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Abstract

We studyanew searchproblemin continuougime. In thetraditionalapproachthebasicformulation
is to maximizethe expected(discounted)eturnobtainedby takingajob, netof searchcostincurred
until the job is taken. Implicitly assumedn the traditionalmodelingis that the agenthasno job
at all during the searchperiodor her decisionon a new job is independenbf the job situationshe
is currentlyengagedin. In contrastwe incorporatethe fact that the agenthasa job currentlyand
startssearchinga new job. Hencewe canhandlemore realistic situation of the searchproblem.
We provide optimal decisionrulesasto both quitting the currentjob andtaking a new job aswell
asexplicit solutionsand proofs of optimality. Further we extendto a situationwherethe agent®
currentjob satishction may be affectedby suddendowvnward jumps (e.g. de-motvating events),
wherewe also bnd an explicit solution; it is rathera rare casethat one bndsexplicit solutionsin
controlproblemsusinga jump diffusion.
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1 Introduction

In this papera continuous-timesearchproblemis discussedn which offersof randomsizearerecevedrandomly
over time. This work is positionedin the vein of researchpapersby Lippman and McCall [14], Zuckerman
[21, 22, 23], andStadje[20]. In thesepapersthe caseof a Poisson-modebffer is analyzedandsubsequentlyhe
resultsaregeneralizedo the casewherethe arrival timesform areneval processin atypical setting,the problem
is written as

T
gr=E le“TY(T) - / ceo‘tdt]
0

to Pndthe stoppingtime 7" that maximizesthe right handsidewith Y (¢) beingthe stochastigrocessnterpreted
asthe highest offer receved up to time t. Stadje[20] extendedto the casewherethe rate of arrivals andsearch
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costarebothtime-dependentFurtherextensionsof the studiesof this problemare Boshuizenand Gouweleeuw
[4, 5, 6]. Boshuizenand Gouweleeuw[4] studyoptimal stoppingproblemsfor semi-Marlov processeslin the
contet of job searchproblems this settingallows interarrival timesof job offersto be transition-dependentin
otherwords,thetime until the next offer arrivesdepend®n the highestoffer thattheagenthasobtainedup to now.
In [5], the semi-Marlov modelis treatedasa specialcaseof multivariatepoint processesuUsing the resultsfrom
theprecedingpapersthesearctproblemsarefully discussedn [6] wherethey provide, undergenerainterarrival
time distributions(in a Pniteandaninbnitetime horizon),therecursve (dynamicprogramming¥ormulaefor the
value function andthe characterizatiomf optimal strat@ies. Hencethe main resultsobtainedby Zuckermanin
[22, 23] arereproducedasspecialcases.Thesestudiesare,amongotherthings,in the directionof generalizing
the structureof interarrval timesand of deriving appropriatedynamicprogrammingequationsfor the solution.
Thebasicformulationis to maximizethe expected(discountedyeturnobtainedby takingajob, netof searchcost
incurreduntil thejob is taken. Implicitly assumeds thattheagenthasnojob atall duringthesearctperiodor her
decisiononanew job is independendf the currentjob situation.

We extendthe searchproblemsto someotherdirectionsin this paper Theagenthasa job andconsidersa nen
job (by quitting the currentone.) Our modeldiscussedn this paperallows the agentto startsearchingor a nen
job while sheis beingemplo/ed. Hencethe agentshall determinewhento quit the currentjob andwhento take
a new job offer. We modelthe stateof a currentjob by a one-dimensionatliffusion and formulatean optimal
stoppingproblemwherethe decisionvariablesare both the time of quitting the currentjob andthe time of taking
anew offer. We assumehattheinterarrival timesareexponentiallydistributedandattemptto obtainexplicit form
solutions.After we describehe model,we solve arestrictedcasewheresearchcanstartonly afterthe agentquits
her currentjob (Section2.1). Second,we relax this constraintso that the agentcan startjob searchwhile she
is beingemployed (Section2.2). Third, an extensionis attemptedo the casewherethe stateof a currentjob is
describedby a jump diffusion (Section3). Stochastigumpsrepresensuddendeteriorationof job ervironments.
In eachproblem,we provide anoptimalsearctrule, its proof andexplicit solutions.The brsttwo casesaresolved
in a quite generalsetting. In the jump diffusion setting,we apply a methodwith which we directly identify the
valuefunctionand,therebyareableto signibcantlyfacilitatethe procesof Pndingthe optimalsolutions.

This paperaddssomenen materialto theliteratureof searctproblem.Otherdirectionsof thesearchproblemin
therecentliteratureincludeNakai[16] thatstudiesn a partially obsenableMarkov chainsetting,andCollins and
McNamara[9] wherea Osecretargroblems analyzedundercompetitionin aninbnitepopulationof candidates
andaninbnitepopulationof postsof diversevalue.

2 Model

Let (Q2, F,P) beacompleteprobability spacewith a standardBrownianmotion B = {B; : t > 0} andaPoisson
ProcessV = {N, : ¢ > 0} independentf B. Let usconsiderthe diffusionprocessX = {X; : ¢t > 0} in the
following form:

dX; = u(X;)dt + o(X;)dB;, Xo =z, (2.1)

with statespaceZ C R, whichis assumedo be aninterval with endpoints—co < a < b < oo. Thedrift and
diffusioncoebcientsy(-) : Z — Rando : T — (0, o0) aresomeBorel functionsandwe assumeg?2.1) hasweak
solutionwith uniqueprobability law, whichis guaranteedior example,if

Va € int(Z),3e > 0 suchthat / w

dy < oo.
(z—e,x+€) 02 (y)



SeeSection5.5 of Karatzasand Shreve [12]. We alsoassumehat X is regular, thatis, X reachesfrom ary
x € (a,b), anothemointy € Z with positive probability Let « > 0 bearealconstantnd f(-) bea continuous
functionthatsatisbes

E° [/OOO e | F(X,)|ds | < oo. 2.2)

LetY = {V;,,Y:,....} bethe sequencef independentlyand identically distributed positive randomvariables
obsenableattime ¢4, to, ... from the commondistribution G with bnitemeanE(Y) < oo andindependenbf

Brownian motion B. The arrivals of theserandomvariablesY @ follow an independenPoissonprocessN =

{N(t) : t > 0} with rate A > 0. We assumeahatthereis no offer availableat time 0. Thatis, N(0) = 0. We
denoteby IF = {F;},>o thebltrationgeneratedy X andY". Wewrite Y; asthevaluethattheagentobseneswhen
it appearattime ¢ andtheagentcannothold the offers. SinceY is availableonly atthe timesof Poissorarrivals,
it is quite naturalto considerthe following optimal stoppingproblems:

Theprstproblem(P1): Considerthefollowing functional

¢ T
v(z) ;== sup E” / e f(X,)ds + e “k(X¢) — / ce”Yds+e Y, |, (2.3)
¢, TES 0 ¢
wheres; is the setof admissible F-stoppingtimes.In our Prstproblem,thesetS; is of theform:
S ={{<71:(,T1€S} (2.4)

wherewe denoteby S all theF-stoppingtimes.k : R — R is theterminalpayof functionincurredattime ¢. The
constant > 0 is therateof searclcost.

