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Abstract. In this paper, we study a special class of frame wavelets. The

supports of the Fourier transforms of such frame wavelets are the so called
frame wavelet sets. Our results provide ways for one to construct various

frame wavelets not known previously.

1. Introduction

Let H be a Hilbert space. A set of elements {ei} is called a frame of H if there
exist two positive constants 0 < A ≤ B such that

(1.1) A‖f‖2 ≤
∑

i

|〈f, ei〉|2 ≤ B‖f‖2

for all f ∈ H. The supremum of all such numbers A and the infimum of all such
numbers B are called the frame bounds of the frame and are denoted by A0 and B0
respectively. {ei} is called a tight frame when A0 = B0 and is called a normalized
tight frame when A0 = B0 = 1. Frames can be regarded as the generalizations of
orthogonal bases of Hilbert spaces. Although the concept of frames was introduced
a long time ago ([12], [22]), it is only in recent years that many mathematicians
have started to study them extensively. For example, among those widely studied
lately are the Weyl-Heisenberg frames (or Gabor frames). See [2], [3], [4], [5], [7],
[8], [13] and [21] for some of the works on these subjects. Frames in the space L2(R)
(or L2(Rd)) generated by a single function through dilations and translations are
of special interests due to their close relation to wavelets and will be our focus in
this paper. Interested readers may also see [1], [6], [16], [17], [18], [19] and [20]
for more references on these frames or frames in more general setting. There are
much more in the literature and the references given here are far from complete.

Let D, T be the standard dilation and translation operators respectively on
L2(R). Namely (Df)(x) =

√
2f(2x) and (T )(x) = f(x − 1) for any f ∈ L2(R). A

function ψ ∈ L2(R) is called a frame wavelet for L2(R) if
(1.2) {ψn,`(x)} = {2

n
2 ψ(2nx− `) : n, ` ∈ Z} = {DnT `ψ : n, ` ∈ Z}
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is a frame of L2(R), i.e., there exist two positive constants 0 < A ≤ B such that

(1.3) A‖f‖2 ≤
∑

n,`∈Z

|〈f,DnT `ψ〉|2 ≤ B‖f‖2

for all f ∈ L2(R). ψ is called a tight frame wavelet if this frame is tight. Similarly, ψ
is called a normalized tight frame wavelet if this frame is a normalized tight frame.

Although the set of all frame wavelets is larger than the set of all wavelets
(since wavelets are special frame wavelets), strangely, it is not easy to construct
frame wavelets (that are not wavelets) in a general way. Consequently, there are
not many known frame wavelets. An elegant sufficient condition for frame wavelets
is given in [20], from which one can construct various frame wavelets including the
Frazier-Jawerth frame wavelets ([14], [15], [16], [17]). This result appears to be the
only known effective way to construct frame wavelets. Other known frame wavelets
include those defined by set functions ([9]). A main purpose of this paper is to
provide a new method for creating new frame wavelets that cannot be constructed
using the existing methods.

Let E be a Lebesgue measurable set of finite measure. Define ψ0 ∈ L2(R) by
ψ̂0 =

1√
2π
χE , where ψ̂0 is the Fourier transform of ψ0. If ψ0 so defined is a frame

wavelet for L2(R), then the set E is called a frame wavelet set, or just frame set
for short. The function ψ0 is called an s-elementary frame wavelet. Similarly, E
is called a (normalized) tight frame wavelet set if ψ0 is a (normalized) tight frame
wavelet and a wavelet set if ψ0 is a wavelet. To simplify the names of these sets,
let us call a frame set an f -set, a tight frame wavelet set a t-set, a normalized tight
frame wavelet set an n-set and a wavelet set a w-set. If we denote the collection
of all f -sets by F, the collection of all t-sets by T, the collection of all n-sets by N
and the collection of all w-sets byW, then we haveW ⊂ N ⊂ T ⊂ F. We should
point out here that F is a much richer set comparing to T. This can be seen from
the characterization of t-sets (given in Section 2) and the result from Section 3.

A characterization of n-sets is obtained in [19]. This also follows from a char-
acterization of normalized tight frame wavelet obtained in [20]. In [9], a complete
characterization of t-sets is obtained, together with some necessary and sufficient

conditions for a set E to be an f -set. Let ψ ∈ L2(R) and let Eψ̂ = supp(ψ̂). It turns
out that if Eψ̂ is a t-set, then its Lebesgue measure is at most 2π. Furthermore, the

result in [20] regarding frame wavelets can be readily applied to determine whether
ψ is a frame wavelet. This implies that we are unlikely to obtain new results if
we only concentrate on frame wavelets whose Fourier transforms are supported by
t-sets. However, as we will show in Section 3, the f -sets are quite different and have
much richer structures even though we do not fully understand them at this time.
It is the main purpose of this paper to investigate frame wavelets whose Fourier
transforms are supported by f -sets. This turns out to be quite fruitful. For exam-
ple, we will show that for certain f -set E, any L2(R) function ψ with Eψ̂ = E is a

frame wavelet, provided that ψ̂ is bounded, and |ψ̂| ≥ a > 0 for some constant a on
a particular subset of E. We also show that in general, as long as Eψ̂ is an f -set,

ψ̂ is bounded, |ψ̂| ≥ a > 0 for some constant a on E, and ψ̂ is the restriction of
a 2-dilation periodic function to Eψ̂. Therefore, the characterization of f -sets will

lead to more frame wavelets. In this sense, the study of f -sets is important. On the



FRAME WAVELETS WITH FRAME SET SUPPORT IN THE FREQUENCY DOMAIN 3

other hand, there are many related questions that we do not have an answer at this
point. For example, we know that the condition that Eψ̂ is an f -set alone is neither

sufficient nor necessary for ψ to be a frame wavelet. However, we do not know
whether there is a necessary and sufficient condition for ψ to be a frame wavelet
given that Eψ̂ is an f -set in general. We will discuss some of these questions in the

last section.

