elementary Parseval frame multiwavelet of length
m. Now assume that this can be done for some integer 1 ≤ m0 < m, that is, E
can be partitioned into E′

1, E′
2, ..., E′

m0
such that Ψ′ = {ψ′1, ψ′2, · · · , ψ′m0

} defined
by ψ̂′i = 1

(2π)d/2 χE′i (1 ≤ i ≤ m0) is an A-dilation s-elementary Parseval frame
multiwavelet of length m0. Again by Lemma 2.1, we must have E′

i = E′(τ, 1) for
1 ≤ i ≤ m0. Which leads to µ(E(τ,m)) = 0, again a contradiction. ¤

Example 2.2. Let A =
(

2 −1
1 2

)
, A is expansive with | det(A)| = 5. Let

F = [−π, π)2 and E = AtF \ F . We have E = E(δ, 1),
⋃

n∈Z(A
τ )nE = R2 and

E = E(τ, 4). By Proposition 2.1, E is an intrinsic Parseval frame multiwavelet
set of multiplicity 4. (In fact, it is an intrinsic orthonormal multiwavelet set of
multiplicity 4.) One particular decomposition of E into E(i)(τ, 4) (1 ≤ i ≤ 4) is
shown in Figure 1.

x

y

o 3π

3π

−3π

−3π

π

π

−π

−π

1

1

2

2

3

34

4

(α)

Figure 1. An intrinsic A-dilation frame multiwavelet set of mul-
tiplicity 4.

Example 2.3. Let A =
(

2 0
0 2

)
, F = [−π

2 , π
2 ]2 and E = AtF \ F . E =

E(τ, 1) since E ⊆ [−π, π]2, and E = E(δ, 1), ∪n∈Z(Aτ )nE = R2. Partition E into 4
disjoint subsets E1, E2, E3 and E4 as shown in Figure 2. Then Ψ = {ψ1, ψ2, ψ3, ψ4}
defined by ψ̂i = 1

(2π)d/2 χEi is an A-dilation s-elementary Parseval frame multi-
wavelet of length 4. However Ψ is not intrinsic since E is a Parseval frame wavelet
set itself.
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Figure 2. An A-dilation frame multiwavelet set that is not intrinsic.

3. The existence of intrinsic A-dilation s-elementary Parseval frame
multiwavelets with any given length

We will need the following two lemmas in order to prove the existence of intrinsic
A-dilation s-elementary Parseval frame multiwavelets with any given length.

Lemma 3.1. [4] Let A be a real expansive matrix. Then limk→∞ ‖A−k‖ = 0
and limk→∞ ‖Ak‖ = ∞.

Lemma 3.2. [15] Let A be a real d× d expansive matrix. Then there exists an
open and bounded neighborhood F of the origin such that F ⊆ AtF .

Remark 3.3. In fact F can be chosen to be (At)−1B where B is the open unit
ball of Rd centered at the origin. The proof of F ⊆ AtF in this case is just a simple
exercise of linear algebra.

Theorem 3.4. For any real expansive matrix A and any m ∈ N, there exists
at least one intrinsic A-dilation Parseval frame multiwavelet set with length m.

Proof. By Remark 3.3, there exists an open neighborhood F of the origin
such that F ⊆ AtF , and that F and AtF are both bounded in D0. It follows that
the set E = AtF \F is an At-dilation generator of Rd (modulo a measure zero set).
Furthermore, we have E = E(τ, 1) since F and AtF are both bounded in D0. Let
`1 ∈ Zd be the vector whose first entry is 1 and all other entries are zero and let D be
the union of the sets D1 = D0+2π`1, D2 = D0+4π`1, ..., Dm−1 = D0+2(m−1)π`1.
Since F is an open set, E contains interior points. Let x0 be an interior point of
E and consider a ball Bε of radius ε in Rd centered at x0. Since x0 is an interior
point, Bε ⊆ E when ε is small enough. Let us fix such an ε. By Lemma 3.1, there
exists an n that is large enough such that (At)nBε contains a 2π-translation copy of
D, hence m− 1 2π-translation copies of E (that are translation equivalent to each
other). Denote these (equivalent) 2π-translation copies of E by E2, E3, ..., Em and
let E′ = (At)−n(∪2≤i≤mEi) ⊆ Bε ⊆ E. Apparently we have µ(Eπ) < µ(E). Now
define E1 = E \ E′. Then E1, E2, ..., Em are disjoint sets of positive measure.
G = ∪1≤j≤mEj is an At-dilation generator of Rd, G(τ,m) is of positive measure
and G(τ, p) = ∅ for any p > m. By Proposition 2.1, G is a frame multiwavelet set
of multiplicity m. It follows that Ψ = {ψ1, ψ2, · · · , ψm} defined by ψ̂i = 1

