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Abstract

Ever since the pioneering work of Cox, Ross and Rubinstein [12], tree mod-
els have been popular among asset pricing methods. On the other hand, sta-
tistical estimation of parameters of tree models has not been studied as much.
In this paper, we use K Means Clustering method to estimate the parameters
of multinomial trees. By the weak convergence property of multinomial trees
to continuous-time models, we show that this method can be in turn used to
estimate parameters in continuous time models, illustrated by an example of
jump-diffusion model.

1 Introduction

Since the seminal work by Black, Scholes and Merton on the geometrical Brownian
motion model, various continuous time models were introduced as alternatives of the
Black-Scholes” model, such as Lévy pure-jump models, stochastic volatility models,
and jump-diffusion models. These models were introduced to fix some unrealistic
properties of the Black-Scholes” model, and have been successful in various degrees for
the application to derivative pricing and hedging. On the other hand, an important
practical problem about the estimation of parameters has not been addressed as
extensively. A few exceptions are Ait-Sahalia [1], Ait-Sahalia and Kimmel [2], and
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Bhar, Chiarella, and To [5]. Jacquier, Polson and Rossi [10] showed a nice Bayesian
apporoach for stochastic volatility models. Bandi and Nguyen [4] studied functional
estimation of jump-diffusion models. Dehay and Yao [9], Yu [21] use maximum
likelihood estimation. These methods have sometimes turned out to be difficult to
calculate and implement, especially in jump models: in most cases clever numerical
procedures are required in both estimating the likelihood function and finding the
maximum. Another well-known issue in jump-diffusion model calibration is the ‘ill-
posedness’. This difficulty was addressed in Cont and Tankov [8] where a remedy of
regularization using relative entropy is provided.

Close relatives of these continuous time models in discrete time are multinomial
trees. It is known that certain multinomial trees converge to continuous time models
in distribution. Since the introduction of binomial trees as an approximation of
the geometrical Brownian motion by Cox, Ross and Rubinstein [12], it has become
popular in term structure modelling and other exotic derivative pricing. In fact,
the estimation of the volatility parameter used in the geometrical Brownian motion
model (0) is fairly standard and is used for constructing the binomial tree (u =
VAL = VAL,

In this paper, we apply a simple but powerful statistical method called K Means
Clustering to directly estimate the parameters in multinomial tree models. Then,
using the weak convergence properties, we suggest that this method can be used to
estimate parameters of continuous time models. The advantages of our approach in
estimating the parameters in jump models are that it is a statistically well-established
method and that it is easy to implement. We can avoid long numerical calculations,
and instead use typical statistical softwares such as SAS and SPSS, or the Statis-
tical tool box in MATLAB. As it turns out, our estimation of the jump-diffusion
parameters is a hybrid of (‘well-posed’) inverse problem and maximum likelihood
estimation.

The paper is organized as follows. In section 2, we introduce the main problem.
Section 3.1 explains the K Means Clustering Method. Section 3.2 explains how to
use K Means Clustering to estimate parameters in the multinomial trees. In section
3.3, we find the parameter estimation in jump diffusion models that are the weak
limits of the multinomial trees. We provide a couple of numerical examples in section
3.4. Section 4 concludes.



2 The Problem

Let us consider a multinomial tree with m time steps and k£ nodes at each time step.
Formally, S; denotes the price of the stock at time ¢;, : = 0,1, ..., m. The evolution
of the stock prices process is

Sit1

S

where the multiplying factor £ is a random variable that take different constant values
with different probabilities as long as there is no arbitrage in the model, i.e., { = ¢;
with probability p;, j =1,2,..., k.