In the next section, we will introduce some known results about f -sets for the
convenience of our reader, since these results will be needed in later sections. In
Section 3, we will extend the sufficient condition of an f -set obtained in [9]. This
result reveals a much larger class of f -sets than previously known, it also provided
us the tool to construct various examples we need in the later sections. In Section
4, we prove our main results. In Section 5, we construct some frame wavelets using
the results obtained in Section 4 and compare them with some known results.

2. Basic concepts and results on frame wavelet sets

In this section, we first introduce some basic concepts and terms concerning
f -sets (frame sets). We then briefly go over some known results about f -sets and
t-sets (tight frame sets). For a more detailed treatment of these materials, we refer
our reader to [9].

Let E be a measurable set. x, y ∈ E are δ∼ equivalent if x = 2ny for some integer
n. The δ-index of a point x in E is the number of elements in its

δ∼ equivalent class
and is denoted by δE(x). Let E(δ, k) = {x ∈ E : δE(x) = k}. Then E is
the disjoint union of the sets E(δ, k). Each E(δ, k) can be further decomposed (in
a non-unique way) into k disjoint measurable subsets E(1)(δ, k), E(2)(δ, k), ... ,
E(k)(δ, k) such that every point in such a subset has δ-index one within this subset.
If we let ∆(E) = ∪k∈ZE

(1)(δ, k), then every point in it has δ-index one (within
∆(E) itself). Furthermore, we have ∪k∈Z2

kE = ∪k∈Z2
k∆(E). A set E is called a

dilation generator of R if E = E(δ, 1) and ∪k∈Z2
kE = R. A dilation generator for

a subset of a subset of R can be similarly defined by replacing R with the subset
here.

Lemma 2.1. If E is a Lebesgue measurable set, then each E(δ, k) (k ≥ 1) is also
Lebesgue measurable. Furthermore, each E(δ, k) is a disjoint union of k measurable

sets {Ej(δ, k)}, 1 ≤ j ≤ k, such that Ej(δ, k)
δ∼ Ej

′

(δ, k) for any 1 ≤ j, j′ ≤ k.

Similarly, x, y ∈ E are 2π translation equivalent, denoted by x τ∼, if x = y+2nπ

for some integer n. The τ -index of a point x in E is the number of elements in its
τ∼

equivalent class and is denoted by τE(x). Let E(τ, k) = {x ∈ E : τE(x) = k}. Then
E is the disjoint union of the sets E(τ, k). Define τ(E) = ∪n∈Z(E ∩ ([2nπ, 2(n +
1)π)− 2nπ)). Again, this is a disjoint union if and only if E = E(τ, 1).

Lemma 2.2. If E is a Lebesgue measurable set, then each E(τ, k) (k ≥ 1) is also
Lebesgue measurable. Furthermore, each E(τ, k) is a disjoint union of k measurable

sets {E(j)(τ, k)}, 1 ≤ j ≤ k, such that E(j)(τ, k)
τ∼ Ej

′

(τ, k) for any 1 ≤ j, j′ ≤ k.
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Remark 2.3. The decompositions of E(δ, k) (resp. E(τ, k)) into Ej(δ, k) (resp.
E(j)(τ, k)) are not unique in general. However, one of them is guaranteed by the
procedure of construction in [10] and the set E(τ, 1) is uniquely determined by E.
Since E(τ, 1) consists of all points in E that are 2π translation redundancy free, we
also denote it by Trf (E).

Definition 2.4. A set E is called a basic set if there exists a constant M > 0
such that µ(E(δ,m)) = 0 and µ(E(τ,m)) = 0 for any m > M .

Definition 2.5. Let F be the Fourier transformation and define D̂ = FDF−1
and by T̂ = FTF−1, where D and T are the standard dilation and translation

operators defined in the last section. It is left to the reader to verify that D̂(f)(ξ) =

D−1(f)(ξ) = (1/
√
2)f(ξ/2) and T̂ (f)(ξ) = e−iξf(ξ).

Now let E be a Lebesgue measurable set with finite measure. For any f ∈
L2(R), let HEf be the following formal summation:

(2.1) (HEf)(ξ) =
∑

n,`∈Z

〈f, D̂nT̂ `
1√
2π
χE〉D̂nT̂ `

1√
2π
χE(ξ).

