
A Continuous-TimeSearchModelwith JobSwitchandJumps

Masahiko Egami∗ Mingxin Xu†

Abstract

Westudyanew searchproblemin continuoustime. In thetraditionalapproach,thebasicformulation
is to maximizetheexpected(discounted)returnobtainedby takinga job, netof searchcostincurred
until the job is taken. Implicitly assumedin the traditionalmodelingis that the agenthasno job
at all during the searchperiodor her decisionon a new job is independentof the job situationshe
is currentlyengagedin. In contrast,we incorporatethe fact that the agenthasa job currentlyand
startssearchinga new job. Hencewe can handlemore realistic situationof the searchproblem.
We provide optimal decisionrulesasto both quitting the currentjob andtaking a new job aswell
asexplicit solutionsandproofsof optimality. Further, we extendto a situationwherethe agentÕs
currentjob satisfactionmay be affectedby suddendownward jumps (e.g. de-motivating events),
wherewe alsoÞndan explicit solution; it is rathera rarecasethat oneÞndsexplicit solutionsin
controlproblemsusinga jump diffusion.
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1 Introduction

In this papera continuous-timesearchproblemis discussedin which offersof randomsizearereceivedrandomly
over time. This work is positionedin the vein of researchpapersby Lippman and McCall [14], Zuckerman
[21, 22, 23], andStadje[20]. In thesepapers,thecaseof a Poisson-modeloffer is analyzedandsubsequentlythe
resultsaregeneralizedto thecasewherethearrival timesform arenewal process.In a typical setting,theproblem
is writtenas

gT = E
[
e−αT Y (T )−

∫ T

0
ce−αtdt

]

to Þndthestoppingtime T thatmaximizestheright handsidewith Y (t) beingthestochasticprocessinterpreted
asthe highest offer received up to time t. Stadje[20] extendedto the casewherethe rateof arrivals andsearch
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costareboth time-dependent.Furtherextensionsof thestudiesof this problemareBoshuizenandGouweleeuw
[4, 5, 6]. BoshuizenandGouweleeuw[4] studyoptimal stoppingproblemsfor semi-Markov processes.In the
context of job searchproblems,this settingallows interarrival timesof job offers to be transition-dependent.In
otherwords,thetimeuntil thenext offer arrivesdependsonthehighestoffer thattheagenthasobtainedupto now.
In [5], thesemi-Markov modelis treatedasa specialcaseof multivariatepoint processes.Usingtheresultsfrom
theprecedingpapers,thesearchproblemsarefully discussedin [6] wherethey provide,undergeneralinterarrival
time distributions(in a ÞniteandaninÞnitetime horizon),therecursive (dynamicprogramming)formulaefor the
valuefunction andthe characterizationof optimal strategies. Hencethe main resultsobtainedby Zuckermanin
[22, 23] arereproducedasspecialcases.Thesestudiesare,amongotherthings,in the directionof generalizing
the structureof interarrival timesandof deriving appropriatedynamicprogrammingequationsfor the solution.
Thebasicformulationis to maximizetheexpected(discounted)returnobtainedby takinga job, netof searchcost
incurreduntil thejob is taken. Implicitly assumedis thattheagenthasno job atall duringthesearchperiodor her
decisiononanew job is independentof thecurrentjob situation.

We extendthesearchproblemsto someotherdirectionsin this paper. Theagenthasa job andconsidersa new
job (by quitting thecurrentone.) Our modeldiscussedin this paperallows theagentto startsearchingfor a new
job while sheis beingemployed. Hencetheagentshalldeterminewhento quit thecurrentjob andwhento take
a new job offer. We model the stateof a currentjob by a one-dimensionaldiffusion andformulatean optimal
stoppingproblemwherethedecisionvariablesareboththetime of quitting thecurrentjob andthetime of taking
anew offer. Weassumethattheinterarrival timesareexponentiallydistributedandattemptto obtainexplicit form
solutions.After we describethemodel,we solve a restrictedcasewheresearchcanstartonly aftertheagentquits
her currentjob (Section2.1). Second,we relax this constraintso that the agentcanstart job searchwhile she
is beingemployed (Section2.2). Third, an extensionis attemptedto the casewherethe stateof a currentjob is
describedby a jump diffusion(Section3). Stochasticjumpsrepresentsuddendeteriorationof job environments.
In eachproblem,weprovideanoptimalsearchrule, its proofandexplicit solutions.TheÞrsttwo casesaresolved
in a quite generalsetting. In the jump diffusion setting,we apply a methodwith which we directly identify the
valuefunctionand,thereby, areableto signiÞcantlyfacilitatetheprocessof Þndingtheoptimalsolutions.

Thispaperaddssomenew materialto theliteratureof searchproblem.Otherdirectionsof thesearchproblemin
therecentliteratureincludeNakai[16] thatstudiesin apartiallyobservableMarkov chainsetting,andCollinsand
McNamara[9] wherea ÒsecretaryproblemÓis analyzedundercompetitionin aninÞnitepopulationof candidates
andaninÞnitepopulationof postsof diversevalue.

2 Model

Let (Ω,F , P) bea completeprobabilityspacewith a standardBrownianmotionB = {Bt : t ≥ 0} anda Poisson
ProcessN = {Nt : t ≥ 0} independentof B. Let usconsiderthediffusionprocessX = {Xt : t ≥ 0} in the
following form:

dXt = µ(Xt)dt + σ(Xt)dBt, X0 = x, (2.1)

with statespaceI ⊆ R, which is assumedto be an interval with endpoints−∞ ≤ a < b ≤ ∞. The drift and
diffusioncoefÞcientsµ(·) : I → R andσ : I → (0,∞) aresomeBorel functionsandwe assume(2.1)hasweak
solutionwith uniqueprobabilitylaw, which is guaranteed,for example,if

∀x ∈ int(I),∃ε > 0 suchthat
∫

(x−ε,x+ε)

1 + |µ(y)|
σ2(y)

dy < ∞.
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SeeSection5.5 of KaratzasandShreve [12]. We alsoassumethat X is regular, that is, X reaches,from any
x ∈ (a, b), anotherpoint y ∈ I with positive probability. Let α ≥ 0 bea realconstantandf(·) bea continuous
functionthatsatisÞes

Ex

[∫ ∞

0
e−αs|f(Xs)|ds

]
< ∞. (2.2)

Let Y = {Yt1 , Yt2 ....} be the sequenceof independentlyand identically distributed positive randomvariables
observableat time t1, t2, ... from the commondistribution G with ÞnitemeanE(Y ) < ∞ andindependentof
Brownian motion B. The arrivals of theserandomvariablesY Õs follow an independentPoissonprocessN =
{N(t) : t ≥ 0} with rateλ > 0. We assumethat thereis no offer availableat time 0. That is, N(0) = 0. We
denoteby F = {Ft}t≥0 theÞltrationgeneratedby X andY . Wewrite Yt asthevaluethattheagentobserveswhen
it appearsat time t andtheagentcannothold theoffers.SinceY is availableonly at thetimesof Poissonarrivals,
it is quitenaturalto considerthefollowing optimalstoppingproblems:

TheÞrstproblem(P1): Considerthefollowing functional

v(x) := sup
ζ,τ∈S1

Ex

[∫ ζ

0
e−αsf(Xs)ds + e−αζk(Xζ)−

∫ τ

ζ
ce−αsds + e−ατYτ

]
, (2.3)

whereS1 is thesetof admissible F-stoppingtimes.In ourÞrstproblem,thesetS1 is of theform:

S1 := {ζ < τ : ζ, τ ∈ S} (2.4)

wherewe denoteby S all theF-stoppingtimes.k : R → R is theterminalpayoff functionincurredat time ζ. The
constantc > 0 is therateof searchcost.

We canview theprocessX asthestateof thecurrentjob. It is possibleto view f(·) asa utility function. The
agentobtainsmonetaryvalueand/orsatisfactionlevel f(Xt) thatarisesfrom hercurrentjob at time t. Sincethe
agentwill beofferedotherjob opportunitiesin themarket, shealwayshasanoptionto quit the job at time ζ and
switch to anotherone,at time τ , whosewageis expressedby Yτ . However, in this setting,shestartssearching
only after shequits the incumbent.At time ζ, shereceivesor paystheamountrepresentedby k(·) basedon the
stateof the currentjob. This amount,if negative, canbe interpretedasa hurdleof switchingthecurrentjob. In
otherwords,if x → k(x) is decreasingin x (for example,k(x) = bx, b < 0), thentheagenthassmallincentive to
changejobswhenthestatevariableX is largebecauseshehasto experiencelargenegativeutility.