We canview the processX asthe stateof the currentjob. It is possibleto view f(-) asa utility function. The
agentobtainsmonetaryvalueand/orsatisactionlevel f(X;) thatarisesfrom hercurrentjob attime ¢. Sincethe
agentwill be offeredotherjob opportunitiesn the market, shealwayshasan optionto quit the job attime ¢ and
switchto anotherone, at time 7, whosewageis expressedy Y,.. However, in this setting,shestartssearching
only after shequitsthe incumbent.At time ¢, sherecevesor paysthe amountrepresentetby %(-) basedon the
stateof the currentjob. This amount,if negative, canbeinterpretedasa hurdle of switchingthe currentjob. In
otherwords,if z — k(x) is decreasingn « (for example k(x) = bz, b < 0), thentheagenthassmallincentve to
changgobswhenthe statevariableX is large becauseshehasto experiencdarge negative utility.

It shouldbe emphasizedhat this settingcanbe easily appliedto propertysales(house manugcturingplant,
or entirebusiness).In the alternatve setting,the stochastigorocessX representshe stateof the currenthouse,
f(-) translateshe stateinto economicvalue, k(-) denotessxpendituresncurredat the saleandbnally Y @ arethe
streamof offersgivento thehouse.

Thesecondbroblem(P2): We relaxtherestrictionof theorderof ¢ < 7 in thesecondoroblem.

v(x) = sup E”
¢, TES:

¢ T
/ e f(X)ds + e k(X¢) — / ce”“ds+e Y|, (2.5)
0 0

where
Sy:={¢C<7:¢( TS} (2.6)

In otherwords, the agentstartssearchingor a new job while sheis beingemployed. Note thatthe lower limit
of the integral for searchcostis zero. If 7 occurs(at ¢), then shequits the currentjob andtakesthe nev one
simultaneouslylf ¢ occurs(beforer), thenshequitsthe currentjob andkeepssearchingor anew job. Thelatter
casereducedo the brstproblem(P1).



2.1 Solution to the first problem

Our solutionto the Drstproblem(Pl)wiII be explainedby a seriesof lemmasalongwith stepsthatsimplify (2.3).
FirstwesetJ¢7 (z) := E* [fc T f(X)ds + e k(Xe) — [ cemds + e“”YT} for our performancenea-
sure.We have

- B
JOT (z) = E® / e f(X)ds + e k(X¢) — / ce” “¥ds+e Y,
¢

=E® (/ / ) e f(X ds—/ ceo‘sds—i-eo‘ck(XC)—l—eaTYT]
¢

= g(x)—e Xg(Xe) + e k(X)) + e @EXe MTBM(—C)dHeMYT”. (2.7)

In thelastline, we denote

9(z) = E? [ s e“f(Xs)ds} . (2.8)

and use, for the prsttwo termscontaining X, the strongMarkov propertyof X by notingthat X andY are
independen&ndby conditioningon thevalueof X .. We alsousethefactthatP(r > ¢) = 1 for thelasttwo terms
of (2.7). Indeedthe searchstartsattime ¢ in this problem.It canbe furthersimpliPedto

IO (@) = E” [g(z) — e7g(Xc) + e h(Xe) + e BN [ e = ey ||
_E" [g(x) +emas {k(XC) — g(X¢) - E +E [e—w (g + YTH H (2.9)

by theindependencef X andY again with the memorylesgpropertyof Poissorarrival time for the lastterm of
(2.9)atthelaststep.Hencewe cansplit the probleminto two stagesprstmaximizingover r to obtaina constant
from thelasttermandthensecondlymaximizingover ¢, namely

v(z) = gsél:?l E” |g(z) +e ¢ {k(XC) —g(X¢) — 2 + ng‘gl E [670”— (é + YT)} } ] (2.10)

Let us considerthe brststageoptimization,the inner maximization. Sincec/« is a constantwe only have to
considerthe following problem: Let us considera situationthat the agentobsenesa streamof i. i. d. random
variablesY” with Poissorinterarrival. Ourtaskis to setanoptimalstoppingrule. Call thisauxiliary problem(P’1).
Supposehatthe currentvaluethe agentobsenesis y. Then,thedynamicprogrammingequationis simplein this
case;

V(y) == max(y, V), (2.11)

whereV is themaximumexpectediiscounted valueif y is rejected.Thatis, V' (y) is themaximumexpectedreturn
whenthereis currentoffer y available. Seestandardextbooks,for example,Ross[18]. Also seeRoss[19] that
containsmary examplesincludingsearchmodels.

Now let Vj(y) := y andfor n > 0,

V,(y) := max <y E {e’”(l) /0 h v,L_l(z)G(dz)D ,

wherer (1) is the brstjump time of the PoissorprocessandG(+) is the distribution of the offers. HenceV/, (y) is
themaximumrewardif we obsene y now andarealloweda maximumof n offersbeforestopping.Thenwe have
Vi (y) < Vot1(y) < V(y), by constructionfor all y > 0.
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Letusdebne
B:= {z ER,:i>E {e*a“”ym} } ‘ (2.12)

B is the setof statesfor which stoppingis at leastasgoodas continuingfor onemore period (round)andthen
stopping. The policy that stopsthe Prsttime the processentersa statein B is referredto as one-stage look-
ahead policy. Let uswrite P;; for the transitionalprobability of processY” for a generalargument,while P;; is
independendf i in our problem.

Lemma 2.1. For auxiliary problem (P'1), if the process is stable in the sense that lim,,_., V,,(y) = V (y) for all
y > 0andif P;; =0 fori € B, j ¢ B, then optimal policy stops at i if and only if i € B.

Proof. Thisisin essenc@heorem2.2 (page54)in [18]. Herewe shaw it for completenessit shouldbe shovn
thatV,, (i) = i for all : € B andall n. It follows for n = 0 andlet ussupposet for n — 1 for induction. Thenfor
1€ B,

V(i) = max {z E :em(” /0 h an(z)G(dz)} }

_e*af(” / y vn_l(z)c(dz)} }

[—ar® /ZEB zG(dz)] } =i

= max {i,]E

= max {i,]E

wherethe secondequality is due to the structureof B and the third dueto the induction hypothesis. Hence
V. (i) =i foralli € B andall n. By lettingn — oo andusingthe stability assumptionye obtainV (i) = ¢ for
i€ B.