Notice that if HEf converges to a function in L
2(R) under the L2(R) norm,

then (1.3) (with ψ̂ = 1√
2π
χE) is equivalent to

(2.2) A‖f‖2 ≤ 〈HEf, f〉 ≤ B‖f‖2, ∀f ∈ L2(R).
When HEf converges to a function in L

2(R) under the L2(R) norm for all
f ∈ L2(R) such that ‖HEf‖ ≤ b‖f‖ for some constant b > 0, HE defines a bounded
linear operator on L2(R). We say that E is a Bessel set in this case. We now state
some known results concerning the basic sets, Bessel sets and f -sets from [9]. Please
refer to [9] for their proofs.

Theorem 2.6. Let E be a Lebesgue measurable set with finite measure. Then
the following statements are equivalent:
(i) E is a Bessel set.
(ii) E is a basic set.

(iii) There exists a constant B > 0 such that
∑
n,`∈Z

|〈f, D̂nT̂ ` 1√
2π
χE〉|2 ≤ B‖f‖2

for all f ∈ L2(R).

In fact, more can be said about HE when E is a basic set as outlined in the
following lemma.

Lemma 2.7. If E is a basic set such that E(δ,m) = E(τ,m) = ∅ for all m > M ,
where M > 0 is a positive integer, then for any f , g ∈ L2(R), we have

|〈HE(f), g〉| ≤M
5
2 · ‖f‖ · ‖g‖.

The following theorem gives a sufficient condition for E to be an f -set (recall
that Trf (E) = E(τ, 1)).

Theorem 2.8. Let E be a Lebesgue measurable set with finite measure. Then
E is an f -set if E is a basic set and ∪n∈Z2

nTrf (E) = R.
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On the other hand, the following theorem gives a simple necessary condition
for E to be an f -set.

Theorem 2.9. Let E be a Lebesgue measurable set with finite measure. If E
is an f -set, then E must be a basic set with ∪n∈Z2

nE = R.

3. A sufficient condition of f-sets

The main result in this section is a generalization of Theorem 2.8 from the
last section. This result will allow us to construct f -sets that will be used in later
sections. We will need some lemmas before we state and prove the main theorem.
First, we state the following lemma (in a slightly different form) from [9] without
proof.

Lemma 3.1. Let E be a basic set, then for any f ∈ L2(R), HE(f) converges to
a function in L2(R) under the L2(R) norm topology. Furthermore,

Hk
E(f) =

∑

j∈Z

(f · χ2kE)(ξ + 2k · 2πj)

=
∑

j∈Z

f(ξ + 2k · 2πj) · χ2kE(ξ + 2k · 2πj)(3.1)

also converges to a function in L2(R) under the L2(R) norm topology for each k
and

∑
k∈Z

Hk
E(f) converges to HE(f) under the L

2(R) norm topology.

Lemma 3.2. Let E be a basic set and E1, E2 be subsets of E. If E1 ∪ E2 = E
such that Ω1 = ∪k∈Z2

kE1 and Ω2 = ∪k∈Z2
kE2 are disjoint, then for any functions

f and g such that supp(f) ⊂ Ω1, supp(g) ⊂ Ω2, we have 〈HE(f), f〉 = 〈HE1
(f), f〉

and 〈HE(g), g〉 = 〈HE2
(g), g〉.

Proof. For each ξ ∈ 2kE1, if ξ + 2k · 2πj 6∈ 2kE1, then ξ + 2k · 2πj ∈ 2kE2 or
ξ + 2k · 2πj 6∈ 2kE. We have (f · χ2kE)(ξ + 2k · 2πj) = 0 in either case. Therefore∑

j∈Z

(f · χ2kE)(ξ + 2k · 2πj) =
∑

j∈Z

(f · χ2kE1
)(ξ + 2k · 2πj), ∀ξ ∈ 2kE1.

Therefore,

χ2kE1
(ξ)
∑

j∈Z

(f · χ2kE)(ξ + 2k · 2πj) =
∑

j∈Z

(f · χ2kE1
)(ξ + 2k · 2πj),

i.e., χ2kE1
Hk
E(f) = Hk

E1
(f). Notice that Ω1 ∩ 2kE = 2kE1 for any k, we get

〈HE(f), f〉 =
∑

k∈Z

〈Hk
E(f), f〉 =

∑

k∈Z

〈Hk
E(f), f · χΩ1

〉

=
∑

k∈Z

〈Hk
E(f) · χΩ1

, f〉 =
∑

k∈Z

〈Hk
E1
(f), f〉 = 〈HE1

(f), f〉.

Similarly, we have 〈HE(g), g〉 = 〈HE2
(g), g〉. ¤

The following lemma is a natural extension of Theorem 2 in [9] to the reducing
subspaces of L2(R). For the definition of the reducing subspaces and a proof of this
lemma, please refer to [9] and [10].
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Lemma 3.3. Let E be a basic set with the property that ∪k∈Z2
kTrf (E) =

∪k∈Z2
kE = Ω, then for any f with support in Ω, we have 〈HEf, f〉 ≥ ‖f‖2.