A natural question arising is how to estimate &; coupled with p;, j = 1,2, ...k.
Since the multinomial tree is just an approximate model of the reality, we understand
that statistically speaking, we observe the prices with some errors. In other words,
what we really observe can be formulated as

Sit

S =&+4¢, 1=0,1,...m—1. (2)

=¢ i=0,1,...,m—1, (1)

3 Main Result

3.1 K Means Clustering

When we have both input variables and output variables, we can build a model which
explains the effects of inputs on outputs. Such a case is called supervised learning.
On the other hand, if we have only outputs without inputs, then it becomes unsuper-
vised learning. K Means Clustering is a popular unsupervised learning algorithm for
finding clusters and cluster centers in a set of unlabeled data.! Suppose we already
know that there are k different clusters, we use the following steps:

e Step 1 : Define k centers, one for each cluster.
e Step 2 : Each point is assigned to the cluster with the smallest distance.

e Step 3 : Once all points are assigned, recalculate the cluster centers.

We repeat Steps 1 to 3 until no more changes are done. In other words centers do
not move any more. Detailed explanation of K Means Clustering Method and its
implementation are given in standard textbooks such as Hastie et al. [16].

IThere are other possible clustering methods such as Learning Vector Quantization and Gaussian
Mixtures, and all of them, including K Means Clustering, have advantages and shortfalls. Interested
readers may consult Hastie et al. [16].



3.2 Application to the Multinomial Tree

Recall that we observe

S .
H—tte,, i=0,1,..,m—1, (3)
Si
where £ = {; with probability p;, and j = 1,2, ..., k.
We consider the data set composed of {%,z =0,1,2,..m— 1}. Then estimat-

ing &,7 = 1,2,..., k, is equivalent to finding k£ centers in K Means Clustering. Of
course, a reasonable choice of initial centers is important. After finding the k centers,
and assigning x; number of points to the center {;, we can estimate p; with sample
proportions p; = =L,

3.3 Weak Convergence and Parameter Estimation in a Con-
tinuous Time Jump-Diffusion Model

For the simplest case, the convergence of Binomial approximation to the Black-
Scholes model is studied by a classical work of Cox, Ross and Rubinstein [12]. There
are other possible multinomial approximations derived from the PDE approach as
shown in Heston and Zhou [17]. However, parameter estimation is fairly standard in
this case and we will apply the K Means Clustering Method to a more interesting
case of a simple jump-diffusion process.

A jump-diffusion model can be approximated by multinomial trees in a few differ-
ent ways. One natural approach is through the PDE method explained in Chapters
2 and 3 of Prigent [20] and Chapter 3 of Clewlow and Strickland [7]. There exist
extensive studies on numerical methods for the implementation of PDEs for option
pricing such as the Finite Difference Method. In this section, we will adopt a tri-
nomial tree from a direct approximation approach proposed by Nieuwenhuis and
Vellekoop [19]. Let W; be a standard Brownian motion, and N; a Poisson process
with constant intensity A\. The stock price process follows the stochastic differential
equation

dS; = Sy(udt + odW; + adNy). (4)

Suppose u € R,o0 > 0, > —1, A > 0 are constants, and these are the parameters
we are interested in estimating. On a finite-time interval [0, 7], define a stochastic



processes X;' = < Vﬁ’f) such that
0 nT
X = <8> onte [0,1); XJ'= anl[Tg,T)(t) onte [1T], (5)
k=1
where 17" = %, k=1,2,...nT, and
(/1
(%% ) with probability (1 — 2);
1
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n

N =
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Then, Theorem 2.2 in Nieuwenhuis and Vellekoop [19] shows that X" converges
weakly to (V]\tl;t> on [0,7] as n goes to co. Let us define

—O3 =
3>

Syt = Spexp {(u — "72)@" + oW +1In(1+ oz)Nt”} = Spexp { < kg ) Xf} .