Onthe otherhand,for i ¢ B, the policy thatcontinuesfor one more stageand stopshasan expectedreward,
E {e—‘”(l) f0°° 2G(dz)| whichis strictly greaterthan: since: ¢ B. Summarizingwe have V(i) = i fori € B
andV (i) > i fori ¢ B. O

Lemma 2.2. IfY is a positive random variable and E(Y') < oo, then lim,, .o, V,,(y) = V(y) forall y € R.

Proof. SinceV,, (y) < V(y) for all n > 0, we only needto prove the oppositedirection. Let S* be the setof alll
the stratgjies. Considerntwo stratgiesthatareidenticalup to 7(). Onestratgy keepsobservingY,, 1, Y12, ....
We call thepresentalue(atzero)of this stratgy V*(y). Theotherstrateyy stopswith V,,(y). Call thesetof these
stratgyiesS,,. Wehave S,, C S*. For notationalcorveniencelet usdebneno-discountersionsof V,,(-). Namely
Vo(y) =y, Va(y) = max (y, [, Va—1(2)G(dz)) andwe discountfrom time (") to time zeroto getV;, (y). Now
let usdenoteby V avalueof the brststratgy discountedbackup to time 7(™), Withoutlossof generalitywe can
stateV > V,,(y) for all n. Indeed,if it werenot the case,we would have sup,,cq. V < V,(y), leadingto the
desirednequalityV;,(y) > V (y) andthe proofwould be complete Hencewe have

* —ar™ |5 [/ —ar™M
V*(y) = Va(y)l < Ele V —Va(y)ll <Ele Vl.

SinceE(Y) < oo andY is positive, lims_., P(Y > s) = 0, implying thatwe have lim, .. P(V > z) = 0. By
passingn to thelimit, theright handsidebecomeseroby the dominatedcorvergencetheorem.Hencewe have
V(y) = sup,eg- V*(y) = sup,ecy, s, Va(y). Thisshavsthatlim,, .. V,.(y) > V(y). O

Let us call the setthatsatisbeshe assumptiorof this lemma,Oclosed€et. We now comebackto our original
problem(P1). In applyingthis lemmato our problemat hand,we needto modify the Oclosedness®B. Sinceary
offer canbedeclined the assumptiorof thelemmadoesnot hold. However, we have thefollowing result.



Lemma 2.3. An optimal policy is to accept the first offer that is at least u* where

u%:mm&;miczmw_nﬂ}. (2.13)

The optimal threshold u* exists and is unique if and only if \E(Y) > c.

Proof. Letusallow theagentto recall ary pastoffer, thatis, the currentoffer is alwaysthe runningmaximumof
theoffersupto presentGoingbackto (2.3), we redePneur closed(in 7) set B andincorporatingtherecallability
of pastoffers,we have

ey
B = {z i > E leaT(l>YT<1) — / ceasdsl }
0
A " e c A ¢
i . (e c
oz 25 (e [ Do) - (3-253) )
A e °° c A ¢
s o _c c
{z 12 (z z/i G(dy)—l—/i yG(dy)) " + (a+)\)a}
~{ivaiza [T - cp = {1 2y -
whichis (2.13). Theleft handsideis alinearfunctionin ¢ with positive slope«/\ andpositive interceptc/A. The

right handsideis adecreasindgunctionof 7 andit isE(Y') > 0 ati = 0. Henceequation(2.13)hasuniquesolution
if andonlyif E(Y) > ¢/A.

Fori > u*, i € B. Thisfactimpliesthatoncei (thatcarriestherunningmaximumof theoffers)enterssetB, it
doesnotleave setB. It is becaus¢he runningmaximumcannotdecreasén time. HenceB is Oclosed@lthough
we cannotrecall pastoffersin our problem,this policy (2.13)is still feasiblein the original problem(no recall).
Now, it wasshowvn thatthe brsttime Y entersin B givesusanoptimalpolicy in alargersetof stratgies(namely
includingtherecalling). Hencethis policy cannotbe beaterby ary otherstratgiesin the smallerset(allowedin
theoriginal problem).It follows that(2.13)is anoptimalpolicy. O

Economicallyspeaking this conditionsaysthat, if we would considerzﬁv(t) Y; asa compoundPoissonjust
for interpretatiorpurposesthe searchs meaningfulif the expectedvalueof the compoundPoissorperunit time
AE(Y) is greatetthanthesearctrostperunit time c. Moreover, if we look attheleft handside 25, we conclude
thata large discountratea, alargerateof searchcostc anda smallfrequeng of job offers A will leadto a small
optimalacceptancéevel v*, which btswith our intuition.

Remark 2.1. The paperswe mentionedin Sectionl assumethe recallability and prove the optimality of the
one-stagdook-aheadstratgy. This agumentof Oclosednessid set B reacheshe sameconclusionunderthe
assumptiorof norecall.

Now we shallshowv a convenientresultfor computing(2.10):

Lemma 2.4. Suppose that the distribution of offers has the density with support in (0, 00) and XE(Y') > ¢, then

supE [e_m (E + YT>] =S L (2.14)
TES «a «

where u* is the unique solution to

au*Jrci
X =

E[(Y —u*)*]. (2.15)



Proof. LetusdenoteG(-) = 1 — G(-) whereG(-) is thedistribution of offers. We usethethinningargumentof the
Poissorprocess Sincethe agentfollows the strat@y describedn Lemmaz2.3,for ary « > 0, 7 is the brstarrival
time of the offer greaterthanor equalto . The agentis interestedn a sequenc®f randomvariablesy 1y >,
andthis thinnedPoissorprocesshasrate \G'(u). Dueto theindependencef Y and N(¢) in the original setting,
we have theindependencef Y'1;y->,,, andthethinnedPoissorprocesswith rate\G'(u), giventheoffer is greater
thanor equalto u.

s ()] =3l ()

S N 00 0 Gdy) e~ NG —AG (W)t gy
E/ )\G(u)efatef)\G(u)tdt + .fO fu Yy ( y)e_ (u)e
0 G(u)

(07

 eAG(w) A *°
__Ma+M%M)+a+AG@)L yG(dy), (2.16)

whichis afunctionof » only. By differentiatingwith respecto u, we obtainthe brstorderconditionfor optimality

o0

(fgg(u) - ug(u)) (a+AG(uw)) + A (;G(u) + /u

This canfurtherbe simpliPedto

yg@ﬁdy>g(U)0

/w@—umwmy=“%f9 (2.17)

Theintegral on theleft handsideis just E[(Y — u)*] andthe above equationis the sameas(2.15). Denoteby u*
thesolutionof (2.17)andwrite E[(Y — u*) "] = E[Y 1{y 5 ,}] — u*G(u*) = %*C Thisis equivalentto

C )\E[Yl{y>u*}]
* _ = _ =t J 2.18
* a+ AG(u*) a+ AG(u*) (2.18)
By plugging(2.18)in (2.16)andnotingthatw™* is the optimalthresholdevel, we have

_ c cAG(u) c c

E at [ 7 Y'r — EA— * - = —.