Let E be a basic set and let Ω = ∪k∈Z2
kE. Define E1 = E ∩ (∪k∈Z2

kTrf (E)),

E1 = E\E1, E2 = E1∩(∪k∈Z2
kTrf (E1)), E2 = E1\E2, E3 = E2∩(∪k∈Z2

kTrf (E2)),

... . In general, once En is defined, we will define En = En−1\En and then de-
fine En+1 = En ∩ (∪k∈Z2

kTrf (En)). Let Ωj = ∪k∈Z2
kEj . By the definition,

Ωi = ∪k∈Z2
kTrf (Ei−1) and Ωi ∩ Ωj = ∅ if i 6= j.

Theorem 3.4. Let E be a basic set such that E(δ,m) = E(τ,m) = ∅ for
m > M , and let Ω = ∪1≤j≤nΩj for some n ≥ 1. Then for any f with support on
Ω, we have

〈HE(f), f〉 ≥ an‖f‖2,
where an is the n-th term of the sequence of positive numbers defined recursively
by ak = a2k−1/(1 + 4M

5/2)2 and a1 = 1/((1 + 2M
5/2)2 + 1). In other word, E is

a frame set on Ω such that the frame wavelet ψ defined by ψ̂ = (1/
√
2π)χE has a

lower frame bound at least an. In particular, if Ω = R, then E is an f -set.

Proof. Since M ≥ 1, it is obvious that the sequence {an} is strictly decreasing
and that 1−an > 1/2 for any n. We will prove this theorem by induction. No proof
is needed if n = 1 due to Lemma 3.3. Consider the case n = 2. Notice that it is
necessary thatM ≥ 2 in this case. Let f ∈ L2(R) ·χΩ = L2(Ω) and let f1 = f ·χΩ1

,
f2 = f · χΩ2

. It is obvious that ‖f‖2 = ‖f1‖2 + ‖f2‖2. Also,
〈HEf, f〉 ≥ 〈HTrf (E)f, f〉 = 〈HTrf (E)f1, f1〉 ≥ ‖f1‖2

by Lemma 3.3. So if ‖f1‖2 ≥ a1 · ‖f‖2 = (1/((1 + 2M
5
2 )2 + 1))‖f‖2, we are done.

Now assume that ‖f1‖2 < (1/((1 + 2M
5
2 )2 + 1))‖f‖2. This implies that

((1 + 2M
5
2 )2 + 1)‖f1‖2 < ‖f‖2 = ‖f1‖2 + ‖f2‖2.

It follows that

‖f1‖ <
1

1 + 2M
5
2

‖f2‖.

By Lemmas 2.7, 3.2 and 3.3, we have

〈HEf, f〉 = 〈HEf1, f1〉+ 〈HEf1, f2〉+ 〈HEf2, f1〉+ 〈HEf2, f2〉
= 〈HE1

f1, f1〉+ 〈HEf1, f2〉+ 〈HEf2, f1〉+ 〈HE2
f2, f2〉

≥ ‖f1‖2 + 〈HEf1, f2〉+ 〈HEf2, f1〉+ ‖f2‖2

≥ ‖f1‖2 − 2M5/2‖f1‖‖f2‖+ ‖f2‖2

≥ ‖f1‖2 −
2M5/2

1 + 2M
5
2

‖f2‖2 + ‖f2‖2

= ‖f1‖2 +
1

1 + 2M
5
2

‖f2‖2

≥ 1

1 + 2M
5
2

(‖f1‖2 + ‖f2‖2) = a1‖f‖2.

This proves the case n = 2. Assume this is true for n and consider the case n+ 1.
Let f ∈ L2(R) · χΩ and consider f1 = f · χΩ1

, f2 = f · χΩ\Ω1
. Notice that the

induction assumption now applies to f2 since Ω\Ω1 = ∪2≤j≤n+1Ωj is generated
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by E1 and all the conditions in the induction hypothesis are satisfied (E1 is still a
basic set with the property that E1(δ,m) = E1(τ,m) = ∅ for m ≥M). Therefore,
we have

〈HE1
f2, f2〉 ≥ an‖f2‖2.

Since E1 and E1 satisfy the conditions in Lemma 3.2, we again have

〈HEf, f〉 ≥ 〈HTrf (E)f, f〉 = 〈HTrf (E)f1, f1〉 ≥ ‖f1‖2

and

〈HEf, f〉 = 〈HEf1, f1〉+ 〈HEf1, f2〉+ 〈HEf2, f1〉+ 〈HEf2, f2〉
= 〈HE1

f1, f1〉+ 〈HEf1, f2〉+ 〈HEf2, f1〉+ 〈HE1
f2, f2〉

≥ ‖f1‖2 − 2M5/2‖f1‖‖f2‖+ an‖f2‖2.
So, if ‖f1‖2 ≥ an+1‖f‖2, we are done. If ‖f1‖2 < an+1‖f‖2 = an+1(‖f1‖2+ ‖f2‖2),
then

‖f1‖ <
√

an+1
1− an+1

‖f2‖.

It follows that

〈HEf, f〉 ≥ ‖f1‖2 − 2M5/2

√
an+1

1− an+1
‖f2‖2 + an‖f2‖2

≥ ‖f1‖2 − 4M5/2 an

1 + 4M
5
2

‖f2‖2 + an‖f2‖2

= ‖f1‖2 +
an

1 + 4M
5
2

‖f2‖2

≥ an

1 + 4M
5
2

‖f‖2 > an+1‖f‖2.