(2π)d/2 χEi
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(1 ≤ i ≤ m) is an intrinsic A-dilation s-elementary Parseval frame multiwavelet of
length m. ¤

Remark 3.5. In fact, we can construct intrinsic A-dilation Parseval frame
multiwavelet sets E of any given length m with one more special condition: E is
partitioned into E1, E2, ..., Em such that µ(Ej) = (2π)d for each j. The following
is an outline of this construction. Start from any A−dilation wavelet set W (i.e.,
ψ defined by ψ̂ = 1

(2π)d/2 χW is an orthogonal A−dilation wavelet). For any given
positive integer m, let {W1, W2, · · · ,Wm} be a partition of W such that µ(Wj) > 0
for each j. For each j ≤ m we denote Ωj = ∪n∈Z(At)nWj . Then L2(Ωj), 1 ≤
j ≤ m are the Fourier Transforms of m reducing subspaces under A−dilations and
translations. The direct sum of the L2(Ωj)’s is L2(Rd). Apply the same techniques
from [9], one can show that an A−dilation wavelet set Ej exists in each Ωj (it
is necessary that µ(Ej) = (2π)d for a wavelet set). Apparently the sets Ej ’s are
disjoint so E = ∪jEj satisfies all the desired conditions.

4. Path-connectivity of intrinsic A-dilation s-elementary Parseval frame
multiwavelets in L2(Rd)

A set S ⊆ L2(Rd) is said to be path-connected under norm topology of L2(Rd)
if for any two members f , g ∈ S, there exists a mapping γ : [0, 1] → S such that
γ(t) is continuous (with respect to the norm topology of L2(Rd)) and γ(0) = f ,
γ(1) = g. The same definition applies when S is a subset of L2(Rd). That is, a
subset S ⊆ (L2(Rd))k is said to be path-connected under the norm topology of
(L2(Rd))k if for any two members (ϕ1, · · · , ϕk) and (ψ1, · · · , ψk) of S, there exists
a mapping γ : [0, 1] → S such that γ(t) is continuous (with respect to the norm
topology of L2(Rd)) and γ(0) = (ϕ1, ϕ2, · · · , ϕk), γ(1) = (ψ1, ψ2, · · · , ψk).

Let us first consider the set of all A-dilation s-elementary Parseval frame mul-
tiwavelets of length m, not just the set of all intrinsic A-dilation s-elementary
Parseval frame multiwavelets of length m. In this case it is a littler easier to show
that this set is path-connected. We first state the result as the following theorem.

Theorem 4.1. Let A be an expansive d × d matrix and m a fixed positive
integer, then the set Sm of all A-dilation s-elementary Parseval frame multiwavelets
of length m is path-connected.

The proof of Theorem 4.1 relies on some results obtained in [4]. Let X be a
closed subspace of L2(Rd). X is called a reducing subspace for {DA, T` : ` ∈ Zd} if
DAX = X and T`X = X for each ` ∈ Zd. We have the following two lemmas.

Lemma 4.2. [4, Theorem 1] Let A be a d × d expansive matrix. A closed
subspace X of L2(Rd) is a reducing subspace for {DA, T` : ` ∈ Zd} if and only if
X̂ = L2(Rd) · χΩ for some Lebesgue measurable subset Ω of Rd with the property
that Ω = AtΩ.

Lemma 4.3. [4, Theorem 2] Let A be a d × d expansive matrix and X be
a reducing subspace. Then a measurable subset E ⊂ Rd is an A-dilation frame
wavelet set for X (meaning that ψ defined by ψ̂ = 1

(2π)d/2 χE is a Parseval frame
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wavelet for X) if and only if E = E(δA, 1), E = E(τ, 1) and X̂ = L2(Rd) ·χΩ where
Ω = ∪k∈Z(At)kE (modulo null sets).