In(1+a)

Then the same theorem also proves S}' converges weakly to S; as n goes to oo.
The first convergence proof is based on the characteristic function and the second
is based on the results in Duffie and Protter [13]. Therefore, the three branches of
the corresponding trinomial tree u, m,d and their associated probabilities Py, pm, Pa
should be

® exp {(M - %2)% + \/Lﬁ} with probability %(1 — %)’
® exp {(M — "—2)1 _ L} with probability %(1 — %),

® exp {(u - %2)% +In(1+ oz)} with probability 2

By the K Means Clustering Method introduced in Sections 3.1 and 3.2, we can
estimate u, m, d as the centers &, &, &3, along with probabilities py, ps, p3 for pu, Pm, Pa

from the data set {%,z =0,1,2,.nT — 1}. After ordering &, &5, &3 from high to

low, we assign them to u, m,d. From these six statistics u, m, d, py, Pm, P4, We need
to back out the parameters for the continuous time model u, o, o, A.
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For this purpose, we need to decide which two branches correspond to the Brown-
ian motion and which branch corresponds to the jump among u, m, d. It is important
to notice that the probabilities associated to the Brownian movements is symmetric
with 1(1 — 2). Therefore, in the numerical example we show below, we will choose
the two closest probabilities for the Brownian part. In this way, we let the market
data tell us whether it is a positive jump or negative one and what the associated in-
tensity is. For illustration purpose, suppose the estimators p,,, pg are closer in value,

then we assign

u:exp{(,u—"—;)l+ln(1+a)}, pUZQ, (7)
m:exp{(u—"—;)%—l—\%}, Pm = 5(1 = 2); (8)
d:exp{(u—”—;)%—\%}, pa=3(1-2) (9)

n n m\ 2
ufiln(md)ng(lnE) , (10)
U:gln%, (11)
a= -2 1 (12)

The estimation of A is not so straightforward and we will apply the Maximum
Likelihood Method. Let X, X,,, X; be numbers of ups, middles, and downs respec-
tively. Then (X, X,,, X4) follows the trinomial distribution with density function

P(Xy= 2y, Xy =ty Xa=a) = (, 00 ) (3)" GA=2)" (5 =2)™,

Ty T Tg n 2 n n

where x, + x,, + 4 = nT. We obtain the maximum likelihood estimator of A by
finding maximum of the likelihood function L(\) = P(X, = y, Xn = @, Xa = x4):

Ty

A=
T

Note that p, = 7% and this is exactly

~

A= NPy = n(l — Pm _pd)>

by checking the three equations involving A from (7)-(9).



Note that our estimations of the four parameters is a hybrid approach. We invert
the first three equations in (7)-(9) to obtain the estimation of u, o, @ thus avoiding
the usual ‘ill-posedness’ problem of parameter estimation in jump-diffusion case. The
explicit formula for the maximum likelihood estimation of A avoids the other problem
of numerical inversion.

To achieve higher precision, we can allow different jump sizes where the stock
price process is driven by a compound Poisson process and can be represented as

k
dS; = Sy(pdt + odW; + > a;dNyy), (13)

i=1
where each N, is a standard Poisson process with constant intensity \; for i =

1,..., k. The total intensity of the compound Poisson process is A = Zle \i.2 The
corresponding multinomial tree will have k + 2 branches in each time step, and we

7
Wn
can still define X' = [ 7, | with (5), and the expanded

5,
( 1
.

v with probability (1 — 2),
.

o =i O3
~ O owﬂ:\p
3

= with probability (1 — 2), (14)

with probability %2, i = 1,2, ..., k,

n

\

where 1 is placed at (i + 2)th component, and ¢; = ’\7 Then the resulting discrete
process

k
Sy = Spexp {(u — %Q)Tt” + oW/ + Z log(1 + Oéi)NzT,lt}

i=1
converges weakly to the continuous version (13), and the corresponding branches in
the k 4+ 2-multinomial tree are

2Instead of using linear combination of k different independent Poisson processes with corre-
sponding k different a’s, we can use a compound Poisson processes with aggregated intensity and
k different jump sizes. Since these two cases are equivalent, we don not need to distinguish them.



o exp {(u —5)at V%} with probability (1 — 2),
® exp {(N — ‘7—2)1 _ L} with probability %(1 — %)7

e exp {(u - %2)% +In(1+ ai)} with probability %, 1=1,2,...,m.