This finishes our proof. ¤

We end this section with a few examples of f -sets.

Example 3.5. Let E = [− 3π2 ,−π
2 ) ∪ [π4 , π), then Trf (E) = [−π,−π

4 ) ∪ [π4 , π2 ).
Apparently, ∪k∈Z2

kTrf (E) = R. So E is a frame set.

03π__
2− π__

2− ππ_
4− π π__

2

+2π

Trf(E)

Figure 1. Trf (E) is a dilation generator of R.

Example 3.6. Let E = [−3π,−π) ∪ [π, 2π), then E does not satisfy the con-
ditions in Theorem 3 since Trf (E) = [−2π,−π), Ω1 = ∪n∈Z2

nE1 = R−. So
E2 = [π, 2π) and Ω2 = ∪n∈Z2

nE2 = R+. Thus E is a frame set as well.
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−3π 0 2ππ−2π −π

+4π

Trf(E)

Figure 2. Trf (E) is a dilation generator of R− and Trf (E1) is a
dilation generator of R+.

Example 3.7. The set E = [−13π/8,−3π/8) ∪ [π/4, 13π/8) is a frame set.
One can show that Trf (E) = [π/4, 3π/8) so it only generates part of R+ under
2-dilation. But Trf (E1) contains a dilation generator of R− and E2 = Trf (E2)
contains a dilation generator of the rest of R+. We leave the details of this example
to the reader.

4. Frame wavelets with f-set support in the frequency domain

In this section, we will address some of the questions raised in Section 1. Let

ψ ∈ L2(R) and let Eψ̂ be the support of ψ̂. Following the HE notation introduced

in Section 2, we write

(4.1) Hψ̂(f) =
∑

n,`∈Z

〈f, D̂nT̂ `ψ̂〉D̂nT̂ `ψ̂.

Again, in the case that Hψ̂ defines a bounded linear operator, (1.3) is equivalent
to

(4.2) A‖f‖2 ≤ 〈Hψ̂(f), f〉 ≤ B‖f‖2

for all f ∈ L2(R). When Eψ̂ is a basic set, we have the following lemma, which is
a natural generalization of Lemma 3.1.

Lemma 4.1. If Eψ̂ is a basic set and |ψ̂| ≤ b for some constant b > 0 on Eψ̂,

then Hψ̂ defines a bounded linear operator. Furthermore, we have

(4.3) Hψ̂(f) =
∑

k∈Z

Hk
ψ̂
(f), ∀f ∈ L2(R),

where

Hk
ψ̂
(f) = ψ̂(

ξ

2k
)
∑

j∈Z

f(ξ + 2k2πj)ψ̂(
ξ

2k
+ 2πj).(4.4)

The proof of this lemma is straight forward by applying the formulas given in
Lemma 3.1 and is left to the reader. Let E be an f -set satisfying the conditions of
Theorem 3.4, i.e., E(δ,m) = E(τ,m) = ∅ for m > M , and R = ∪1≤j≤nΩj for some
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n, Ωj = ∪k∈Z2
kTrf (Ej−1). Recall the definition of the set ∆(F ) for a basic set F

in Section 2 and define

(4.5) S(E) =
⋃

1≤j≤n
∆(Trf (Ej−1))

(where E0 = E). Notice that S(E) is a 2-dilation generator of R and it is not
unique in general. We call S(E) a core of E. The theorem below is our main result
of this section.

Theorem 4.2. Let E be an f -set satisfying the conditions of Theorem 3.4,
i.e., E(δ,m) = E(τ,m) = ∅ for m > M , and R = ∪1≤j≤nΩj for some n, Ωj =

∪k∈Z2
kTrf (Ej−1). If the support of ψ̂ is contained in E and there exists a constant

a > 0 such that |ψ̂(ξ)| ≥ a a.e. on a core of E, then ψ is a frame wavelet.

Before we proceed to prove Theorem 4.2, we would like to use the following
example to show that it is necessary in general to add certain conditions on the

bound of |ψ̂| to ensure that ψ is a frame wavelet. On the other hand, the above
theorem tells us that we do not have to require |ψ̂(ξ)| ≥ a on the whole set E.

Example 4.3. Let E = [−2π,−π) ∪ [π, 2π) and define

ψ̂(s) =

{
1

n+1 , if s ∈ En, n = 0, 1, ...
0 otherwise

where En = [−π − 1
2nπ,−π − 1

2n+1π) ∪ [π + 1
2n+1π, π +

1
2nπ). Then supp(ψ̂) = E.

Since E is actually a wavelet set, its core is itself and for any function f with
supp(f) ⊂ E, we have

Hψ̂(f) =
∑

n≥0

1

(n+ 1)2
f · χEn .

So if we let fn = χEn , then

lim
n→∞

〈Hψ̂(fn), fn〉
‖fn‖2

= 0.

Therefore ψ is not a frame wavelet. This shows that merely requiring that Eψ̂ is

an f -set is not enough to guarantee that ψ is a frame wavelet.

The following two lemmas are analogous to Lemma 3.2 and Lemma 3.3.