Tsél«g [e (Oé N )] ala+ AG(u)) T a+ AG(u*) v a
O

Now that the brststageoptimizationis doneand the last term of (2.10) becomesconstant,it reducesto an
optimalstoppingproblemto bnd(*. By usingLemma2.3,(2.10)is now in thefollowing simpleform:

o(x) :i=v(z) —g(z) = CS;E E* [e_ac(k(XC) —g9(Xe)+ u*)] ) (2.19)

Noticethatc/« termis canceled.This equationdoesnot have ary ¢ explicitly, but we have to keepin mind that
thesolutionto (2.19)doesdependn ¢ because:* depend®n ¢ through(2.15).

For the solutionof (2.19),let ususethe characterizatiof the valuefunction of optimal stoppingproblemsin
one-dimensioy Dynkin [11] and/orDayanikandKaratzaq10]. Let usdenoteby «(-) andy(-) theincreasing
anddecreasindunctionsof the solutionof (4 — a)w(-) = 0 with A beingthe inPnitesimalgeneratoof X . Let
usdebne

Fz) = ¢(x)/p(@).
We usethetransformatiorfor aBorelfunctioni(:) : R — R,

H() = h(F () p(F (). (2.20)



For our problem,let usdebne

and

+
l. := limsup (h(z)) , (2.21)
T—c o()
where (h(z))* = max(h(z),0). Theoretically we cancomputes(x) for ary f, k, G(dy) andthe underlying
diffusion X. But it is usefulif we provide sufbcientconditionsthat the optimal continuationregion (thatis, no
job-quittingregion) is aconnectednterval in therealline:

Proposition 2.1. Suppose that the state space (c,d) C R of X has natural boundaries at ¢ and d with l. < co. If
Hy(y) := h(F~1(y))/p(F~(y)) has sole local maximum in the interior of (F(c), F(d)) with lim,,_,. H(y) < 0
and lim,,_.q H{/(y) > 0, then the value function, that is the solution to (P1) in (2.3), is of the form

(2.22)
vo(z) :==p-p(z) +g(x), =>a,

o(z) = {k(m)—l—u*, x < z*,

where p and x* are uniquely determined.

Proof. Debney = F(x) anddenotelV (y) asthe smallestconcae majorantof

By Proposition5.12in [10], 4(z) = (z)W(F(x)) andW(0) = I. (W(-) is continuousaty = 0) andthe
optimalstoppingrule is givenby 7* = inf{t > 0 : X; € T'} wherel' := {z € (¢,d) : v(z) = h(x)}. Underour
assumptionsH (y) hasaglobalmaximumatwhichthefunctionis concae (call this pointy*) andbecomegsornvex
on (g, c0) wherey > y*. Thenthe smallestconcae majorantiV (y) is H (y) itself on (0, y*) andthe horizontal
line passingpoint (y*, H(y*)). Call p := H(y*). Transformingbackto the original spaces(x) = h(x) on
(¢, F~Y(y*)) andv(z) = pp(z). Adding backg(x) to obtainv(z), whichis the solution. O

Remark 2.2. Notethataswe describen our problemstatementt the beginning of this section,in practicef(-)
is increasingandk(-) is decreasingn the statevariable.Henceif ¢(-) is alsoincreasingh(-) = k(-) — g(+) + u*
is decreasingn state.Theexamplebelow is atypical oneof this case.

Example 2.1. The solutioncanbe bestillustratedby a simpleexample. Our exampleis X; = B; with By = =
andf(z) = ax with a > 0, k(z) = bz with b < 0 andc = 0. Herewe assumehatG(dy) = me~™¥dy. Hence
u* satispes

—mu

e au

= (2.23)
m A
from (2.17).Thenour g(z) = %z andproblem(2.3)becomes
v(x) = sup E* [e_O‘C {(b — E) x+ ; /00 yG(dy)H
ces Q@ a+ AG(u*) Sy
_ z | ,—al _a *
=sup E [e {(b a)x—i—u H (2.24)

(EST
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Figure 1: with parameterga,b, o, \, k) = (1,—1,0.2,1.2,0.1): (a) In the transformedspace,H (y) andits
concae majorantthehorizontalline with heightp = 15.797. (b) In theoriginal spacethevaluefunctionwith the
quitting thresholdz* = 0.8062 andthe new-job-takingthresholdu™ = 14.324. Theredline (above)is vy (z) and
theblueline (below) is bx + u* = —x + 14.324.

Sinceour diffusionis a Browninanmotion,c = —oco andd = oo arebothnaturalboundariesin this example,

o(z) = e V2> and F(z) = €2*V2* and F~1(y) = S5 Itis clearthat!_., = 0. We have theexplicit form of

p_a
Ho<y>=¢@(wi-1ogy+u*).

Notethatlim, .o Ho(y) = 0 = [_. By directcomputationwe canshav that Hy(y) satisPeshe conditionsin

theproposition.Theconcare majorant(see(a))is justbrstH (y) itself upto, sayy* atwhichthehorizontalline and
H (y) match,andthereafteithe horizontalline, sayW (F(z)) = p. Recallthaty* = F(a*). After transforming
back,it is pp(x). We shouldaddbackg(x) to getv(x). Henceour solutionis

bx + u”, < ¥,
v(x) = v =T (2.25)

vo(x) := pp(x) + L2, x> "

In the bPrstregion wherez < z* theagentimmediatelyquit the currentjob by payingthe hurdlecostbz andwait
until anoffer greaterthanu* whoseexpecteddiscountedsalueis alsou* by Lemma2.4. Thevaluefunctionis the
blackline (see(b))n thisregion. In thesecondegion, theagentshouldmaintainthe currentjob until the Brownian
motionhits z*, andthevaluefunctionis theredline.