It shouldbe emphasizedthat this settingcanbe easilyappliedto propertysales(house,manufacturingplant,
or entirebusiness).In the alternative setting,the stochasticprocessX representsthe stateof the currenthouse,
f(·) translatesthestateinto economicvalue,k(·) denotesexpendituresincurredat thesaleandÞnallyY Õs arethe
streamof offersgivento thehouse.

Thesecondproblem(P2):Werelaxtherestrictionof theorderof ζ < τ in thesecondproblem.

v(x) = sup
ζ,τ∈S2

Ex

[∫ ζ

0
e−αsf(Xs)ds + e−αζk(Xζ)−

∫ τ

0
ce−αsds + e−ατYτ

]
, (2.5)

where

S2 := {ζ ≤ τ : ζ, τ ∈ S}. (2.6)

In otherwords,the agentstartssearchingfor a new job while sheis beingemployed. Note that the lower limit
of the integral for searchcost is zero. If τ occurs(at ζ), thenshequits the currentjob and takes the new one
simultaneously. If ζ occurs(beforeτ ), thenshequitsthecurrentjob andkeepssearchingfor a new job. Thelatter
casereducesto theÞrstproblem(P1).
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2.1 Solution to the first problem

Our solutionto theÞrstproblem(P1)will beexplainedby a seriesof lemmasalongwith stepsthatsimplify (2.3).
FirstwesetJζ,τ (x) := Ex

[∫ ζ
0 e−αsf(Xs)ds + e−αζk(Xζ)−

∫ τ
ζ ce−αsds + e−ατYτ

]
for ourperformancemea-

sure.Wehave

Jζ,τ (x) = Ex

[∫ ζ

0
e−αsf(Xs)ds + e−αζk(Xζ)−

∫ τ

ζ
ce−αsds + e−ατYτ

]

= Ex

[(∫ ∞

0
−

∫ ∞

ζ

)
e−αsf(Xs)ds−

∫ τ

ζ
ce−αsds + e−αζk(Xζ) + e−ατYτ

]

= Ex

[
g(x)− e−αζg(Xζ) + e−αζk(Xζ) + e−αζEXζ

[∫ τ

0
e−αs(−c)ds + e−ατYτ

]]
. (2.7)

In thelastline, wedenote

g(x) := Ex

[∫ ∞

0
e−αsf(Xs)ds

]
. (2.8)

and use, for the Þrst two termscontainingX, the strongMarkov propertyof X by noting that X and Y are
independentandby conditioningon thevalueof Xζ . WealsousethefactthatP(τ > ζ) = 1 for thelasttwo terms
of (2.7). Indeed,thesearchstartsat time ζ in thisproblem.It canbefurthersimpliÞedto

Jζ,τ (x) = Ex
[
g(x)− e−αζg(Xζ) + e−αζk(Xζ) + e−αζEXζ

[
− c

α
+ e−ατ c

α
+ e−ατYτ

]]

= Ex
[
g(x) + e−αζ

{
k(Xζ)− g(Xζ)−

c

α
+ E

[
e−ατ

( c

α
+ Yτ

)]} ]
(2.9)

by the independenceof X andY again with thememorylesspropertyof Poissonarrival time for the last termof
(2.9)at thelaststep.Hencewe cansplit theprobleminto two stages:Þrstmaximizingover τ to obtaina constant
from thelasttermandthensecondlymaximizingover ζ, namely

v(x) = sup
ζ∈S1

Ex
[
g(x) + e−αζ

{
k(Xζ)− g(Xζ)−

c

α
+ sup

τ∈S1

E
[
e−ατ

( c

α
+ Yτ

)]} ]
. (2.10)

Let usconsidertheÞrststageoptimization,the innermaximization.Sincec/α is a constant,we only have to
considerthe following problem: Let us considera situationthat the agentobservesa streamof i. i. d. random
variablesY with Poissoninterarrival. Ourtaskis to setanoptimalstoppingrule. Call thisauxiliaryproblem(P ′1).
Supposethatthecurrentvaluetheagentobservesis y. Then,thedynamicprogrammingequationis simplein this
case;

V (y) := max(y, V ), (2.11)

whereV is themaximumexpecteddiscounted valueif y is rejected.Thatis,V (y) is themaximumexpectedreturn
whenthereis currentoffer y available. Seestandardtextbooks,for example,Ross[18]. Also seeRoss[19] that
containsmany examplesincludingsearchmodels.

Now let V0(y) := y andfor n > 0,

Vn(y) := max
(

y, E
[
e−ατ(1)

∫ ∞

0
Vn−1(z)G(dz)

])
,

whereτ (1) is theÞrstjump time of thePoissonprocessandG(·) is thedistribution of theoffers. HenceVn(y) is
themaximumrewardif weobservey now andareallowedamaximumof n offersbeforestopping.Thenwehave
Vn(y) ≤ Vn+1(y) ≤ V (y), by construction,for all y ≥ 0.
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Let usdeÞne

B :=
{

i ∈ R+ : i ≥ E
[
e−ατ(1)

Yτ(1)

]}
. (2.12)

B is the setof statesfor which stoppingis at leastasgoodascontinuingfor onemoreperiod(round)andthen
stopping. The policy that stopsthe Þrst time the processentersa statein B is referredto as one-stage look-
ahead policy. Let us write Pij for the transitionalprobability of processY for a generalargument,while Pij is
independentof i in ourproblem.

Lemma 2.1. For auxiliary problem (P ′1), if the process is stable in the sense that limn→∞ Vn(y) = V (y) for all
y ≥ 0 and if Pij = 0 for i ∈ B, j /∈ B, then optimal policy stops at i if and only if i ∈ B.

Proof. This is in essenceTheorem2.2 (page54) in [18]. Herewe show it for completeness.It shouldbeshown
thatVn(i) = i for all i ∈ B andall n. It follows for n = 0 andlet ussupposeit for n− 1 for induction.Thenfor
i ∈ B,

Vn(i) = max
{

i, E
[
e−ατ(1)

∫ ∞

0
Vn−1(z)G(dz)

]}

= max
{

i, E
[
e−ατ(1)

∫

z∈B
Vn−1(z)G(dz)

]}

= max
{

i, E
[
e−ατ(1)

∫

z∈B
zG(dz)

]}
= i

wherethe secondequality is due to the structureof B and the third due to the induction hypothesis. Hence
Vn(i) = i for all i ∈ B andall n. By letting n → ∞ andusingthestability assumption,we obtainV (i) = i for
i ∈ B.

On theotherhand,for i /∈ B, thepolicy thatcontinuesfor onemorestageandstopshasanexpectedreward,
E

[
e−ατ(1) ∫∞

0 zG(dz)
]

which is strictly greaterthani sincei /∈ B. Summarizing,we have V (i) = i for i ∈ B

andV (i) > i for i /∈ B.

Lemma 2.2. If Y is a positive random variable and E(Y ) < ∞, then limn→∞ Vn(y) = V (y) for all y ∈ R+.

Proof. SinceVn(y) ≤ V (y) for all n ≥ 0, we only needto prove theoppositedirection. Let S∗ bethesetof all
thestrategies.Considertwo strategiesthatareidenticalup to τ (n). Onestrategy keepsobservingYn+1, Yn+2, ....
Wecall thepresentvalue(atzero)of thisstrategy V ∗(y). Theotherstrategy stopswith Vn(y). Call thesetof these
strategiesSn. WehaveSn ⊂ S∗. For notationalconvenience,let usdeÞneno-discountversionsof Vn(·). Namely,
V̄0(y) = y, V̄n(y) = max

(
y,

∫∞
0 Vn−1(z)G(dz)

)
andwediscountfrom timeτ (n) to timezeroto getVn(y). Now

let usdenoteby V̄ a valueof theÞrststrategy discountedbackup to time τ (n). Without lossof generality, we can
stateV̄ ≥ V̄n(y) for all n. Indeed,if it werenot the case,we would have supν∈S∗ V̄ ≤ V̄n(y), leadingto the
desiredinequalityVn(y) ≥ V (y) andtheproofwouldbecomplete.Hencewehave

|V ∗(y)− Vn(y)| ≤ E[e−ατ(n)
|V̄ − V̄n(y)|] ≤ E[e−ατ(n)

V̄ ].