Lemma 4.4. Let g be a bounded function in L2(R) and g = g1 + g2 with
supp(g1) = E1, supp(g2) = E2 such that E = E1 ∪ E2 is a basic set and Ω1 =
∪k∈Z2

kE1 and Ω2 = ∪k∈Z2
kE2 are disjoint. Then for any functions f1 and f2

such that supp(f1) ⊂ Ω1, supp(f2) ⊂ Ω2, we have 〈Hg(f1), f1〉 = 〈Hg1(f1), f1〉 and
〈Hg(f2), f2〉 = 〈Hg2(f2), f2〉.

Proof. Notice that

〈Hg(f1), f1〉 =
∑

k∈Z

〈Hk
g (f1), f1〉 =

∑

k∈Z

〈Hk
g (f1), f1 · χΩ1

〉 =
∑

k∈Z

〈Hk
g (f1) · χΩ1

, f1〉.
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On the other hand, by Lemma 4.1, we have

Hk
g (f1) = g(

ξ

2k
)
∑

j∈Z

f1(ξ + 2
k2πj)g(

ξ

2k
+ 2πj).

Therefore,

Hk
g (f1) · χΩ1

= g(
ξ

2k
) · χΩ1

∑

j∈Z

f1(ξ + 2
k2πj)g(

ξ

2k
+ 2πj).

For each non-vanishing term in the summation
∑
j∈Z

f1(ξ + 2
k2πj)g( ξ

2k
+ 2πj),

we must have ξ + 2k2πj ∈ Ω1. It follows that ξ
2k
+ 2πj ∈ Ω1 as well. Therefore,

ξ
2k
+ 2πj ∈ E1 since Ω1 and Ω2 are disjoint and E2 is contained in Ω2. This leads

to ∑

j∈Z

f1(ξ + 2
k2πj)g(

ξ

2k
+ 2πj) =

∑

j∈Z

f1(ξ + 2
k2πj)g1(

ξ

2k
+ 2πj).

Finally, it is obvious that g( ξ
2k
) · χΩ1

(ξ) = g1(
ξ
2k
). Combining the above equal-

ities, we obtain 〈Hg(f1), f1〉 = 〈Hg1(f1), f1〉. Similarly, we have 〈Hg(f2), f2〉 =
〈Hg2(f2), f2〉. ¤

Lemma 4.5. Let E be a basic set with the property that ∪k∈Z2
kTrf (E) =

∪k∈Z2
kE = Ω and let ∆(E) be a core of E. If g is a bounded function with its

support in E such that |g| ≥ a > 0 for some constant a on ∆(E), then for any f
with support in Ω, we have 〈Hg(f), f〉 ≥ a2‖f‖2. In other word, g is a frequency
frame wavelet in L2(Ω).

Proof. Let g1 = g ·χ∆(E) and g2 = g ·χE\∆(E). For any f with supp(f) ⊂ Ω,
we have

Hk
g (f) = g(

ξ

2k
)
∑

j∈Z

f(ξ + 2k2πj)g(
ξ

2k
+ 2πj)

= g1(
ξ

2k
)
∑

j∈Z

f(ξ + 2k2πj)g(
ξ

2k
+ 2πj)

+ g2(
ξ

2k
)
∑

j∈Z

f(ξ + 2k2πj)g(
ξ

2k
+ 2πj).

If g1(
ξ
2k
) 6= 0, then ξ

2k
∈ ∆(E) hence ξ

2k
+ 2πj 6∈ E for any j 6= 0, since ∆(E) ⊂

Trf (E). It follows that

g1(
ξ

2k
)
∑

j∈Z

f(ξ + 2k2πj)g(
ξ

2k
+ 2πj) = |g1(

ξ

2k
)|2 · f(ξ).

Similarly, if g2(
ξ
2k
) 6= 0, then ξ

2k
∈ E\∆(E) hence ξ

2k
+ 2πj 6∈ ∆(E) for any j 6= 0.

It follows that

g2(
ξ

2k
)
∑

j∈Z

f(ξ + 2k2πj)g(
ξ

2k
+ 2πj) = g2(

ξ

2k
)
∑

j∈Z

f(ξ + 2k2πj)g2(
ξ

2k
+ 2πj).

In other word, we have

Hk
g (f) = Hk

g1(f) +H
k
g2(f) = |g1(

ξ

2k
)|2 · f +Hk

g2(f)
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and

Hg(f) = Hg1(f) +Hg2(f) =
∑

k∈Z

(
|g1(

ξ

2k
)|2 · f +Hk

g2(f)

)
.

It follows that

〈Hg(f), f〉 ≥ a2‖f‖2

since |g1( ξ2k )| ≥ a for any ξ ∈ ∆(E), ∑k∈Z
χ∆(E)(

ξ
2k
) = χΩ and 〈Hg2(f), f〉 ≥

0. ¤

Proof of Theorem 4.2. The theorem can be now proved by induction in a way
that is similar to the proof of Theorem 3.4. The details are left to the reader. ¤

Remark 4.6. Theorem 4.2 has a potential drawback: it cannot be applied to a
frame set without a core, although at this time we do not know whether there exist
coreless frame sets. On the other hand, the following theorem ensures that we can
still construct frame wavelets with certain level of flexibility on an arbitrary frame
set with or without a core.