Lemma 4.4. [4, Theorem 4] Let A be a d × d expansive matrix and X be
a reducing subspace. Then the set of all A-dilation s-elementary Parseval frame
wavelets for X is path connected in the norm topology of X.

We are now ready to give an outline of the proof of Theorem 4.1.

Proof. Let A be the given expansive matrix and let m be a fixed positive
integer. By Remark 3.3, there exists a bounded open neighborhood F of the origin
such that F ⊆ AtF ⊆ D0 = [−π, π)d. Let E = AtF \ F . Then E = E(τ, 1) =
E(δA, 1) and ∪k∈Z(At)kE = Rd (modulo a null set). Divide E into m disjoint
measurable subsets of equal measure E1, E2, ..., Em and let Ωi = ∪k∈Z(At)kEi.
Then Ω1, Ω2, ..., Ωm are disjoint measurable subsets of Rd whose union is Rd.
Furthermore, AtΩi = Ωi for each i. By Lemma 4.2, the closed subspace Xi of
L2(Rd) defined by X̂i = L2(Rd) · χΩi is a reducing subspace. Furthermore, Ei

is an A-dilation frame wavelet set for Xi by Lemma 4.3. Notice that by Lemma
2.1, Ψ = {ψ1, ψ2, ..., ψm} defined by ψ̂i = 1

(2π)d/2 χEi is an A-dilation s-elementary
Parseval frame multiwavelet of length m (however it is not intrinsic).

Now let Ψ′ = {ψ′1, ψ′2, ..., ψ′m} be any A-dilation s-elementary Parseval frame
multiwavelet of length m such that each ψ′i is defined by ψ̂′i = 1

(2π)d/2 χE′i for some
measurable set E′

i. It suffices to show that Ψ′ and Ψ can be connected by a path
in Sm. This path can be constructed in two steps.

First let E′ = ∪1≤j≤mE′
j (which is a disjoint union by Lemma 2.1). By Lemma

2.1, we have E′
j = E′

j(τ, 1) for each j and E′ is an At-dilation generator of Rd (so
we must have E′

j = E′
j(δA, 1) as well. Let Ω′i = ∪k∈Z(At)kE′

i and Gi = Ω′i ∩ E.
Notice that we must have E = ∪1≤i≤mGi. Again by Lemmas 4.2 and 4.3, the closed
subspace X ′

i of L2(Rd) defined by X̂ ′
i = L2(Rd) · χΩ′i is a reducing subspace with

E′
i and Gi both being A-dilation frame wavelet sets for X ′

i. Let ϕi be the function
defined by ϕ̂i = 1

(2π)d/2 χGi and ϕ′i be the function defined by ϕ̂′i = 1
(2π)d/2 χE′i .

By Lemma 4.4, for each i, there exists a continuous path γi such that γi(0) = ϕ′i,
γi(1) = ϕi and γi(t) is an A-dilation s-elementary Parseval frame wavelet for X ′

i

for each t ∈ (0, 1). We will then define γ(t) = {γ1(t), γ2(t), ..., γm(t)}. It is obvious
that γ(t) is continuous in the norm topology of (L2(Rd))m and it is easy to verify
that γ(t) is an A-dilation Parseval frame multiwavelet of length m for each t using
Lemma 2.1 and the definition of each γi. The details are left to the reader.

We have now shown that any A-dilation Parseval frame multiwavelet Ψ′ of
length m is path-connected to an A-dilation Parseval frame multiwavelet Ψ′′ of
length m defined on m disjoint subsets G1, G2, ..., Gm of E whose union is E.
What remains to be shown is that Ψ′′ can be connected to Ψ by a path using only
A-dilation Parseval frame multiwavelets of length m defined on subsets of E (it is
necessary that the union of these sets is always E).

For each t ∈ [0, 1], let ti = sup{t′i : µ(Ei ∩ (t′iD0)) ≤ tµ(Ei). Let Et
i =

Ei ∩ (tiD0). By this definition, we have Et1
i ⊆ Et2

i whenever t1 < t2. Further-
more, it is obvious that Et

i is continuous in t in terms of its Lebesgue measure.
Now let Et = ∪1≤i≤mEt

i and let Gt
i = Et

i ∩ Gi. Since the Gi’s are disjoint and



FRAME MULTIWAVELETS IN L2(Rd) 9

∪1≤i≤mGi = E as well, the Gt
i’s are also disjoint and ∪1≤i≤mGt

i = Et. Now let
Ht

i = (Ei \Et
i )∪Gt

i for each t. Ht
i is continuous in t in terms of its Lebesgue mea-

sure hence χHt
i

is a continuous function in t. We will leave it to our reader to verify
that the Ht