SinceE(Y ) < ∞ andY is positive, lims→∞ P(Y > s) = 0, implying thatwe have limx→∞ P(V̄ > x) = 0. By
passingn to the limit, theright handsidebecomeszeroby thedominatedconvergencetheorem.Hencewe have
V (y) = supν∈S∗ V ∗(y) = supν∈∪nSn

Vn(y). Thisshows thatlimn→∞ Vn(y) ≥ V (y).

Let uscall thesetthatsatisÞestheassumptionof this lemma,ÒclosedÓset. We now comebackto our original
problem(P1). In applyingthis lemmato ourproblemathand,weneedto modify theÒclosednessÓof B. Sinceany
offer canbedeclined,theassumptionof thelemmadoesnothold. However, wehave thefollowing result.
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Lemma 2.3. An optimal policy is to accept the first offer that is at least u∗ where

u∗ := min
{

i :
αi + c

λ
≥ E[(Y − i)+]

}
. (2.13)

The optimal threshold u∗ exists and is unique if and only if λE(Y ) ≥ c.

Proof. Let usallow theagentto recall any pastoffer, that is, thecurrentoffer is alwaystherunningmaximumof
theoffersup to present.Goingbackto (2.3),we redeÞneourclosed(in i) setB andincorporatingtherecallability
of pastoffers,wehave

B =

{
i : i ≥ E

[
e−ατ(1)

Yτ(1) −
∫ τ(1)

0
ce−αsds

]}

=
{

i : i ≥ λ

α + λ

(∫ i

0
iG(dy) +

∫ ∞

i
yG(dy)

)
−

(
c

α
− λ

(α + λ)
c

α

)}

=
{

i : i ≥ λ

α + λ

(
i− i

∫ ∞

i
G(dy) +

∫ ∞

i
yG(dy)

)
− c

α
+

λ

(α + λ)
c

α

}

=
{

i : αi ≥ λ

∫ ∞

i
(y − i)G(dy)− c

}
=

{
i :

αi + c

λ
≥ E[(Y − i)+]

}
,

which is (2.13).Theleft handsideis a linearfunctionin i with positiveslopeα/λ andpositive interceptc/λ. The
right handsideis adecreasingfunctionof i andit is E(Y ) > 0 at i = 0. Henceequation(2.13)hasuniquesolution
if andonly if E(Y ) ≥ c/λ.

For i > u∗, i ∈ B. This factimpliesthatoncei (thatcarriestherunningmaximumof theoffers)enterssetB, it
doesnot leavesetB. It is becausetherunningmaximumcannotdecreasein time. HenceB is ÒclosedÓ.Although
we cannotrecall pastoffers in our problem,this policy (2.13) is still feasiblein theoriginal problem(no recall).
Now, it wasshown thattheÞrsttimeY entersin B givesusanoptimalpolicy in a largersetof strategies(namely
includingtherecalling). Hencethis policy cannotbebeatenby any otherstrategiesin thesmallerset(allowedin
theoriginal problem).It follows that(2.13)is anoptimalpolicy.

Economicallyspeaking,this conditionsaysthat, if we would consider
∑N(t)

i Yi asa compoundPoissonjust
for interpretationpurposes,thesearchis meaningfulif theexpectedvalueof thecompoundPoissonperunit time
λE(Y ) is greaterthanthesearchcostperunit timec. Moreover, if we look at theleft handside αi+c

λ , weconclude
thata largediscountrateα, a largerateof searchcostc anda small frequency of job offersλ will leadto a small
optimalacceptancelevel u∗, whichÞtswith our intuition.

Remark 2.1. The paperswe mentionedin Section1 assumethe recallability and prove the optimality of the
one-stagelook-aheadstrategy. This argumentof ÒclosednessÓof setB reachesthe sameconclusionunderthe
assumptionof no recall.

Now weshallshow aconvenientresultfor computing(2.10):

Lemma 2.4. Suppose that the distribution of offers has the density with support in (0,∞) and λE(Y ) ≥ c, then

sup
τ∈S

E
[
e−ατ

( c

α
+ Yτ

)]
=

c

α
+ u∗ (2.14)

where u∗ is the unique solution to

αu∗ + c

λ
= E[(Y − u∗)+]. (2.15)
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Proof. Let usdenote ¯G(·) = 1−G(·) whereG(·) is thedistributionof offers.Weusethethinningargumentof the
Poissonprocess.Sincetheagentfollows thestrategy describedin Lemma2.3, for any u > 0, τ is theÞrstarrival
time of theoffer greaterthanor equalto u. Theagentis interestedin a sequenceof randomvariablesY 1{Y≥u}

andthis thinnedPoissonprocesshasrateλḠ(u). Dueto theindependenceof Y andN(t) in theoriginal setting,
wehave theindependenceof Y 1{Y≥u} andthethinnedPoissonprocesswith rateλḠ(u), giventheoffer is greater
thanor equalto u.

E
[
e−ατ

( c

α
+ Yτ

)]
= E

[
e−ατ

( c

α
+ Y

) ∣∣∣Y ≥ u
]

=
c

α

∫ ∞

0
λḠ(u)e−αte−λḠ(u)tdt +

∫∞
0

∫∞
u yG(dy)e−αtλḠ(u)e−λḠ(u)tdt

Ḡ(u)

=
cλḠ(u)

α(α + λḠ(u))
+

λ

α + λḠ(u)

∫ ∞

u
yG(dy), (2.16)

which is afunctionof u only. By differentiatingwith respectto u, weobtaintheÞrstorderconditionfor optimality
(
− c

α
g(u)− ug(u)

)
(α + λḠ(u)) + λ

(
c

α
Ḡ(u) +

∫ ∞

u
yg(y)dy

)
g(u) = 0.

ThiscanfurtherbesimpliÞedto
∫ ∞

u
(y − u)g(y)dy =

αu + c

λ
. (2.17)

Theintegral on theleft handsideis just E[(Y − u)+] andtheabove equationis thesameas(2.15).Denoteby u∗

thesolutionof (2.17)andwrite E[(Y − u∗)+] = E[Y 1{Y≥u∗}]− u∗Ḡ(u∗) = αu∗+c
λ . This is equivalentto

u∗ +
c

α + λḠ(u∗)
=

λE[Y 1{Y≥u∗}]
α + λḠ(u∗)

. (2.18)

By plugging(2.18)in (2.16)andnotingthatu∗ is theoptimalthresholdlevel, wehave

sup
τ∈S1

E
[
e−ατ

( c

α
+ Yτ

)]
=

cλḠ(u)
α(α + λḠ(u))

+ u∗ +
c

α + λḠ(u∗)
= u∗ +

c

α
.

Now that the Þrst stageoptimizationis doneand the last term of (2.10) becomesconstant,it reducesto an
optimalstoppingproblemto Þndζ∗. By usingLemma2.3,(2.10)is now in thefollowing simpleform:

v̄(x) := v(x)− g(x) = sup
ζ∈S1

Ex
[
e−αζ(k(Xζ)− g(Xζ) + u∗)

]
. (2.19)

Notice thatc/α term is canceled.This equationdoesnot have any c explicitly, but we have to keepin mind that
thesolutionto (2.19)doesdependon c becauseu∗ dependson c through(2.15).

For thesolutionof (2.19),let ususethecharacterizationof thevaluefunctionof optimalstoppingproblemsin
one-dimensionby Dynkin [11] and/orDayanikandKaratzas[10]. Let usdenoteby ψ(·) andϕ(·) the increasing
anddecreasingfunctionsof thesolutionof (A − α)w(·) = 0 with A beingthe inÞnitesimalgeneratorof X. Let
usdeÞne

F (x) := ψ(x)/ϕ(x).