2.2 Solution to the second problem

Let usmove onto the secondproblem(P2)in (2.5) with (2.6). Suppose that we implement the threshold strategy
with u > 0 for the choice of Y as in the first problem. (This premisewill bejustipedin Lemma2.5.) By setting

¢ T
JoT(x) :=E® [/ e f(Xs)ds + e *k(X¢) — / ce”*ds+e Y, |, (2.26)
0 0

the brsttwo termsof J become

¢
E° [/0 e f(X,)ds + e“’“Ck(Xc)] = g(@) + E7[e™ (k(X¢) — 9(X0))]



for ary stoppingtime ¢ € S. Let usdenotefor u > 0,
k(z) = k(z) — g(z) and F(dt) :== AG(u)e Wit .= Ne Nt (2.27)

wherethe latteris the arrival time distribution of the thinnedPoissorprocesawith ' := AG(u). Let ususethe
factthat,forary 7, ¢ € Ss,

CAT = Clie<ry + Tliesry = Clye<ry = G

We thenobtain,by conditioningon ,

¢ 00
E7[e= ¢ (h(Xc) — 9(X0))] = E*[e A DE(Xc,)] = E* [ [ e R pan + [ ok P

dueto theindependencef thetwo processes andY'. Thenit becomesby debning
hu(z) := E® [ /0 h A'e<a“’>%(xt)dt] (2.28)
andinvoking the strongMarkov propertyof X asin (P1),
Bl R0 = ) = B R () 4 B | CE ) [ ()
= R*(2) + B[P (R(XC) — B (X))
Writing down everything,we havefor ary u > 0,

T4 (z) = g(x) + b (x) + E7[e~ T (k(X¢) — g(X¢) — B (X¢))]
c cN

)\ o0
a (a oo+ A’)) - a+ N /u yG(dy). (2.29)

Notice that the dependencef h* on u comessolely from X' = AG(u). In summary the secondproblem(P2)
reducego

’ — — 1 el
= sup E* {e(o”r)‘ K (k(X¢) — g(X¢) — RU(X¢)) 4+ ht(z) + — (—c + )\/ yG(dy))} .
(ES, uER, a—+ A w

(2.30)

Hencewe canno longersplit the probleminto two subproblemslt is intuitively clearthatthe optimalthreshold
level for Y depend®nthecurrentstateX, = z sincetheagentcanstarthersearchbeforequitting thecurrentone.

Lemma 2.5. For the second problem (P2), the threshold strategy for'Y is optimal.

Proof. RecallthatY, appearnly in the lastterm of (2.26). The argumentis similar to the auxiliary problem
(P'1) andwe only needto prove the OclosednessDset B. Let usconsidercase(1) whereby thetime offer in the
amountof y is attable,the agenthasnot quittedyet or hasnot picked ary offer yet. The correspondingpne-step

look-aheads
) (2.31)

C/\T(l) ) ey 1
max (y,Em l/ e" ¥ f(Xs)ds + eo(eAT >)k(Xg/\T(1>) - / ce5ds + e~ )YTm
0 0
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wherer()| again, is the brstjump time of the Poissonprocess(after ). We can considerset B similarly to
(2.12). 1t is a merecomparisorof thetwo itemsin the max function. But Y shavs up only at the lastterm. This
obsenation correspondso the dependencef i on « only throughAG (u) in (2.30). Call the Prstthreetermsin
the expectationA (z, 7(1), ¢). Similarto Lemma2.3,we compute

Az, 7, ¢)(a +X)
Ve

B{ieRJr:iiZ]E[(Yi)ﬂJr

Two casesarepossible:

1. While theagentwaitsfor the next offer, shequits. A(z, 7", ¢) = A(z, ()
2. While theagentwaitsfor the next offer, shedoesnotquit. A(z, 7V, ¢) = A(z, (D).

We again allow herto recall the pastoffers andshestopsat 7(1) with the bestoffer up to the next arrival of the

Poissorprocess|n eithercasethe Oclosedness®set B is notaffectedsinceA(x, 71, ¢) is constanin i. Hence
Bis againaclosedsetin i for any ¢ and (V) andwe invoke Lemmal.1to concludethatthe brsttime the process
Y entersinto this setB is the stoppingtime.

Finally, we considercase(2) whereby thetime y is attable,shehadalreadyquitted. Thenthe problemreduces
to thebrstproblem(P1). An optimalstratey is characterize@lready To conclude thethresholdstrateyy is again
optimal. O

Remark 2.3. Whenwe evaluate(2.26)at ¢ = 0 (theimmediatequitting), it becomes

JOT(x) =R [k(x) - /OT ce”ds+e Y|,
of which derivative with respecto u is independenbf . Takingthe derivative with respecto u, the brstorder
conditionof optimality mustbecomandependenof .
Let usagain consideran examplewith the samesettingasin Example2.1to illustratethe optimizationprocedure
for (P2).

Example 2.2. The setupof the problemis exactly the sameasin Example2.1 exceptfor S; beingreplaced
by S;. For the secondproblem (P2), we proceedwith (2.30) by computingthe necessanfunctions. Recall
N = A1 = G(u)) = de™™* (with m beingtherateof Poissorarrival times)is a function of u, the offer-taking
thresholdevel.

k(z) = k(z) — g(z) = (b - %) x

o= [T o= G o] - 235 (- )+

Now let usconsider(2.30)by writing everythingexplicitly:

= sup EP e @O ((X,) — g(Xe) — R(XO) + R () + — /mycwy)}

ceSueRr, | a+ N
[ / b—14) N a A e
= E* |~ (@A) 05(704 X+ - (p—Z= 7/ G(d
46;22R+ ¢ a—+ N C+a+)\’( a)x_‘_a—f—)\’ w yGldy)

= sup E” -e_(‘”')‘,)C olb=5) Xe+ - (b - ﬁ) T +u+ = .
CES.ueR, i a—+ N > a+ N « m

11



We canbrstsolve the optimal stoppingproblemfor a bxed © and Pndthe optimal thresholdfor quitting in terms
of u. Namelywe solve, for agivenu,

P e Gl

Again suppressinghe dependencef A’ onu, we bnd,similarly to the Prstproblem,p(x) = e™*V 2(e+2) and

F(z) = e2*V2at\) with F~1(y) = % After thetransformationthe rewardfunction2*(-) is
u alb—3)
H"(y) == log y\/y.

(a+ N)2/2(a+ N)

This function attainsthe maximumat yy = e~2 independenbf «. The smallestconcare majorantof H(y) is
againthehorizontalline thatmatchesH “(y) aty, = e~ for all u. Butin theoriginal spacethequitting threshold

for u, D(u) := F~(yo) = 2\}% depend®n u. Seethe picturebelaw for u = 10.
v(x, u0)

H(y, u0)

0.6 16

0.5 15.5

0.4 15

0.3 14 .5

0.2

0.1 13.5

0.2 0.4 0.6 0.8 1 YF®X 5 - < s x

() (b)

Figure 2: With parameterga, b, a, \,m) = (1,-1,0.2,1.2,0.1): (a) In the transformedspace,H"(y) with
u = ug = 10 andits concae majorant. (b) In the original space the valuefunction with the quitting threshold
z(up) = —0.892728. Theredline (abore)is vy (z; up) andtheblackline (below) is therewardfunction

Graph(c) is the plot of the thresholdevel for quitting D(u) for variousu®. Now theintercept(=the heightof

()

Figure3: Theoptimal quitting thresholdD () for variousu®.

thehorizontalline) is

o ald - 2) =2
p(u) = H"(yo) = (a+A')2\/m< ¢ )



Hencethevaluefunctionfor ary u > 0 is written of theform

) (aib;)\%r))x+ﬁ;\,((b—%)x+u+ %)—ﬁ—gw, x < D(u),
v (x) = : ) (2.33)
vol,u) = plu)e= V2O 4 X (b— Yo tut L)+ %2, 2> D).