There are k + 2 equations that relate the k£ + 2 estimated centers &; in the K Means
Clustering Method to solve for the k£ + 2 parameters u, o, aq, ..., ;. There are ad-
ditional k 4 2 equations that relate estimated probabilities py, .., prio associated to
the centers §; by p; = 7% to estimate the k intensities \; through ¢g;. Since the prob-
abilities p; sum up to 1, we have one more degree of freedom than the number of
variables we would like to solve. As in the trinomial model, the maximum likelihood

estimators of the intensities are

~ x’L

i )
T
which turns out to be a feasible solution that satisfies all k£ + 2 constraints.

3.4 Examples
3.4.1 Trinomial Approximation of the IBM Daily Stock Price

In this subsection, we illustrate the K Means Clustering approximation method by
using the IBM stock price data from from October 2, 2003 to October 2, 2008.
There are 1260 closing prices in total, so we observe 1259 data points for Sts—tl We
use trinomial tree as our approximation model. Table 1 shows the results for K
Means Clustering with three centers.

node | frequency (z;) | estimated probability (p;) | estimated center (&;)
up 390 0.3098 1.0126
middle 689 0.5473 0.9981
down 180 0.1430 0.9817

Table 1: Trinomial approximation of IBM daily closing prices.

The corresponding parameters for the trinomial trees is u = 1.0126 with proba-
bility p, = 0.3098, m = 0.9981 with probability p,, = 0.5473 and d = 0.9817 with
probability p; = 0.1430. Since the up and middle frequencies are closer than the
down frequency, we will assign the ‘down’ branch to the jump. Although there are



in general 365 days a year, we use the standard accounting standards of 252 trading
days per year. So, we set n = 252 and T' = 4.9960 ~ 5. The parameters for the jump
diffusion model is thus estimated as

Vn

o=Y"1m 2 — 01148,
2 m

2
= n In(um) + L <1n E) = 1.3446,
2 m

8
41 00235
a= —1=-0.
Jyum ’
A= % — 36.0286. (15)

This implies a 2.35% downward jump of IBM stock price with a frequency of
about 36 times per year, while the volatility coming from the Brownian motion part
is 11.48%. A closer look brings us to realize that the up and middle branches are
not so close in their respective probabilities. This suggests a jump-diffusion model
with more than one jump size (13) coupled with a multinomial tree with four or
more clustering points might perform better for fitting the data set. It is an open
question about how to find the optimal number of clustering points, but we will show
in the following example a pentanomial tree that gives rise to three jump sizes in the
corresponding jump diffusion limit.

3.4.2 Jump Diffusion Approximation of the S&P 500 Index

Next, we approximate the S&P 500 Index data with jump-diffusion model (13) and
estimate its parameters through K Means Clustering Method for pentanomial tree
parameter estimation. We collected data of daily closing prices of S&P 500 Index
from September 29, 2006 to October 1, 2008. There were 505 trading days, which
gives 504 data points for ngtl, while 7" = 2 and n = 252. Table 2 shows the result of
K Means Clustering Method.

The corresponding parameters for the pentanomial trees is uf = 1.0299 with
probability pf = 0.0397, v = 1.0100 with probability p, = 0.2341, m = 1.0003 with
probability p,, = 0.4881, d = 0.9881 with probability py = 0.1845, and d” = 0.9688
with probability pz = 0.0536. Since the ‘up’ and ‘down’ frequencies are closer than
the rest, we will assign the ‘up®’, ‘middle’ and ‘down”” branches to the jumps. The




node | frequency (z;) | estimated probability (p;) | estimated center (&;)
up? 20 0.0397 1.0299
up 118 0.2341 1.0100
middle 246 0.4881 1.0003
down 93 0.1845 0.9881
down’ 27 0.0536 0.9688

Table 2: Pentanomial approximation of S&P 500 index daily closing prices.

parameters for the jump diffusion model is thus estimated as

yo VU 0.1740,

2
2
w= gln(ud) + g (1n g) — 0.2395,
‘
t_ 100309, A=2_1
a /ud ) T )
m T
0= _1-00013, A=m_123
/ud ) T b
b & b L

This implies a fairly symmetric jump distribution of S&P of 3.09% upward with a
frequency of about 10 times per year and 3.02% downward with a frequency of about
13.5 times per year, while the volatility coming from the Brownian motion part is
an annualized 17.4%. The middle branch provides a jump size 0.13% that is close to
zero. This indicates a significant chance for the price to remain constant.