Weusethetransformationfor aBorel functionh(·) : R → R,

H(·) := h(F−1(·))/ϕ(F−1(·)). (2.20)
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For ourproblem,let usdeÞne

h(x) := k(x)− g(x) + u∗

and

lc := lim sup
x→c

(h(x))+

ϕ(x)
, (2.21)

where(h(x))+ = max(h(x), 0). Theoretically, we cancomputev̄(x) for any f , k, G(dy) andthe underlying
diffusionX. But it is useful if we provide sufÞcientconditionsthat the optimal continuationregion (that is, no
job-quittingregion) is aconnectedinterval in therealline:

Proposition 2.1. Suppose that the state space (c, d) ⊆ R of X has natural boundaries at c and d with lc < ∞. If
H0(y) := h(F−1(y))/ϕ(F−1(y)) has sole local maximum in the interior of (F (c), F (d)) with limy→c H ′′

0 (y) < 0
and limy→d H ′′

0 (y) > 0, then the value function, that is the solution to (P1) in (2.3), is of the form

v(x) =





k(x) + u∗, x ≤ x∗,

v0(x) := p · ϕ(x) + g(x), x > x∗,
(2.22)

where p and x∗ are uniquely determined.

Proof. DeÞney = F (x) anddenoteW (y) asthesmallestconcavemajorantof

H(y) :=





H0(y), y > 0,

lc, y = 0.

By Proposition5.12 in [10], v̄(x) = ϕ(x)W (F (x)) andW (0) = lc (W (·) is continuousat y = 0) and the
optimalstoppingrule is givenby τ∗ = inf{t ≥ 0 : Xt ∈ Γ} whereΓ := {x ∈ (c, d) : v(x) = h(x)}. Underour
assumptions,H(y) hasaglobalmaximumatwhichthefunctionis concave(call thispointy∗) andbecomesconvex
on (ȳ,∞) whereȳ > y∗. Thenthesmallestconcave majorantW (y) is H(y) itself on (0, y∗) andthehorizontal
line passingpoint (y∗,H(y∗)). Call p := H(y∗). Transformingback to the original space,̄v(x) = h(x) on
(c, F−1(y∗)) andv̄(x) = pϕ(x). Addingbackg(x) to obtainv(x), which is thesolution.

Remark 2.2. Notethataswe describein our problemstatementat thebeginningof this section,in practicef(·)
is increasingandk(·) is decreasingin thestatevariable.Henceif g(·) is alsoincreasing,h(·) = k(·) − g(·) + u∗

is decreasingin state.Theexamplebelow is a typical oneof this case.

Example 2.1. Thesolutioncanbebestillustratedby a simpleexample.Our exampleis Xt = Bt with B0 = x

andf(x) = ax with a > 0, k(x) = bx with b < 0 andc = 0. Herewe assumethatG(dy) = me−mydy. Hence
u∗ satisÞes

e−mu

m
=

αu

λ
(2.23)

from (2.17).Thenourg(x) = a
αx andproblem(2.3)becomes

v̄(x) = sup
ζ∈S1

Ex

[
e−αζ

{(
b− a

α

)
x +

λ

α + λḠ(u∗)

∫ ∞

u∗
yG(dy)

}]

= sup
ζ∈S1

Ex
[
e−αζ

{(
b− a

α

)
x + u∗

}]
. (2.24)
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Figure 1: With parameters(a, b, α, λ, k) = (1,−1, 0.2, 1.2, 0.1): (a) In the transformedspace,H(y) and its
concavemajorant,thehorizontalline with heightp = 15.797. (b) In theoriginalspace,thevaluefunctionwith the
quitting thresholdx∗ = 0.8062 andthenew-job-takingthresholdu∗ = 14.324. Theredline (above) is v0(x) and
theblueline (below) is bx + u∗ = −x + 14.324.

Sinceour diffusionis a Browninanmotion,c = −∞ andd = ∞ arebothnaturalboundaries.In this example,
ϕ(x) = e−x

√
2α andF (x) = e2x

√
2α andF−1(y) = log y

2
√

2α
. It is clearthatl−∞ = 0. Wehave theexplicit form of

H0(y) =
√

y

(
b− a

α

2
√

2α
· log y + u∗

)
.

Notethat limy→0 H0(y) = 0 = l−∞. By directcomputation,we canshow thatH0(y) satisÞestheconditionsin
theproposition.Theconcavemajorant(see(a)) is justÞrstH(y) itself upto, sayy∗ atwhichthehorizontalline and
H(y) match,andthereafterthehorizontalline, sayW (F (x)) = p. Recallthaty∗ = F (x∗). After transforming
back,it is pϕ(x). Weshouldaddbackg(x) to getv(x). Henceoursolutionis

v(x) =





bx + u∗, x ≤ x∗,

v0(x) := pϕ(x) + a
αx, x > x∗.

(2.25)

In theÞrstregion wherex < x∗ theagentimmediatelyquit thecurrentjob by payingthehurdlecostbx andwait
until anoffer greaterthanu∗ whoseexpecteddiscountedvalueis alsou∗ by Lemma2.4. Thevaluefunctionis the
blackline (see(b))in thisregion. In thesecondregion,theagentshouldmaintainthecurrentjob until theBrownian
motionhitsx∗, andthevaluefunctionis theredline.

2.2 Solution to the second problem

Let usmove on to thesecondproblem(P2) in (2.5)with (2.6). Suppose that we implement the threshold strategy
with u ≥ 0 for the choice of Y as in the first problem. (Thispremisewill bejustiÞedin Lemma2.5.) By setting

Jζ,τ (x) := Ex

[∫ ζ

0
e−αsf(Xs)ds + e−αζk(Xζ)−

∫ τ

0
ce−αsds + e−ατYτ

]
, (2.26)

theÞrsttwo termsof J become

Ex

[∫ ζ

0
e−αsf(Xs)ds + e−αζk(Xζ)

]
= g(x) + Ex[e−αζ(k(Xζ)− g(Xζ))]

9



for any stoppingtime ζ ∈ S. Let usdenotefor u ≥ 0,

k̄(x) := k(x)− g(x) and F (dt) := λḠ(u)e−λḠ(u)tdt := λ′e−λ′tdt (2.27)

wherethe latter is thearrival time distribution of the thinnedPoissonprocesswith λ′ := λḠ(u). Let ususethe
factthat,for any τ, ζ ∈ S2,

ζ ∧ τ = ζ1{ζ≤τ} + τ1{ζ>τ} = ζ1{ζ≤τ} = ζ.

Wethenobtain,by conditioningon τ ,

Ex[e−αζ(k(Xζ)− g(Xζ))] = Ex[e−α(ζ∧τ)k̄(Xζ∧τ )] = Ex

[∫ ζ

0
e−αtk̄(Xt)F (dt) +

∫ ∞

ζ
e−αζ k̄(Xζ)F (dt)

]

dueto theindependenceof thetwo processesX andY . Thenit becomes,by deÞning

h̄u(x) := Ex

[∫ ∞

0
λ′e−(α+λ′)tk̄(Xt)dt

]
(2.28)

andinvoking thestrongMarkov propertyof X asin (P1),

Ex[e−α(ζ∧τ)k̄(Xζ∧τ )] = h̄u(x)− Ex[e−(α+λ′)ζ h̄u(Xζ)] + Ex

[
e−αζ k̄(Xζ)

∫ ∞

ζ
F (dt)

]

= h̄u(x) + Ex[e−(α+λ′)ζ(k̄(Xζ)− h̄u(Xζ))].

Writing down everything,wehave for any u ≥ 0,

Jζ,τ (x) = g(x) + h̄u(x) + Ex[e−(α+λ′)ζ(k(Xζ)− g(Xζ)− h̄u(Xζ))]

−
(

c

α
− cλ′

α(α + λ′)

)
+

λ

α + λ′

∫ ∞

u
yG(dy). (2.29)

Notice that the dependenceof h̄u on u comessolely from λ′ = λḠ(u). In summary, the secondproblem(P2)
reducesto

v̄(x) : = v(x)− g(x)

= sup
ζ∈S,u∈R+

Ex

[
e−(α+λ′)ζ(k(Xζ)− g(Xζ)− h̄u(Xζ)) + h̄u(x) +

1
α + λ′

(
−c + λ

∫ ∞

u
yG(dy)

)]
.

(2.30)

Hencewe canno longersplit theprobleminto two subproblems.It is intuitively clearthat theoptimal threshold
level for Y dependsonthecurrentstateX0 = x sincetheagentcanstarthersearchbeforequittingthecurrentone.

Lemma 2.5. For the second problem (P2), the threshold strategy for Y is optimal.