i ’s are disjoint, ∪1≤i≤mHt
i = E, so Ψt = {ψt

1, ψ
t
2, ..., ψ

t
m} defined by

ψ̂t
i = 1

(2π)d/2 χHt
i

is an A-dilation s-elementary Parseval multiwavelet of length m.
By its definition, Ψ0 is the A-dilation s-elementary Parseval multiwavelet defined
on {E1, E2, ..., Em} and Ψ1 is the A-dilation s-elementary Parseval multiwavelet
defined on {G1, G2, ..., Gm}. The continuity of Ψt follows from the continuity of
each ψ̂t

i = 1
(2π)d/2 χHt

i
in t. ¤

Finally, let us consider path-connectedness of the set of all intrinsic A-dilation
Parseval frame multiwavelets.

Theorem 4.5. Let A be an expansive d × d matrix and m a fixed positive
integer, then the set Sm of all intrinsic A-dilation s-elementary Parseval frame
multiwavelets of length m is path-connected.

Proof. Recall from the proof of Theorem 3.4 that there exists an open neigh-
borhood Q of the origin such that Q ⊆ AtQ ⊆ D0. Furthermore, there exist E1,
E2, ..., Em such that Ej = E2 + 2(j − 2)π`1 (2 ≤ j ≤ m), Ej

τ∼E = AtQ \ Q
for 2 ≤ j ≤ m and E1 = E \ (∪k∈Z(At)k(∪2≤i≤mEi). {E1, E2, ..., Em} is an
A-dilation frame multiwavelet of multiplicity m as shown in the proof of Theorem
3.4. Now let Ψ = {ψ1, ψ2, · · · , ψm} be an intrinsic A-dilation s-elementary Parseval
frame multiwavelet of length m defined by ψ̂i = 1

(2π)d/2 χFi by a set of measurable
sets Fi (1 ≤ i ≤ m). To prove the theorem, it suffices to show that there exists
{Et

1, E
t
2, ..., E

t
m} satisfying the following conditions:

(1) E0
i = Fi and E1

i = Ei for each i;

(2) {Et
1, E

t
2, ..., E

t
m} satisfies the conditions of Proposition 2.1 for each t ∈ [0, 1];

(3) µ(Et
i ) is continuous in t for each i.

We will construct {Et
1, E

t,2 , ..., Et
m} in several steps.

Step 1. Let F = ∪1≤i≤mFi. By Proposition 2.1, µ(F (τ,m)) > 0 (and
µ(F (τ, n)) = 0 for any n > m). {F1 ∩ F (τ,m), F2 ∩ F (τ,m), ..., Fm ∩ F (τ, m)}
gives a partition of F (τ, m) into 2π-translation equivalent subsets. In general, one
of these subsets may have a part that is also 2π-translation equivalent to a subset
in E. Without loss of generality, let us assume that K1 = τ(F1 ∩ F (τ,m)) ∩E has
a positive measure and let H1 be the subset of F1 ∩ F (τ,m) that is 2π-translation
equivalent to K1. Also, let Hi be the corresponding subset in Fi ∩ F (τ, m) that is
2π-translation equivalent to H1. Let E′ = (E \K1) ∪ (At)−1K1. Since E′ is still
contained in D0, we still have E′ = E′(τ, 1). Of course, E′ is still an A-dilation
generator of Rd. However, E′ no longer shares 2π-translation equivalent points
with the Hi’s.

Choose a subset H ′
1 of H1 such that the set G = E \ (τ(H ′

1) ∪ (∪k∈Z(At)kH ′))
has the property µ(G(τ, m)) > 0, where H ′ = ∪1≤i≤mH ′

i and H ′
i ⊆ Hi is 2π-

translation equivalent to H ′
1. H ′

1 exists since as µ(H ′
1) → 0, µ(τ(H ′

1)) → 0 and
µ(∪k∈Z(At)kH ′)) → 0.
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Let E′
i = E′ ∩ (∪k∈Z(At)k(Fi \ H ′

i)). As in the proof of the last theorem,
{F1\H ′

1, F2\H ′
2, ..., Fm\H ′

m} can now be continuously changed to {E′
1, E

′
2, ..., E

′
m},

while keeping the Hi’s intact and the conditions of Proposition 2.1 satisfied. We
have now arrived at {E′

1 ∪H ′
1, E

′
2 ∪H ′

2, ..., E
′
m ∪H ′

m}, which of course still defines
an A-dilation frame multiwavelet set of multiplicity m.