It canbe simplipedbut let us keepit for the moment. Finally, we maximizev*(z) with respectto « by simply
takingthe partial derivative with respecto u. Let usbrstconsidetthe secondoranchin (2.33), thatis, vo(z, u) to

Pndthe optimal offer-taking thresholdevel, sayu, for eachinitial statex. We candirectly show that,for eachz,

thefunctionwvg (z, u) attainsthe solelocal maximum.Seegraph(d) below. In graph(e), we alsoplot the threshold
level x — wu, for eachinitial statex. It is increasingn z. This makessensesinceif theinitial positionis high,

thenthe offer-takinglevel shouldalsobe high.

v(x0, u) ux (X)
16.5
35
16
30
15.5
15 25
14.5 20
15 20 25 30 © 1 2 3 4 5 6 =
(d) (e)

Figure4: with parameterga, b, o, A\, m) = (1,—1,0.2,1.2,0.1): (a) For given xq, vg(xo; u) attainsthe sole
maximum.(b) The optimalthresholdevel of takingan offer v, asafunctionof theinitial statex.

The Pnalquestionis the following: Supposehe agent€currentstatein the currentjob is at z. Shecomputes
the bestoffer-taking level, sayu, by takingthe derivative of the secondoranchof v*(z), namelyvy(x, u). Does
this u,, alsomaximizesthe otherfunctionof v*(z), thatis, the brstbranchin (2.33)?

To answetthis questionwe simplibedthe brstbranchof (2.33)to get

!

v (x) =bx +

P (u+ ;L) , 2 < D(u). (2.34)

Themaximizerof v is independent of x (seealsoRemark2.3) andis the solutionof

—mu

€ au

m N
whichis exactly the sameequationas(2.23)in the brstexamplefor the universallybestu*. Soif we plugu* back
into (2.34),it becomes

v'(z) =br+u*, z < D(u).

This is the samefunction asin the brst problem (See(2.25)). Of course,this is not a coincidence. We will
generalizethis later  This obsenation makes sensebecausehis function representshe value of animmediate
quitting. Hencethis function hasto be the samebothin the brstandthe secondproblem. We summarizethe
optimalprocedure:

1. Giventheinitial stater, shemaximizeghesecondrranchof v*(x) in (2.33)to gettheoffer-takingthreshold
u, asin graph(d).
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2. Basedon this u,, shecomputeghe optimalquitting thresholdof D(u,,) by solving(2.32).

3. Comparethis D(u,) with theinitial z if + < D(u,), quitimmediatelyandgetbx + v*. Otherwise stay
with the currentjob andhervaluefunctionis vy (x, u, ) in (2.33).

4. If shechoosedo staywith the currentjob, two possibilitiesarethere:If thediffusionhits D(u,) Prst,quit
andwait for a new onewith highervaluethanu,. If anew offer shavs up (with a valuehigherthanw,,)
beforethe hitting time of the diffusion, quit andtake the new job atthe sametime.

Therefore,the answerto the questionat the top of this paragraphs asfollows: The maximizerof the second
branchu,, isin generahotthesameasu*, themaximizerof the prstbranch.But theagentdoesnot have to worry.
OnceD(u,) is computedandturnsout to be greaterthanz, her choiceis immediatequitting. At this point, her
immediatequitting is guaranteedo be optimalirrespectve of x because:* is independendf z.

Again, while this methodcanhandleall the possibleselectionsof f, k&, G and X, we shall specify sufecient
conditionsfor computationakorvenience.Let us dePnethe increasingand decreasingolutionsof (A — (« +
MG (u))v(x) = 0 by 1 (x) andy(z) with a slight atuseof notation. We debneF (z) accordingly Recallh*(-) is
debnedn (2.28). With thesedebnitionswe summarizeheresultasfollows:

Proposition 2.2. Suppose that the state space (c,d) C R of X has natural boundaries at ¢ and d with l. < co. If
Hy(y) := h¥ (F~(y))/o(F~1(y)) has sole local maximum in the interior of (F(c), F(d)) with lim,,_,. H{/ (y) <
0 and lim,_.q H{/(y) > 0, then the value function, that is the solution to (P2) in (2.3), is of the form

o(z) = k(z) + u*, x < D(ug),
p(ug)p(z) + b (2) + g(z), 2> D(uy),
where
ug 1= arg max (p(u)p() + 1" (2)) (2.35)

Sor any given x. Here u* (independent of x) is the unique solution of (2.15). p(u,) and D(u,) are uniquely

determined.

If £ < D(uy), then the optimal strategy is to quit the current job immediately and to wait for a first job offer
whose value is greater than or equal to u*. If © > D(uy), then the optimal strategy is to wait until { A T where
C=inf{t >0: Xy < D(uy)}and T =inf{t >0:Y; > u,}.

Proof. Evaluating(2.30)at¢ = 0, we have

o(z) = k(z) + sup {aix <—c + A /uoo yG(dy)> } .

for z < D(u). Working outin thesameway asin Lemma?2.3,we canbndthattheoptimalu* satisbe¢2.15)and
thepreviousequationrbecomes

v(z) = k(x) +u*, =< D(u).

Notethatu* is independenof D(u). For theotherbranchof v(z), theproofis similarto Proposition2.1. O
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3 Search problem in a jump diffusion model

1 In this section,we extendour modelby addingstochastigumpsin the statespaceof processX. Let {Q, F, P}
be a probability spacehostinga Brownian motion B andanindependenPoissorrandommeasurel (dt, dz) on
[0,00) x R, bothadaptedo a certainbltrationF thatsatisPeshe usualconditions.We assumethatthis Poisson
randommeasurds independenbf the PoissonprocessV = {N(¢);t > 0} associatedvith arrival timesof job
offersY” in the previoussections.Themeanmeasuref M is v(dt, dz) = 6dtF(dz), wheref > 0 is constan&and
F'(dz) is thecommondistribution of jump sizes.Throughouthis subsectionwe consider