Proof. Recall that Yτ appearsonly in the last term of (2.26). The argumentis similar to the auxiliary problem
(P ′1) andweonly needto prove theÒclosednessÓof setB. Let usconsidercase(1) whereby thetimeoffer in the
amountof y is at table,theagenthasnot quittedyet or hasnot pickedany offer yet. Thecorrespondingone-step
look-aheadis

max

(
y, Ex

[∫ ζ∧τ(1)

0
e−αsf(Xs)ds + e−α(ζ∧τ(1))k(Xζ∧τ(1))−

∫ τ(1)

0
ce−αsds + e−ατ(1)

Yτ(1)

])
(2.31)
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whereτ (1), again, is the Þrst jump time of the Poissonprocess(after y). We can considersetB similarly to
(2.12). It is a merecomparisonof thetwo itemsin themax function. But Y shows up only at thelast term. This
observationcorrespondsto thedependenceof h on u only throughλḠ(u) in (2.30). Call theÞrstthreetermsin
theexpectationA(x, τ (1), ζ). Similar to Lemma2.3,wecompute

B =
{

i ∈ R+ :
α

λ
i ≥ E[(Y − i)+] +

A(x, τ (1), ζ)(α + λ)
λ

}
.

Two casesarepossible:

1. While theagentwaitsfor thenext offer, shequits.A(x, τ (1), ζ) = A(x, ζ)

2. While theagentwaitsfor thenext offer, shedoesnotquit. A(x, τ (1), ζ) = A(x, τ (1)).

We again allow her to recall the pastoffers andshestopsat τ (1) with the bestoffer up to the next arrival of the
Poissonprocess.In eithercase,theÒclosednessÓof setB is notaffectedsinceA(x, τ (1), ζ) is constantin i. Hence
B is againaclosedsetin i for any ζ and τ (1) andwe invokeLemma1.1to concludethattheÞrsttime theprocess
Y entersinto this setB is thestoppingtime.

Finally, weconsidercase(2) whereby thetimey is at table,shehadalreadyquitted.Thentheproblemreduces
to theÞrstproblem(P1).An optimalstrategy is characterizedalready. To conclude,thethresholdstrategy is again
optimal.

Remark 2.3. Whenweevaluate(2.26)at ζ = 0 (theimmediatequitting), it becomes

J0,τ (x) = E
[
k(x)−

∫ τ

0
ce−αsds + e−ατYτ

]
,

of which derivative with respectto u is independentof x. Taking thederivative with respectto u, theÞrstorder
conditionof optimality mustbecomeindependentof x.

Let usagain consideranexamplewith thesamesettingasin Example2.1 to illustratetheoptimizationprocedure
for (P2).

Example 2.2. The setupof the problemis exactly the sameas in Example2.1 except for S1 being replaced
by S2. For the secondproblem(P2), we proceedwith (2.30) by computingthe necessaryfunctions. Recall
λ′ = λ(1 − G(u)) = λe−mu (with m beingtherateof Poissonarrival times)is a functionof u, theoffer-taking
thresholdlevel.

k̄(x) = k(x)− g(x) =
(
b− a

α

)
x

h̄u(x) = Ex

[∫ ∞

0
λ′e−(α+λ′)t

(
b− a

α

)
(Xt)dt

]
=

λ′

α + λ′

(
b− a

α

)
x.

Now let usconsider(2.30)by writing everythingexplicitly:

v̄(x) = v(x)− g(x)

= sup
ζ∈S,u∈R+

Ex

[
e−(α+λ′(u))ζ(k(Xζ)− g(Xζ)− h̄u(Xζ)) + h̄u(x) +

λ

α + λ′

∫ ∞

u
yG(dy)

]

= sup
ζ∈S,u∈R+

Ex

[
e−(α+λ′)ζ

(
α(b− a

α )
α + λ′

)
Xζ +

λ′

α + λ′

(
b− a

α

)
x +

λ

α + λ′

∫ ∞

u
yG(dy)

]

= sup
ζ∈S,u∈R+

Ex

[
e−(α+λ′)ζ

(
α(b− a

α )
α + λ′

)
Xζ +

λ′

α + λ′

((
b− a

α

)
x + u +

1
m

)]
.
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We canÞrstsolve theoptimalstoppingproblemfor a Þxedu andÞndtheoptimal thresholdfor quitting in terms
of u. Namelywesolve, for agivenu,

sup
ζ∈S

Ex

[
e−(α+λ′)ζ

(
α(b− a

α )
α + λ′

)
Xζ

]
. (2.32)

Againsuppressingthedependenceof λ′ onu, we Þnd,similarly to theÞrstproblem,ϕ(x) = e−x
√

2(α+λ′) and
F (x) = e2x

√
2(α+λ′) with F−1(y) = log y

2
√

2(α+λ′)
. After thetransformation,therewardfunctionh̄u(·) is

Hu(y) :=
α(b− a

α )
(α + λ′)2

√
2(α + λ′)

log y
√

y.

This function attainsthe maximumat y0 = e−2 independentof u. The smallestconcave majorantof Hu(y) is
again thehorizontalline thatmatchesHu(y) aty0 = e−2 for all u. But in theoriginalspace,thequitting threshold
for u, D(u) := F−1(y0) = log y0

2
√

2(α+λ′)
dependsonu. Seethepicturebelow for u = 10.

0.2 0.4 0.6 0.8 1 y!F!x"

0.1

0.2

0.3

0.4
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0.6

H!y, u0"

(a)

-2 -1 1 2 x

13.5
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14.5

15
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16

v!x, u0"

(b)

Figure 2: With parameters(a, b, α, λ,m) = (1,−1, 0.2, 1.2, 0.1): (a) In the transformedspace,Hu(y) with
u = u0 = 10 andits concave majorant. (b) In theoriginal space,thevaluefunctionwith thequitting threshold
x(u0) = −0.892728. Theredline (above) is v0(x;u0) andtheblackline (below) is therewardfunction

Graph(c) is theplot of thethresholdlevel for quitting D(u) for variousuÕs. Now theintercept(=theheightof

5 10 15 20 25 30 35 u

-1.4

-1.2

-0.8

-0.6
D!u"

(c)

Figure3: Theoptimalquitting thresholdD(u) for variousuÕs.

thehorizontalline) is

p(u) := Hu(y0) =
α(b− a

α )
(α + λ′)2

√
2(α + λ′)

(
−2
e

)
.
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Hencethevaluefunctionfor any u ≥ 0 is writtenof theform

vu(x) :=






(
α(b− a

α )
α+λ′

)
x + λ′

α+λ′

((
b− a

α

)
x + u + 1

m

)
+ a

αx, x < D(u),

v0(x, u) := p(u)e−x
√

2(α+λ′) + λ′

α+λ′

((
b− a

α

)
x + u + 1

m

)
+ a

αx, x ≥ D(u).
(2.33)

It canbe simpliÞedbut let us keepit for the moment. Finally, we maximizevu(x) with respectto u by simply
takingthepartialderivativewith respectto u. Let usÞrstconsiderthesecondbranchin (2.33), thatis, v0(x, u) to
Þndtheoptimaloffer-takingthresholdlevel, sayux for eachinitial statex. We candirectly show that,for eachx,
thefunctionv0(x, u) attainsthesolelocalmaximum.Seegraph(d) below. In graph(e),wealsoplot thethreshold
level x → ux for eachinitial statex. It is increasingin x. This makessensesinceif the initial positionis high,
thentheoffer-takinglevel shouldalsobehigh.

15 20 25 30 u

14.5

15

15.5

16

16.5
v!x0, u"

(d)

1 2 3 4 5 6 x

20

25

30

35

u!!x"

(e)

Figure4: With parameters(a, b, α, λ,m) = (1,−1, 0.2, 1.2, 0.1): (a) For given x0, v0(x0; u) attainsthe sole
maximum.(b) Theoptimalthresholdlevel of takinganoffer ux asa functionof theinitial statex.

TheÞnalquestionis the following: SupposetheagentÕs currentstatein thecurrentjob is at x. Shecomputes
thebestoffer-taking level, sayux by takingthederivative of thesecondbranchof vu(x), namelyv0(x, u). Does
thisux alsomaximizestheotherfunctionof vu(x), thatis, theÞrstbranchin (2.33)?

To answerthisquestion,wesimpliÞedtheÞrstbranchof (2.33)to get

vu(x) = bx +
λ′

α + λ′

(
u +

1
m

)
, x < D(u). (2.34)

Themaximizerof u is independent of x (seealsoRemark2.3)andis thesolutionof

e−mu

m
=

αu

λ
,

which is exactly thesameequationas(2.23)in theÞrstexamplefor theuniversallybestu∗. Soif weplugu∗ back
into (2.34),it becomes

vu(x) = bx + u∗, x < D(u).