Theorem 4.7. Let E be a frame set, then ψ ∈ L2(R) is a frame wavelet if

ψ̂ is bounded, supp(ψ̂) = E, |ψ̂| ≥ a > 0 on E for some constant a > 0 and

ψ̂(s) = ψ̂(2ks) whenever s and 2ks are both in E for any integer k.

Proof. Since E is a frame set, there exists a positive constant c > 0 such
that 〈HE(f), f〉 ≥ c‖f‖2 for any f ∈ L2(R). Furthermore, by Lemma 4.1, for any
f ∈ L2(R), we have

Hk
ψ̂
(f) = ψ̂(

ξ

2k
)
∑

j∈Z

f(ξ + 2k2πj)ψ̂(
ξ

2k
+ 2πj)

= ψ̂(ξ)
∑

j∈Z

f(ξ + 2k2πj)ψ̂(ξ + 2k2πj)

= ψ̂ ·Hk
E(f · ψ̂).

Therefore, Hψ̂(f) = ψ̂ ·HE(f · ψ̂) and it follows that

〈Hψ̂(f), f〉 = 〈ψ̂HE(fψ̂), f〉 = 〈HE(fψ̂), f ψ̂〉 ≥ c‖fψ̂‖2 ≥ ca2‖f‖2.

This proves that ψ̂ is a frequency frame wavelet. Therefore, ψ is a frame wavelet. ¤

5. Examples and comparisons with existing results

In this section, we will show some examples of frame wavelets constructed using
Theorem 4.2. As we pointed out in Section 1, We will also compare these examples
to some known results.

Define

tm(ξ) =
∞∑

j=0

ψ̂(2jξ)ψ̂(2j(ξ + 2mπ)), ξ ∈ R, m ∈ Z,

and

S(ξ) =
∑

j∈Z

|ψ̂(2jξ)|2, ξ ∈ R.
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Also define
Sψ = ess inf

ξ∈R

S(ξ), Sψ = ess sup
ξ∈R

S(ξ)

and
βψ(m) = ess sup

ξ∈R

∑

k∈Z

|tm(2kξ)|.

The following theorem ([20]) gives the best sufficient condition (known to the au-
thors) of a frame wavelet.

Theorem 5.1. Let ψ ∈ L2(R) be such that

Aψ = Sψ −
∑

q∈2Z+1
(βψ(q)βψ(−q))

1
2 > 0,

and
Bψ = Sψ +

∑

q∈2Z+1
(βψ(q)βψ(−q))

1
2 <∞.

Then ψ is a frame wavelet with frame bounds Aψ and Bψ.

When a frame set E satisfies the condition E = Trf (E), tm(ξ) = 0 for any

function ψ with supp(ψ̂) = E as one can easily check. It follows Aψ = Sψ and

Bψ = Sψ always exist hence ψ is a frame wavelet by Theorem 5.1. Frame wavelets

that satisfy the condition supp(ψ̂) = E include the well known Frazier-Jawerth
frame wavelets ([14], [15], [16], [17]), whose Fourier transforms are supported by
the interval 1/2 ≤ |ξ| ≤ 2. If E = Trf (E), then Theorem 4.2 is covered by Theorem
5.1. However, when this is not the case, Theorem 5.1 becomes hard to apply since
tm(ξ), βψ(m) and

∑
q∈2Z+1(βψ(q)βψ(−q))

1
2 are hard to calculate in general. Even

when it is possible to calculate these quantities, it may be the case that Aψ ≤ 0 or
Bψ =∞. In such cases Theorem 5.1 would fail.

Example 5.2. Let E = [− 3π2 ,−π
2 ) ∪ [π4 , π) as we did in Example 3.5, so that

Trf (E) = [−π,−π
4 ) ∪ [π4 , π2 ). Define ψ by letting

ψ̂ = χ[−π,−π/2) + 2χ[−3π/2,−π) + χ[π/4.π/2) + 2χ[π/2,π).

For odd integer m, we have

tm(ξ) =




4, if ξ ∈ [− 3π2 ,−π) and m = 1,
4, if ξ ∈ [π2 , π) and m = −1,
0, otherwise.

It follows that βψ(m) = 4 for m = ±1 and βψ(m) = 0 otherwise. On the other
hand, one can easily calculate that Sψ = 1. So Aψ = 1− 4 = −3 and Theorem 5.1
fails. However, according to Theorem 4.2, ψ is a frame wavelet. It is not hard from
Lemma 2.7 and the proof of Theorem 4.2 that the lower frame bound of ψ is 1 and
upper frame bound is at most 16

√
2.

Example 5.3. Let E = [−3π/2,−π/16)∪ [π/16, 3π/2). It is easy to see that E
is a frame set since Trf (E) = [−π/2,−π/16) ∪ [π/16, π/2) actually contains three
dilation generators of R. On this set we can define one function that look like
the Mexican hat function (see [20], p415 or [11]), and another that is symmetric
about the origin. Since both functions are bounded away from 0 on [−π/2,−π/4)∪
[π/4, π/2) as one can check, they are both frame wavelets. Obviously, functions
like these can be constructed in a rather arbitrary way.