M(t)
Xo=Xo+pt+oB— Y Zi, Xo=uz, (3.1)
=1

whereM = {M(t) : t > 0} is aPoissorprocesqassociatedvith the PoissorrandommeasureV/ (dt, dz)) with
constanintensityrated andjump ssizesZ;,i = 1,2, 3... arei.i.d. from anexponentialdistribution with parameter
7. Henceour meanmeasurebecomes/(dt,dz) = fdtne "*dz andthe jumpsare always downwards. These
negative jumpsrepresent sudderdrop of the agent€incentives. For modelingpurposesthesedovnward jumps
may be compensatedly settingthe drift parametey:, higher The inbnitesimalgeneratoof this processactingon
atestfunctionu € C? is

Au(z) = %O'Q’U,N (z) + pu () + 6 /Ooo(u(x —z) —u(x))ne "*dz. (3.2)

Our jump diffusion setupin the statevariable(currentjob) doesnot changethe structureof problems(P1) or
(P2)atall. Henceour presentatiorherefocuson the solutionof the optimal stoppingproblemin (2.19)andwe
provide anexplicit solutionin the context of Example2.1. Of coursethe optimal stoppingpart(by bxingu value)
in (2.30)is very similar. Herewe usea differentapproacHrom the ordinaryHamilton-Jacobi-Bellmatype. Due
to the memorylesropertyof exponentialdistribution (of the jump size),we candirectly evaluatethe functional
associateavith theexit time from aninterval, thevalueof acertainfunctionof X atwhichtheprocessX crossthe
left boundaryof (a, oo). Usingthisfunctional,we canidentify theform of thevaluefunction(see(3.14)),while the
optimality is still proved by a veribcationemma.But we do not have to setthe boundaryconditionsto determine
the candidateof the valuefunction. Hencethis methodfacilitatesthe proof of the existenceanduniquenessf the
systemof non-linearequationghatarisefrom the boundaryconditions.This analysisis alongtheline of Kouand
Wang[13], andthisis oneof thefew examplesthatanexplicit solutionto anoptimalstoppingproblemin anjump
diffusionmodel. Otherdirectmethodssuccessfuin obtainingexplicit solutions(in termsof theincreasingminimal
harmonicmap)in aspectrallynegative jump-diffusionmodelincludeAlvarezandRaklolainen[1, 2, 3] wherethey
solve varioustypescontrol problemsincluding optimal stopping,impulsecontrol andsingularstochastiaontrol.
Thewell-known alternatve techniquds basedon factorizationarguments MordeckiandSalminen15] shav the
value function for optimal stoppingproblemsdriven by generalHunt processess an integral representatiornf
excessie functions.SeealsoBoyarchenk andLevendorsk¥[7, 8] andreferenceshereinfor this approach.

3.1 Exit problem from an interval

If we try afunctionin theform of u(x) = % with 3 +n > 0 for (A — a)u(z) = 0, then 3@ arefound by the

rootsof thefollowing equation:
1
G(B) == 50252 +uB —

05 _
n+p

IFor this section we thankSavas Dayanikfor valuablediscussions.

(3.3)

15



Now, by theindependencef B;, M; andZ;,

My
E* [erXt} — E® er(X0+u,t+(rBt) HerZi‘| — erer”t+%g2r2tE
=1

My
( ; ) ]:erwet(m+éo2r2+9<nxz—1>>
n+r

— erreG(r)t )

Hencewe have E*[e"X+~¢(Mf] = 1, which implies that {exp(rX; — G(r)t)} is a martingale for ary » € R.
Equation(3.3) hasat mostthreereal roots, two negative roots —3; and —3,, andone positve root g5, with the
relationship

—02 < - < —061 <0 and B3 > 0.
Namely
0< B <n< Py and B3 > 0. (3.4)

Let uscomputesomefunctionalsof X associateavith exit time from anintenval [a, b] € R. DebPneT, = inf{t >
0, X; < a} andnotethatdueto thenegativity of thejumps, X, < a. Notethatwe have P*(T,, < co) = 1 for all
a andz suchthat—oo < a < x < oc.

Lemma 3.1. Suppose that we have a finite interval [a,b] € R and a process that is defined by (3.1) with mean
measure v(dt,dz) = Odtne="*dz. Then, for a < x < b, we have

0w e A
@) E* (e Ly xyp o)) = 6_"2(:]7&2&_1);?)2 —n) (e—ﬁl(x—m _ e—ﬁz(m—a)) 7 (3.6)
(3) E*[e T 14— xp —0y] = %e*ﬁﬂx*@ + %e%(m*@, (3.7)
(4) E*[e™ " Ly, ey} Lam X, >2}] = Blf(lm)eﬁg(””_“)e_"za (3.8)
6) B L ey Lo, oy] = D) @9
(6) E*le T 1p,om,y] = @&’3(%@. (3.10)

Furthermore, for every x < b, lim,| oo E*[e™ T 147, o7,y] = e%3(@=b) ywhere

n <ﬁ1+53 B2t B

= (2P @) - ) - 2B @) - 0.

Bi(z) = (¢2(a) = 2(b))(¢1(x) — 1(0)) — (p1(a) = 1(b))(w2(x) — @2(b)),

Ba(o) = = (ria(0) = a9 (21060 = 1) + (—n(a) = i) ) — ()
0w = o (22 @) pala) - a(o) + 2 R (@) a0) — @) )

with o1 (-) = e~ P1483)0) and py (1) = e~ (B2F83)0),

Proof. For (1), we needto computev(z) := E*[e~*T<]. Let u(z) bethe boundedcontinuoussolutionof (A —
a)u = 00n(a,o0) andu(z) = 1 on(—oo,al. Thenu(z) = Aje "% + Age=P2% 4 AsePs%. Sincewe wantu(x)

16



to be boundedwe mustsetA; = 0. Note thatwhile e=?? is a martingale function, e=2® is not a martingale
function becauseof 3, > 7. Indeed, de=™** = +oo # ae ™%, eventhough—3, satisPesquation(3.3).
Nevertheless g, playsanimportantrole belov. We proceedto determinethe coebcientsA; and A,. First, by
expanding(A — a)u(z) with (3.3),we have

(A—a)u(z) = Pl u' (x) + pu (z +9/ u(z —y) —u(z))F(dy) +9/ (1 —u(x))F(dy) — au(z)
“n(e—a) _ O 4 —antatn-p) 977 —anta(n—pa).
— fe—n(x—a) _ Aje—entatn=F0) _ T A, o—wnta(n=F:
n— b — B2
Setting(A — a)u(z) = 0, we have aconditionfor 4; and A,,
on - 9n -
1= Ajem Pt — —— AyemP2, 311
n—p ' ) ( )
with the continuity condition,thatis, u(a+) = 1,
1= Aie % 4 Aye™ 2, (3.12)
By solving(3.11)and(3.12),we have 4, %3’7 ﬁlgeﬁl" and A, fgé”iﬁ?;eﬁz“ Hencewe have
@ = {5 T (313)
u\x = .
B2(n—pB1) 76 T—a B1(B2=n) ,—Ba(z—a .
fﬁz 51) B )+ 77% 22—ﬁ1)6 2 ) z > a.