This is the samefunction as in the Þrst problem(See(2.25)). Of course,this is not a coincidence. We will
generalizethis later. This observation makessensebecausethis function representsthe valueof an immediate
quitting. Hencethis function hasto be the sameboth in the Þrstand the secondproblem. We summarizethe
optimalprocedure:

1. Giventheinitial statex, shemaximizesthesecondbranchof vu(x) in (2.33)to gettheoffer-takingthreshold
ux asin graph(d).
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2. Basedon thisux, shecomputestheoptimalquitting thresholdof D(ux) by solving(2.32).

3. Comparethis D(ux) with the initial x if x ≤ D(ux), quit immediatelyandget bx + u∗. Otherwise,stay
with thecurrentjob andhervaluefunctionis v0(x, ux) in (2.33).

4. If shechoosesto staywith thecurrentjob, two possibilitiesarethere:If thediffusionhits D(ux) Þrst,quit
andwait for a new onewith highervaluethanux. If a new offer shows up (with a valuehigherthanux)
beforethehitting time of thediffusion,quit andtake thenew job at thesametime.

Therefore,the answerto the questionat the top of this paragraphis as follows: The maximizerof the second
branch,ux is in generalnot thesameasu∗, themaximizerof theÞrstbranch.But theagentdoesnothaveto worry.
OnceD(ux) is computedandturnsout to begreaterthanx, herchoiceis immediatequitting. At this point, her
immediatequitting is guaranteedto beoptimalirrespectiveof x becauseu∗ is independentof x.

Again, while this methodcanhandleall the possibleselectionsof f , k, G andX, we shall specifysufÞcient
conditionsfor computationalconvenience.Let us deÞnethe increasinganddecreasingsolutionsof (A − (α +
λḠ(u))v(x) = 0 by ψ(x) andϕ(x) with a slight abuseof notation.We deÞneF (x) accordingly. Recallh̄u(·) is
deÞnedin (2.28).With thesedeÞnitions,wesummarizetheresultasfollows:

Proposition 2.2. Suppose that the state space (c, d) ⊆ R of X has natural boundaries at c and d with lc < ∞. If
H0(y) := h̄ux(F−1(y))/ϕ(F−1(y)) has sole local maximum in the interior of (F (c), F (d)) with limy→c H ′′

0 (y) <

0 and limy→d H ′′
0 (y) > 0, then the value function, that is the solution to (P2) in (2.3), is of the form

v(x) =





k(x) + u∗, x < D(ux),

p(ux)ϕ(x) + h̄ux(x) + g(x), x ≥ D(ux),

where

ux := arg max
u∈R+

(
p(u)ϕ(x) + h̄u(x)

)
(2.35)

for any given x. Here u∗ (independent of x) is the unique solution of (2.15). p(ux) and D(ux) are uniquely
determined.

If x < D(ux), then the optimal strategy is to quit the current job immediately and to wait for a first job offer
whose value is greater than or equal to u∗. If x ≥ D(ux), then the optimal strategy is to wait until ζ ∧ τ where
ζ = inf{t > 0 : Xt ≤ D(ux)} and τ = inf{t > 0 : Yt ≥ ux}.

Proof. Evaluating(2.30)at ζ = 0, wehave

v(x) = k(x) + sup
u∈R+

{
1

α + λ′

(
−c + λ

∫ ∞

u
yG(dy)

)}
.

for x < D(u). Working out in thesameway asin Lemma2.3,we canÞndthattheoptimalu∗ satisÞes(2.15)and
thepreviousequationbecomes

v(x) = k(x) + u∗, x < D(u).

Notethatu∗ is independentof D(u). For theotherbranchof v(x), theproof is similar to Proposition2.1.
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3 Search problem in a jump diffusion model

1 In this section,we extendour modelby addingstochasticjumpsin thestatespaceof processX. Let {Ω,F , P}
bea probabilityspacehostinga BrownianmotionB andan independentPoissonrandommeasureM(dt, dz) on
[0,∞) × R, bothadaptedto a certainÞltrationF thatsatisÞestheusualconditions.We assumethat this Poisson
randommeasureis independentof the PoissonprocessN = {N(t); t ≥ 0} associatedwith arrival timesof job
offersY in theprevioussections.Themeanmeasureof M is ν(dt, dz) = θdtF (dz), whereθ > 0 is constantand
F (dz) is thecommondistributionof jump sizes.Throughoutthis subsection,weconsider

Xt = X0 + µt + σBt −
M(t)∑

i=1

Zi, X0 = x, (3.1)

whereM = {M(t) : t ≥ 0} is a Poissonprocess(associatedwith thePoissonrandommeasureM(dt, dz)) with
constantintensityrateθ andjump sizesZi, i = 1, 2, 3... arei.i.d. from anexponentialdistribution with parameter
η. Henceour meanmeasurebecomesν(dt, dz) = θdtηe−ηzdz and the jumpsarealwaysdownwards. These
negative jumpsrepresenta suddendropof theagentÕs incentives.For modelingpurposes,thesedownwardjumps
maybecompensatedby settingthedrift parameterµ higher. TheinÞnitesimalgeneratorof this processactingon
a testfunctionu ∈ C2 is

Au(x) =
1
2
σ2u

′′
(x) + µu

′
(x) + θ

∫ ∞

0
(u(x− z)− u(x))ηe−ηzdz. (3.2)

Our jump diffusion setupin the statevariable(currentjob) doesnot changethe structureof problems(P1) or
(P2) at all. Henceour presentationherefocuson the solutionof the optimal stoppingproblemin (2.19)andwe
provideanexplicit solutionin thecontext of Example2.1.Of course,theoptimalstoppingpart(by Þxingu value)
in (2.30)is very similar. Herewe usea differentapproachfrom theordinaryHamilton-Jacobi-Bellmantype. Due
to thememorylesspropertyof exponentialdistribution (of the jump size),we candirectly evaluatethefunctional
associatedwith theexit timefrom aninterval, thevalueof acertainfunctionof X atwhichtheprocessX crossthe
left boundaryof (a,∞). Usingthisfunctional,wecanidentify theform of thevaluefunction(see(3.14)),while the
optimality is still provedby a veriÞcationlemma.But we do not have to settheboundaryconditionsto determine
thecandidateof thevaluefunction.Hencethis methodfacilitatestheproof of theexistenceanduniquenessof the
systemof non-linearequationsthatarisefrom theboundaryconditions.This analysisis alongtheline of Kou and
Wang[13], andthis is oneof thefew examplesthatanexplicit solutionto anoptimalstoppingproblemin anjump
diffusionmodel.Otherdirectmethodssuccessfulin obtainingexplicit solutions(in termsof theincreasingminimal
harmonicmap)in aspectrallynegativejump-diffusionmodelincludeAlvarezandRakkolainen[1, 2,3] wherethey
solve varioustypescontrolproblemsincludingoptimalstopping,impulsecontrolandsingularstochasticcontrol.
Thewell-known alternative techniqueis basedon factorizationarguments.MordeckiandSalminen[15] show the
valuefunction for optimal stoppingproblemsdriven by generalHunt processesasan integral representationof
excessive functions.SeealsoBoyarchenko andLevendorskiÿi [7, 8] andreferencesthereinfor thisapproach.

3.1 Exit problem from an interval

If we try a function in theform of u(x) = eβx with β + η > 0 for (A − α)u(x) = 0, thenβÕs arefoundby the
rootsof thefollowing equation:

G(β) :=
1
2
σ2β2 + µβ − θβ

η + β
= α. (3.3)

1For this section,we thankSavasDayanikfor valuablediscussions.
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Now, by theindependenceof Bt, Mt andZi,

Ex
[
erXt

]
= Ex

[
er(X0+µt+σBt)

Mt∏

i=1

e−rZi

]
= erxerµt+ 1

2 σ2r2tE
[(

η

η + r

)Mt
]

= erxet(rµ+ 1
2 σ2r2+θ( η

η+r−1))

= erxeG(r)t.