Step 2. Choose H ′
it ⊆ H ′

i be such that µ(H ′
it) is continuous in t, µ(H ′

it) >
0 for any t ∈ [0, 1), H ′

i0 = H ′
i and H ′

i1 = ∅. (The proof of the existence of
such sets is left to the reader as an exercise.) Let J t

i = (∪k∈Z(At)k(H ′
i \ H ′

it)) ∩
E′. Then {E′

1 ∪ J t
1 ∪H ′

1t, E
′
2 ∪ J t

2 ∪H ′
2t, ..., E

′
m ∪ J t

m ∪H ′
mt} continuously change

{E′
1 ∪ H ′

1, E
′
2 ∪ H ′

2, ..., E
′
m ∪ H ′

m} into {E′
1 ∪ J1

1 , E′
2 ∪ J2

2 , ..., E′
m ∪ J2

m}. Notice
that {E′

1 ∪ J t
1 ∪H ′

1t, E
′
2 ∪ J t

2 ∪H ′
2t, ..., E

′
m ∪ J t

m ∪H ′
mt} satisfies the conditions of

Proposition 2.1, except when t = 1, where the union of the sets E′
i ∪ J1

i no longer
has any translation redundant points hence {E′

1 ∪ J1
1 , E′

2 ∪ J2
2 , ..., E′

m ∪ J2
m} does

not define an intrinsic A-dilation s-elementary frame multiwavelet.

Step 3. Choose Gi ⊆ G ∩ Ei such that Gi
τ∼Gj , µ(Gi) > 0, and let G′i =

E′ ∩ (∪k∈Z(At)kGi). Notice that by the construction of the Ei’s (as shown in the
proof of Theorem 3.4) and the choice of G, it is necessary that G′1 = G1. Let
{G′1t, G

′
2t, ..., G

′
mt} be a continuous set path (meaning that µ(G′it) is continuous

in t for each i) such that G′i0 = ∅, G′i1 = G′i, G′it ⊆ G′i and µ(G′it) > 0 for any
t ∈ (0, 1]. Let ∆t(G′) = E′ ∩ (∪k∈Z(At)k(∪1≤i≤mG′it)). Now modify the set path
defined in the last step as

{(E′
1 \∆t(G′)) ∪ J t

1 ∪H ′
1t ∪G′1t, ..., (E

′
m \∆t(G′)) ∪ J t

m ∪H ′
mt ∪G′mt}.

We will leave the details for our reader to verify that the above set path is indeed
continuous and satisfies all the conditions in Proposition 2.1 for each t.

Step 4. Let {E′′
1 , E′′

2 , ..., E′′
m} be the sets obtained at the end of the last step.

Then ∪1≤i≤mE′′
i ⊆ E ∪ (At)−1K1, G′i ⊆ E′′

i ∩ Ei and E′′
i \ G′i ⊆ D0. Thus we

can continuously change {E′′
1 , E′′

2 , ..., E′′
m} to {(AtQ \Q \∆(G)) ∪G′1, G

′
2, ..., G

′
m}

(where ∆(G) = ∆1(G′)), while keeping the sets G′i’s fixed.

Step 5. Finally let It
2 be a continuous set path such that It

2 ⊆ E2 \ G′2 for
t ∈ [0, 1], I0

2 = ∅, I1
2 = E2 \G′2 and let It

i be the 2π-translation equivalent part of It
2

in Ei (2 ≤ i ≤ m). Let ∆(It) = ((AtQ \Q \∆(G))∪G′1)∩ (∪k∈Z(At)k(∪2≤i≤mIt
i )).