3.4.3 Monte Carlo Simulation

We conclude the numerical section with estimation done on synthetic data. Take the
simple jump-diffusion model (4) approximated with a trinomial tree. We simulate
5000 paths of daily returns of a stock price process with parameters p = 0.3,0 =
0.08, A = 10, = —0.05. The estimation results are in Table 3.

The estimation of the volatility in the Brownian part ¢ and the jump size « is
very stable with low standard deviation so the estimation can be carried out even
with small amount of data. It is well-known that the estimation of mean g has high
deviation and we do not address this issue further. We note here the parameter A
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[ o A «
mean 0.2990 | 0.0651 | 9.9062 | -0.0509
standard deviation | 0.3402 | 0.0168 | 3.3734 | 0.0034

Table 3: Monte Carlo simulation and parameter estimation

which drives the mean of the Poisson process present a large deviation as well. In
contrast, the jump size a can be captured very accurately and stably. If we interpret
the jumps as rare events, then it is easier to estimate the size than the intensity with
limited amount of data.

Note that there is a significant systematic error in the estimation of parameter o.
Even when we vary the parameter sets, the error remains around 20% off. The bias
in the parameter estimation is caused by the following reason. The weak convergence
of the parameters from the trinomial tree to jump-diffusion model has been discussed
in Section 3.3 and holds true theoretically. The K means clustering method described
in Section 3.1 is a ‘model-free’ classification method. Therefore, when it is applied
to the multinomial tree in Section 3.2, we do not assume any distributional property
on parameters £ or ¢; in equation (3). The implication is two-fold. When we know
the specific distributional property of & as in (7)-(9), it may not perform better
than other methods because K means clustering does not take advantage of this
information at all. However, we choose to use K means clustering because when
dealing with real data, we do not have information about the true model and in this
case, a ‘model-free’ approach turns out to be more suitable. In the current situation,
o is under-estimated because K means clustering minimize the euclidean distance of
the data points to their respective centers. What is intriguing is that, the percentage
of under-estimation seems to be quite stable across different parameter sets and error
correction term can be applied comparatively easily.

Secondly, since we do not assume ¢; to be normally distributed, we have only
provided standard deviation in the above table. We have chosen not to provide
confidence interval by making assumptions of asymptotic normality, or estimation
of the confidence interval by simulation, in the same way we estimate p-values in
segmented regression. Without providing the confidence interval with these ad-hoc
methods, we leave it as an open problem as to study the statistical bias to use K
means clustering for estimating tree-model parameters.
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4 Conclusion

We have studied how to estimate parameters in multinomial tree models using the
K Means Clustering Method. This is a simple, but powerful statistical method
which can be easily done by standard softwares. This method was then applied
to parameter estimation in continuous time jump-diffusion models through weak
convergence as explained in Section 3.3 and examples in Section 3.4. The hybrid
approach we have adopted to use an inversion to obtain the estimation of u, o, «,
and an explicit formula for the maximum likelihood estimation of A helps us to
avoid the usual problems in jump-diffusion parameter estimation, namely, the ‘ill-
posedness’ of the inverse problem and the numerical approximation for the likelihood
function. This methodology can be applied more widely to other continuous-time
models that are weak limits of multinomial trees. For stochastic volatility models
the reader can consult Ait-Sahalia and Kimmel [2] and Florescu and Viens [15] about
their approximation by multinomial models.
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