Hencewe have Ex[erXt−G(r)t] = 1, which implies that {exp(rXt − G(r)t)} is a martingale for any r ∈ R.
Equation(3.3) hasat mostthreereal roots,two negative roots−β1 and−β2, andonepositive root β3, with the
relationship

−β2 < −η < −β1 < 0 and β3 > 0.

Namely,

0 < β1 < η < β2 and β3 > 0. (3.4)

Let uscomputesomefunctionalsof X associatedwith exit time from aninterval [a, b] ∈ R. DeÞneTa ! inf{t ≥
0,Xt ≤ a} andnotethatdueto thenegativity of thejumps,XTa ≤ a. NotethatwehavePx(Ta < ∞) = 1 for all
a andx suchthat−∞ < a < x < ∞.

Lemma 3.1. Suppose that we have a finite interval [a, b] ∈ R and a process that is defined by (3.1) with mean
measure ν(dt, dz) = θdtηe−ηzdz. Then, for a ≤ x ≤ b, we have

(1) Ex[e−αTa ] =
β2(η − β1)
η(β2 − β1)

e−β1(x−a) +
β1(β2 − η)
η(β2 − β1)

e−β2(x−a), (3.5)

(2) Ex[e−αTa1{a−XTa >z}] =
e−ηz(η − β1)(β2 − η)

η(β2 − β1)

(
e−β1(x−a) − e−β2(x−a)

)
, (3.6)

(3) Ex[e−αTa1{a−XTa=0}] =
η − β1

β2 − β1
e−β1(x−a) +

β2 − η

β2 − β1
e−β2(x−a), (3.7)

(4) Ex[e−αTa1{Ta<Tb}1{a−XTa >z}] =
B1(x)

A
eβ3(x−a)e−ηz, (3.8)

(5) Ex[e−αTa1{Ta<Tb}1{a−XTa=0}] =
B2(x)

A
eβ3(x−a), (3.9)

(6) Ex[e−αTb1{Ta>Tb}] =
C(x)

A
eβ3(x−b). (3.10)

Furthermore, for every x < b, lima↓−∞ Ex[e−αTb1{Ta>Tb}] = eβ3(x−b) where

A =
η

η + β3

(
β1 + β3

η − β1
ϕ1(a)(ϕ2(a)− ϕ2(b))−

β2 + β3

η − β2
ϕ2(a)(ϕ1(a)− ϕ1(b))

)
,

B1(x) = (ϕ2(a)− ϕ2(b))(ϕ1(x)− ϕ1(b))− (ϕ1(a)− ϕ1(b))(ϕ2(x)− ϕ2(b)),

B2(x) = −
(

η

η − β2
ϕ2(a)− η

η + β3
ϕ2(b)

)
(ϕ1(x)− ϕ1(b)) +

(
η

η − β1
ϕ1(a)− η

η + β3
ϕ1(b)

)
(ϕ2(x)− ϕ2(b)),

C(x) =
η

η + β3

(
β1 + β3

η − β1
ϕ1(a)(ϕ2(a)− ϕ2(x)) +

β2 + β3

η − β2
ϕ2(a)(ϕ1(x)− ϕ1(a))

)
,

with ϕ1(·) = e−(β1+β3)(·) and ϕ2(·) = e−(β2+β3)(·).

Proof. For (1), we needto computev(x) := Ex[e−αTa ]. Let u(x) be theboundedcontinuoussolutionof (A −
α)u = 0 on (a,∞) andu(x) = 1 on (−∞, a]. Thenu(x) = A1e−β1x + A2e−β2x + A3eβ3x. Sincewewantu(x)
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to be bounded,we mustsetA3 = 0. Note that while e−β1x is a martingale function,e−β2x is not a martingale
function becauseof β2 > η. Indeed,Ae−β2x = +∞ .= αe−β2x, even though−β2 satisÞesequation(3.3).
Nevertheless,β2 playsan importantrole below. We proceedto determinethe coefÞcientsA1 andA2. First, by
expanding(A− α)u(x) with (3.3),wehave

(A− α)u(x) =
1
2
σ2u

′′
(x) + µu

′
(x) + θ

∫ x−a

0
(u(x− y)− u(x))F (dy) + θ

∫ ∞

x−a
(1− u(x))F (dy)− αu(x)

= θe−η(x−a) − θη

η − β1
A1e

−xη+a(η−β1) − θη

η − β2
A2e

−xη+a(η−β2).

Setting(A− α)u(x) = 0, wehaveaconditionfor A1 andA2,

1 =
θη

η − β1
A1e

−aβ1 − θη

η − β2
A2e

−aβ2 , (3.11)

with thecontinuitycondition,thatis, u(a+) = 1,

1 = A1e
−aβ1 + A2e

−aβ2 . (3.12)

By solving(3.11)and(3.12),wehaveA1 = β2(η−β1)
η(β2−β1)

eβ1a, andA2 = β1(η−β2)
η(β2−β1)

eβ2a. Hencewehave

u(x) =





1, x ≤ a,
β2(η−β1)
η(β2−β1)

e−β1(x−a) + β1(β2−η)
η(β2−β1)

e−β2(x−a), x > a.
(3.13)

For theproof of v(x) = u(x), we refer thereaderto Kou andWang[13] (Theorem3.1) 2. Theproof of theother
functionalsaresimilar. For example,for equation(4), deÞne

w1(x) :=






1, x ≤ a− z,

0, x ∈ [a− z, a] ∪ [b,∞),

A1e−β1x + A2e−β2x + A3eβ3x, a < x < b.

Threeconditionsto determineA1, A2, andA3 comefrom w1(a+) = 0, w1(b−) = 0, andthemartingalecondition
(A− α)w1(x) = 0 for a < x < b. Notethat,in this case,

(A− α)w1(x) =
1
2
σ2w

′′

1 (x) + µw
′

1(x)

+ θw1(x)− αw1(x) + θ

(∫ x−a

0
+

∫ x−a+z

x−a
+

∫ ∞

x−a+z

)
w1(x− y)F (dy)dy

and

w1(x− y) =






A1e−β1(x−y) + A2e−β2(x−y) + A3eβ3(x−y), y ∈ [0, x− a),

0, y ∈ [x− a, x− a + z],

1, y ∈ [x− a + z,∞).

After Þndingthe expressionsfor A1, A2, andA3, we canusethe sameargumentasbeforeto Þndthe desired
expectation.

Lemma 3.2. (a) Given x ∈ (a,∞) ⊆ R ∪ {+∞}, and h : R → R, a polynomial of degree n, we have

Ex[e−αTah(XTa)] = P (x)
n∑

i=0

(−1)ih(i)(a)
ηi

+ h(a)Q(x).

2In this paper, adoublyexponentialdistribution is studiedandresultssimilar to (1) ∼ (3) of Lemma3.1areavailable.
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where

P (x) =
(η − β1)(β2 − η)

η(β2 − β1)

(
e−β1(x−a) − e−β2(x−a)

)
,

Q(x) =
η − β1

β2 − β1
e−β1(x−a) +

β2 − η

β2 − β1
e−β2(x−a).

(b) Given x ∈ (a, b), we have

Ex[e−α(Ta∧Tb)h(XTa∧Tb)] =
B1(x)

A

n∑

i=0

(−1)i h
(i)(a)
ηi

eβ3(x−a) +
B2(x)

A
h(a)eβ3(x−a) +

C(x)
A

h(b)eβ3(x−b).

Proof. (a) Let Γa, anon-negative randomvariable,bethesizeof undershootat theleft boundarya. Then

Ex[e−αTah(XTa)] = Ex[e−αTah(a− Γa)] =
∫ ∞

0
h(a− z)Ex[e−αTa1{Γa∈dz}] + h(a)Ex[e−αTa1{a−XTa=0}]

=
∫ ∞

0
h(a− z)ηe−ηzP (x)dz + h(a)Q(x),

by using(3.6)and(3.7). Integrationby partsin theÞrsttermwill leadto ourresult.Theproofof (b) is similar.

3.2 Solution to the optimal stopping problem

Wecontinueto solveExample2.1. Namelytheoptimalstoppingpartof theproblem(cf. (2.24))is

v̄(x) = sup
ζ∈S1

Ex

[
e−αζ

{(
b− a

α

)
x +

λ

α + λḠ(u∗)

∫ ∞

u∗
yG(dy)

}]

= sup
ζ∈S1

Ex
[
e−αζ

{(
b− a

α

)
x + u∗

}]
,

wherewedeÞneh(x) := (b− a/α)x + u∗ := rx + u∗ for notationalbrevity. Notethatr := (b− a/α) < 0.