For the proof of v(z) = u(x), we referthereaderto Kou andWang[13] (Theorem3.1) 2. The proof of the other
functionalsaresimilar. For example,for equation(4), debne

1, r<a-—z,
wi(xz) = <0, x € [a—z,a]UIb,00),

Aje™h1® 4 Age™P2® 4 Agefs® a <z <b.

Threeconditionsto determineA;, A,, and A; comefrom w; (a+) = 0, wy (b—) = 0, andthemartingalecondition
(A — @)wi(z) = 0for a < x < b. Notethat,in thiscase,

(A = a)un(r) = 50%0] () + ()

+ Ow;(x) — awy(z) + 0 (/Ox_a + [Ei;a+z + /w(:_H) wy(z — y)F(dy)dy

Are=P1@=y) 4 Ape=Pa(=y) L Azefs(e=v) € (0,2 — a),

and

wi(z—y) = 10, yElr—a,x—a+z],

1, y€[r—a+z00).

After bndingthe expressiondor A;, As, and Az, we canusethe sameargumentas beforeto bndthe desired
expectation. O

Lemma 3.2. (a) Given z € (a,00) C RU {400}, and h : R — R, a polynomial of degree n, we have

n (1
E®le _aTah(XTa Z h + h(a)Q(x).

=0

2|n this paper a doubly exponentialdistribution is studiedandresultssimilarto (1) ~ (3) of Lemma3.1areavailable.
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where

P(x) = (7751)(52)77) (efﬁl(zfa) _ 67,32(17@) ’

(B2 — B
N=B g0y P20 pre—a)
T)= + .
ey = B2 — P B2 — 5
(b) Given x € (a,b), we have
,. _B (7) & h() By (x) . C(x) .

z[o—a(TaATp) 1 ePa(z—a) 2 Bs(z—a) B3(z—b)
E*[e (X1, a1,)] 3 ; + = hla)e + = hib)e (@=b),

Proof. (a) LetT,, anon-ngative randomvariable bethesizeof undershooattheleft boundarya. Then
E?le=*Tah(X71,)] = E®[e *Teh(a — T,)] = / h(a — 2)E*[e” T 1ir, cazy] + R(a)E [e™ T 10 x, —oy]
0

= /OOO h(a — z)ne™ " P(z)dz + h(a)Q(x),

by using(3.6)and(3.7). Integrationby partsin the brsttermwill leadto ourresult. Theproofof (b) is similar. [

3.2 Solution to the optimal stopping problem

We continueto solve Example2.1. Namelythe optimal stoppingpartof the problem(cf. (2.24))is

v(x) = sup E” [eo‘c {(b - %) T+ oz—i—/\)\C_J(u*) /uoo yG(dy)H
=p e { (=) ey

wherewe dePnéeh(z) := (b — a/a)x + u* := ra 4+ u* for notationalbrevity. Notethatr := (b — a/a) < 0.

3.2.1 Necessary condition of the optimality

By Lemma3.2,for ary intenal [I, 00),

E*[e™*T (rXp +u")] = 77(22_—&&) ((77 - 52)% + Pa(rl + u*)) e Prle=l)
_Ba—m _ gl * —Ba(z—1)
+ 7B = ) ((77 51)77 + Bi(rl+u )> e : (3.14)

Hencetheoptimalstoppingproblemreducego Pndingsomel (callit *) thatmaximizeghisfunctionfor all z € R.
To derive the necessargonditionof the optimality of [*, we take the derivative with respecto [ andevaluatein
particularatz = 0 sincel* hasto maximizethefunctionfor all z. After somesimplealgebrawe obtain

e_ (PtB 1w
"= ( 517 ” + r) . (3.15)
Plugging(3.15)into theright handsideof (3.14)andsetthis resultas
. —r (n — B1)B2 o1 (B2 —m)B1 o Pae—t” )> 1
)= o (" TR (3.18)

Notethatby directcalculationuw, (I*) = —r (% - %),which is equalto rI* + u* in light of (3.15)andalso
wy(1*) = r asexpected.
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3.2.2 Proof of sufficiency of the optimality

Theconstructiorof wy(x) suggestsisto debne

+ *7 < l*7
w(z) = {rx v t= (3.17)

wo(z), x>1*.

Therestof thetaskis to prove the optimality of w(z) via variationalinequalities. Thatis, to shav w(z) = o(x)
for all z € R by proving

max(h(z) — w(x), (A —a)w(z)) =0 (3.18)

for all z € R. For thevariationalinequality seestandardextbooks,e.g. ksendal andSulem[17].

(1) w(z) > re 4+ u*: Whenz < I*, w(z) — (re + u*) = 0. LetusdebPneD(x) := wo(z) — (rz + u*). Now

D'(z) = w{(z) — r andD”(z) = w{(x). We alsoknow that D(I*) = 0 andD’(I*) = 0. Thenwe have
" o - B1B2(—r) —B1(z—1%) —Ba2(z—1%)
D"(x) = wy(z) = 1% —BY) ((n — Br)e + (B2 — n)e ) >0, z€R, (3.19)

by (3.4), shaving that D’ () is increasingeverywhere.Since D’ (I*) = 0, it follows that D'(z) > 0 on (I*, c0).
This fact togetherwith D(I*) = 0 impliesthat D(z) > 0 for z > [*. Therefore,we have establishedhat
wo(z) > rx 4+ u* on (I*, 00).

(2) (A— o)w(z) < 0: Whenz > I*, (A — o)w(z) = (A — a)we(z) = 0 by the constructiorof wy(x). Finally,
onx < I*,
(A—-a)w(z)=rp+ 9/ (r(z —z)+u* — (re+u"))ne”"dz — a(re + u*)
0
=ru—7r0/n—alre+u*)

<rp—rl/n—alrl +u*) =lim(A - a)w(z)

zTl*

lilrlI}(A — a)w(z) — %a2w6’(l*) < hflI}(A —a)w(z) =0,
wherethelastinequalityis dueto (3.19). This provesthedesiredvariationalinequality(3.18). Hencew(x) = o(x)
andv(z) = w(x) + g(z).

Thenext pictureshows the casewith 6 = 0.5 andn = 1 andthe otherparametersirethe sameasin Example
2.1and2.2. The quitting thresholdlevel is lower thanthe no jump case:l* = —1.17583 < 0.8062 = z*. Itis
reasonabléo think that negative jumpswill make the downfall of the diffusion fasterandtherefore the discount
factore~* doesreducethe value as much asthe casewith no jumps. Hencethe agentendsup with a lower
threshold.
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