{((AtQ \Q \∆(G)) ∪G′1) \∆(It), G′2 ∪ It
2, ..., G

′
m ∪ It

m}
is continuous, satisfies all the conditions of Proposition 2.1 and connects {(AtQ \
Q \∆(G))∪G′1, G

′
2, ..., G

′
m} to {E1, E2, ..., Em}. Some details are again left to our

reader to verify. ¤

5. Generalizations

The main point of this section is to discuss how to generalize the concept
of intrinsic A-dilation s-elementary Parseval frame multiwavelets to all A-dilation
Parseval frame multiwavelets. Notice that for any single A-dilation Parseval frame
wavelet ψ(t) for L2(Rd), Ψ = { 1√

n
ψ(t), · · · , 1√

n
ψ(t)} (with n copies of 1√

n
ψ(t))

defines a Parseval multiwavelet for L2(Rd) with length n (in a rather artificial
way, of course). An “intrinsic” Parseval frame multiwavelet should not be Parseval
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frame multiwavelets constructed in ways similar to this. Notice that the (non-
intrinsic) Parseval frame multiwavelet given in Example 2.3 is not (and cannot be)
constructed this way. These considerations lead us to the following definition.

Definition 5.1. Let Ψ = {ψ1, ψ2, · · · , ψp} be an A-dilation Parseval frame
multiwavelet of length p and let {ψ̂1, ψ̂2, · · · , ψ̂p} be the corresponding Fourier
transforms of {ψ1, ψ2, · · · , ψp}. Furthermore, let E = ∪1≤j≤pEj where Ej =
supp(ψ̂j). Then Ψ is called an intrinsic A-dilation Parseval frame multiwavelet
(of length p) if the following conditions hold.

(i) For any 1 ≤ i < j ≤ p, if µ(Ei ∩ Ej) > 0, then ψ̂i/ψ̂j cannot be a constant
function (in the a.e. sense) on Ei ∩ Ej ;
(ii) Let q be any positive integer that is less than p. Let {F1j , F2j , ..., Fqj} be any
partition of Ej (Fij may be an empty set and 1 ≤ j ≤ p) such that µ(Fij ∩Fij′) = 0
for any j 6= j′, then Ψ′ = {ψ′1, ψ′2, · · · , ψ′q} defined by ψ̂′i =

∑
1≤j≤p χFij

ψ̂j is not
an A-dilation Parseval frame multiwavelet.

We leave it to our reader to verify that an intrinsic s-elementary A-dilation
Parseval frame multiwavelet as defined in Section 1 is also intrinsic under this more
general definition (and vice versa). Thus, Theorem 3.4 also implies the following
theorem.

Theorem 5.2. For any real expansive matrix A and any m ∈ N, there exist
intrinsic A-dilation Parseval frame multiwavelets of length m.

We end this paper with the following example showing the existence of an in-
trinsic A-dilation Parseval frame multiwavelet that is not s-elementary for a special
case of A in the case of d = 2 and m = 3. It remains an open question at this point
whether there exist intrinsic A-dilation Parseval frame multiwavelets of any given
length that are not s-elementary.

Example 5.3. Let A =
(

2 0
0 2

)
. By [11, Chapter 10.1], {ψ1, ψ2, ψ3} defined

by

ψ̂1(Aτs) = e−is1m0(s + (π, 0))φ̂(s) a.e.,

ψ̂2(Aτs) = e−i(s1+s2)m0(s + (0, π))φ̂(s) a.e.,

ψ̂3(Aτs) = e−is2m0(s + (π, π))φ̂(s) a.e.

(where s = (s1, s2)) is an A-dilation MRA multiwavelet with length 3 for L2(R2).
Here m0 (the low pass filter) is a real trigonometric polynomial satisfying the con-
dition

|m0(s)|2 + |m0(s + (π, 0))|2 + |m0(s + (0, π))|2 + |m0(s + (π, π))|2 = 1,

and the scaling function φ satisfies φ̂(Aτs) = m0(s)φ̂(s). In this case, the support
of m0 (hence each ψ̂j is R2. Thus we have Ej = supp(ψ̂j) = R2 (1 ≤ j ≤ 3).
It is not possible to obtain partitions {F1j , F2j} of R2 such that {F11, F12, F13}
and {F21, F22, F23} both contain pair-wise disjoint sets. Therefore condition (ii)
in Definition 5.1 holds. It is also relatively easy to verify that condition (i) in
Definition 5.1 holds. For example, if ψ̂1/ψ̂2 = c a.e. then we would get m0(s +
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(π, 0)) = cm0(s+(0, π))eis2 a.e., which is impossible since m0 is a real trigonometric
polynomial function.
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