FRAME WAVELETS WITH FRAME SET SUPPORT IN THE FREQUENCY DOMAIN 13

ψ̂1 =

{
6(|ξ| − π

8 )
2 · e−ξ2 , if |ξ| ∈ [π8 , 3π2 ),

0, otherwise.

0.2

0.4

0.6

0.8

–4 –2 2 4

x

Figure 3. ψ̂1: A Mexican hat like frequency frame wavelet.

ψ̂2 =

{
−ξ(ξ2 − π2

64 )
2 · e−(|ξ|−π

4 )
2

, if |ξ| ∈ [π8 , 3π2 ),
0, otherwise.

–2

–1

0

1

2

–4 –2 2 4

x

Figure 4. ψ̂2: An odd frequency frame wavelet.

Example 5.4. Define

ψ̂3 = cos(x− π

4
) · (x+ 13π

8
)2(x+

3π

8
)4 · ex · χE1

+ sin(x) · (x− 13π
8
)2(x− π

5
)4 · e−x · χE2

,

where E1 = [− 13π8 ,− 3π8 ) and E2 = [π5 , 13π8 ). Consider the set E = E1 ∪ E2 ∪
[− 9π5 ,− 7π4 ). We leave it to our reader to prove that [−π,− 3π

2 ) ∪ [π4 , π2 ) is a core of
E. It is obvious that |ψ̂| ≥ a > 0 for some constant a > 0 on [−π,− 3π

2 ) ∪ [π4 , π2 ).
Therefore, ψ3 is a frame wavelet.
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–2

–1.5

–1

–0.5

0.5

1

1.5

–6 –4 –2 2 4 6
x

Figure 5. ψ̂3: A not so obvious frequency frame wavelet.

Remark 5.5. It would be interesting to know whether there are other ap-
proaches to verify that the functions defined in the above examples are frame
wavelets.

Remark 5.6. Notice that our method only produces new frame wavelets, it
does not provide estimates of the frame bounds so created. This is a obvious
drawback and further research in this direction is needed.

6. Further discussions

In this section, we will discuss the case when Eψ̂ is not an f -set. We begin by

the following theorem, which gives a sufficient condition for a basic set E to be a
non-frame set.

Theorem 6.1. Let E be a basic set such that E = E(τ, 2) = E(δ, 1), then E is
not a frame set.

Proof. Let f = χE(1)(τ,2) − χE(2)(τ,2). We see that ‖f‖ > 0. However, we
have HE(f) = 0 by Lemma 3.1 (details are left to the reader). Therefore, E is not
a frame set. ¤

One question here is whether there are non-trivial examples of frame wavelets
whose Fourier transforms are supported by non-frame sets. One such example is
the Mexican hat function ([11], [20]), since the support of its Fourier transform is
the entire R, which is not a frame set. One can also construct counterexamples in
which the support of the frequency domain frame wavelet is not the entire R using
Theorem 5.1. Another question is whether there exist non-frame sets E on which
one cannot construct frequency frame wavelets (with their supports equal to E).
The following theorem gives a positive answer to this question.

Theorem 6.2. Let E be a basic set such that E = E(τ, 2) = E(δ, 1), then no

function ψ ∈ L2(R) with supp(ψ̂) = E can be a frame wavelet.

Proof. Let ψ ∈ L2(R) be a function such that supp(ψ̂) = E. Let ε > 0 be

an arbitrary small number. Since supp(ψ̂) = E, there exists a positive number
a > 0 such that µ(E′1) < ε, where E′1 is the subset of E consisting of all points
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ξ such that |ψ̂(ξ)| < a or |ψ̂(ξ)| > 1/a. Let E′′1 = E ∩ (∪j∈Z(E
′
1 + 2πj)) and

E1 = E\E′′1 , then E1 = E1(τ, 2) and µ(E1) < 2ε. Let F1 = E
(1)
1 (τ, 2) and F2 =

E
(2)
1 (τ, 2) be a partition of E1 as defined in Lemma 2.2. Define ψ̂1 = ψ · χE1

and

f = (ψ̂)−1 · χF1
− (ψ̂)−1 · χF2

. Since supp(f) ⊂ E1 and E1 ⊂ E is 2-dilation
redundancy free, ξ/2k 6∈ E for any k 6= 0 whenever ξ ∈ E1. It follows that

〈f, D̂kT̂ `ψ̂〉 = 〈f(ξ), e−
i`ξ

2k ψ̂(
ξ

2k
)〉 = 0

whenever k 6= 0. For k = 0, the above is
〈f, T̂ `ψ̂〉 = 〈f(ξ), e−i`ξψ̂(ξ)〉 = 〈f(ξ), e−i`ξψ̂1(ξ)〉.

Since ψ1 is bounded, the above leads to
∑

k,`∈Z

|〈f, D̂kT̂ `ψ̂〉|2 = 〈f,Hψ1
(f)〉.

But

Hψ1
(f) = ψ̂1(ξ)

∑

`∈Z

f(ξ + 2`π)ψ̂1(ξ + 2`π)

= ψ̂1(ξ)(χE1
− χE1

) = 0.

This shows that ψ is not a frame wavelet. ¤
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