3.2.1 Necessary condition of the optimality

By Lemma3.2,for any interval [l,∞),

Ex[e−αTl(rXTl + u∗)] =
η − β1

η(β2 − β1)

(
(η − β2)

r

η
+ β2(rl + u∗)

)
e−β1(x−l)

+
β2 − η

η(β2 − β1)

(
(η − β1)

r

η
+ β1(rl + u∗)

)
e−β2(x−l). (3.14)

Hencetheoptimalstoppingproblemreducesto Þndingsomel (call it l∗) thatmaximizesthisfunctionfor all x ∈ R.
To derive thenecessaryconditionof theoptimality of l∗, we take thederivative with respectto l andevaluatein
particularatx = 0 sincel∗ hasto maximizethefunctionfor all x. After somesimplealgebra,weobtain

l∗ = −
(

β1 + β2

β1β2
− 1

η
+

u

r

)
. (3.15)

Plugging(3.15)into theright handsideof (3.14)andsetthis resultas

w0(x) :=
−r

η(β2 − β1)

(
(η − β1)β2

β1
e−β1(x−l∗) +

(β2 − η)β1

β2
e−β2(x−l∗)

)
. (3.16)

Notethatby directcalculation,w0(l∗) = −r
(

1
η −

(β1+β2)
β1β2

)
, which is equalto rl∗ + u∗ in light of (3.15)andalso

w′0(l∗) = r asexpected.
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3.2.2 Proof of sufficiency of the optimality

Theconstructionof w0(x) suggestsusto deÞne

w(x) :=





rx + u∗, x ≤ l∗,

w0(x), x > l∗.
(3.17)

Therestof thetaskis to prove theoptimality of w(x) via variationalinequalities.That is, to show w(x) = v̄(x)
for all x ∈ R by proving

max(h(x)− w(x), (A− α)w(x)) = 0 (3.18)

for all x ∈ R. For thevariationalinequality, seestandardtextbooks,e.g.¯ksendal andSulem[17].

(1) w(x) ≥ rx + u∗: Whenx ≤ l∗, w(x) − (rx + u∗) = 0. Let usdeÞneD(x) := w0(x) − (rx + u∗). Now
D′(x) = w′0(x)− r andD′′(x) = w′′0 (x). Wealsoknow thatD(l∗) = 0 andD′(l∗) = 0. Thenwehave

D′′(x) = w′′0 (x) =
β1β2(−r)
η(β2 − β1)

(
(η − β1)e−β1(x−l∗) + (β2 − η)e−β2(x−l∗)

)
> 0, x ∈ R, (3.19)

by (3.4), showing thatD′(x) is increasingeverywhere.SinceD′(l∗) = 0, it follows thatD′(x) > 0 on (l∗,∞).
This fact togetherwith D(l∗) = 0 implies that D(x) > 0 for x > l∗. Therefore,we have establishedthat
w0(x) > rx + u∗ on (l∗,∞).

(2) (A− α)w(x) ≤ 0: Whenx ≥ l∗, (A− α)w(x) = (A− α)w0(x) = 0 by theconstructionof w0(x). Finally,
onx < l∗,

(A− α)w(x) = rµ + θ

∫ ∞

0
(r(x− z) + u∗ − (rx + u∗))ηe−ηzdz − α(rx + u∗)

= rµ− rθ/η − α(rx + u∗)

< rµ− rθ/η − α(rl∗ + u∗) = lim
x↑l∗

(A− α)w(x)

= lim
x↓l∗

(A− α)w(x)− 1
2
σ2w′′0 (l∗) < lim

x↓l∗
(A− α)w(x) = 0,

wherethelastinequalityis dueto (3.19).Thisprovesthedesiredvariationalinequality(3.18).Hencew(x) = v̄(x)
andv(x) = w(x) + g(x).

Thenext pictureshows thecasewith θ = 0.5 andη = 1 andtheotherparametersarethesameasin Example
2.1 and2.2. Thequitting thresholdlevel is lower thantheno jump case:l∗ = −1.17583 < 0.8062 = x∗. It is
reasonableto think thatnegative jumpswill make thedownfall of thediffusion fasterandtherefore,thediscount
factore−αt doesreducethe valueasmuchas the casewith no jumps. Hencethe agentendsup with a lower
threshold.

References

[1] L. H. R. AlvarezandT. Rakkolainen. A classof solvableoptimalstoppingproblemsof spectrallynegative
jumpdiffusions.Aboa Centre of Economic Discussion Paper 9, 2006.

19



-2 2 4 x

-10

10

20

30

40

v!x"

Figure5: Thevaluefunctionin a jump diffusionmodelfor theÞrstexample.Onx < l∗, v(x) = rx + u∗ (black
line, below) andonx > l∗, v(x) = w0(x) + g(x) (redline, above).

[2] L. H. R. AlvarezandT. Rakkolainen.Investmenttiming in presenxeof downsiderisk: acertaintyequivalent
characterization.Annals of Finance, to appear.

[3] L. H. R.AlvarezandT. Rakkolainen.Optimalpayoutpolicy in presenseof downsiderisk. Math. Meth. Oper.
Res., to appear.

[4] F. A. BoshuizenandJ.M. Gouweleeuw. Generaloptimalstoppingtheoremsfor semi-markov processes.Adv.
Appl. Prob., 25:825Ð846,1993.

[5] F. A. BoshuizenandJ.M. Gouweleeuw. A generalframework for optimalstoppingproblemsassociatedwith
multivariatepointprocesses,andapplications.Sequential Analysis, 13:351Ð365,1994.

[6] F. A. BoshuizenandJ. M. Gouweleeuw. A continuous-timejob searchmodel: generalrenewal processes.
Stochastic Models, 11:349Ð369,1995.

[7] S. I. Boyarchencko andS.Z. Levendorskiÿi. Optimalstoppingmadeeasy. J. Math. Econ., 43:201Ð217,2002.

[8] S.I. Boyarchencko andS.Z. Levendorskiÿi. PerpetualAmericanoptionsunderL«evyprocesses.SIAM Journal
on Control and Optimization, 40:1663Ð1696,2002.

[9] E.J.CollinsandJ.M. McNamara.Thejob-searchproblemwith competition:An evolutionarystabledynamic
strategy. Adv. Appl. Prob., 25:314Ð333,1993.

[10] S. DayanikandI. Karatzas. On the optimal stoppingproblemfor one-dimensionaldiffusions. Stochastic
Processes and their Applications, 107(2):173Ð212,2003.

[11] E. Dynkin. Markov processes, Volume II. SpringerVerlag,Berlin, 1965.

[12] I. KaratzasandS.E.Shreve. Browninan Motion and Stochastic Calculus, 2nd Edition. Springer-Verlag,New
York, 1991.

[13] S. G. Kou andH. Wang. First passagetimesof a jump diffusionprocess.Adv. Appl. Prob., (35):504Ð531,
2003.

[14] S.A. LippmanandJ.J.McCall. Jobsearchin adynamiceconomy. J. Econ. Thory, 12:365Ð390,1976.

[15] E. MordeckiandP. Salminen.Optimalstoppingof huntandl«evyprocesses.Stochastics, 79:233Ð251,2007.

[16] T. Nakai. Propertiesof a job searchproblemon a partially observablemarkov chainin a dynamiceconomy.
Computers and Mathematics with Applications, 51 (2):189Ð198,2006.

20



[17] B. ¯ksendal andA. Sulem.Applied Stochastic Control of Jump Diffusions. Springer, New York, 2005.

[18] S.M. Ross.Introduction to Stochastic Dynamic Programming. AcademicPress,1982.

[19] S.M. Ross.Introduction to Probability Models, 9th Edition. AcademicPress,2007.

[20] W. Stadje.A new continuous-timesearchmodel.J. Appl. Prob., 28:771Ð778,1991.

[21] D. Zuckerman.Jobsearch:Thecontinuouscase.J. Appl. Prob., 20:637Ð648,1983.

[22] D. Zuckerman. On preservingthe reservation wagepropertyin a continuousjob search.J. Econ. Theory,
34:175Ð179,1984.

[23] D. Zuckerman.Optimalstoppingin acontinuoussearchmodel.J. Appl. Prob., 23:514Ð518,1986.

21


