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Abstract

This paper gives a complete solution to the problem of the type

inf B[(z - X))

subject to  E[X] >z, E[X]|=zr, z4<X <2y a.s.,

where the constants satisfy —co < x4 < @, < &, < 00, € R, z € R. The expectations E[-] and E[-] are
taken under two equivalent probability measures P and P under the assumption that the Radon-Nikodym
derivative has a continuous distribution. The result is then used to find the optimal dynamic portfolio
which minimizes the Conditional Value-at-Risk in a complete market model. We show the efficient frontier

for a mean-CVaR portfolio selection problem in the Black-Scholes’ model.
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1 Introduction to the Main Problem

The portfolio selection problem studied in Markowitz [9] is set up as an optimization problem with the
objective of maximizing expected return, subject to the constraint of variance being bounded above. Bielecki

et. al. [2] solved the reverse problem in a dynamic setting with the objective of minimizing variance, subject



to the expected return being bounded below. In both cases, the measure of risk of the portfolio is chosen as
variance. In this work, we attempt to replace variance with a more modern choice of risk measure. Although
Value-at-Risk is the most dominant risk measure used in practice, Artzner et. al. [3] and [4] have proposed
general axioms for coherent risk measure, a standard measured by which Value-at-Risk has failed. Our choice
is the Conditional Value-at-Risk (CVaR) which is a coherent risk measure defined incrementally based on
Value-at-Risk. For references on CVaR, see Acerbi and Tasche [1], Rockafellar and Uryasev [11] and [12], and
Follmer and Schied [7]. In the following, we look for the optimal investment strategy to minimize CVaR of
the final portfolio value while requiring its expectation to be above a constant in a dynamic continuous-time
complete market setting.

Suppose the interest rate is a constant r and the risky asset S; is a real-valued semimartingale process on
the filtered probability space (2, F, (F)o<t<T, P) that satisfies the usual conditions where Fy is trivial and
Fr = F. The value of a self-financing portfolio X; which invests &; shares in the risky asset evolves according
to the dynamics

dXt = ftdSt + T(Xt — ftSt)dt, XO = X9.

We are looking for a strategy (£;)o<i<r to minimize the conditional Value-at-Risk at level 0 < A < 1 of
the final portfolio value: infe, CVaRy(Xr), while requiring the expected value to remain above constant z:
E[Xr] > z. In addition, we allow uniform bounds on the value of the portfolio over time: z4 < X; < z,, a.s.,

Vt € [0, T], where the constants satisfy —oo < x4 < z¢ < 2, < 00. Therefore, our Main Problem is

subject to  E[X7] > z,

2qg < Xy <y a.s.,, Vte[0,T].

Assumption 1.1 Assume there is no arbitrage and the market is complete with a unique equivalent local

martingale measure P where the Radon-Nikodym derivative g—g has a continuous distribution.

Then any F-measurable random variable can be replicated by a dynamic portfolio. The above dynamic

optimization problem can be reduced to a static one

(2) )}Iéf}_CVaRA(X)

subject to  E[X] >z, E[X]=1z,, x4<X <z, as.



Here the expectation E is taken under the physical probability measure P, and the expectation E is taken
under the risk neutral probability measure P, while z, = z9e™”. To solve the main problem in an incomplete
market setting, the exact hedging argument that translate the dynamic problem (1) into the static problem
(2) has to be replaced by a super-hedging argument. This is done for expected shortfall minimization in
Follmer and Leukert [6], and for convex risk minimization in Rudloff [13]. Similarly, the hedging result can
be easily adapted for S; to be Ré%valued, where the dimension d is a natural number. The second part
of the assumption, namely the Radon-Nikodym derivative % has a continuous distribution, is also made
not because of technical impossibility, but because of the simplification it brings to the presentation for its
lengthy discussion does not bring additional new insight to the main topic of this paper.

Using the equivalence between conditional Value-at-Risk and the Fenchel-Legendre dual of the expected

shortfall derived in Rockafellar and Uryasev ([11] and [12]),

(3) CVaRy(X) = 5 inf B[z~ X)*] = Ax), VA€ (0,1),

> =

the static optimization problem can be further reduced to a two-step static optimization we name as

Two-Constraint Problem:

Step 1: Minimization of Expected Shortfall
_ oyt
(4) v(z) = inf El(z - X)]

subject to  E[X] >z, (return constraint)

E[X] =z, (capital constraint)

g < X <z, a.s;

Step 2: Minimization of conditional Value-at-Risk

: 1.
(5) )}Iéf}_CVaR,\(X) =5 ;Iela (v(z) — Az).

Without the condition on the expectation E[X] > z, we name the problem as

One-Constraint Problem:



Step 1: Minimization of Expected Shortfall

_ )t
(6) o(@) = jnf El(a - X)"
subject to  E[X] =x,, (capital constraint)

g < X <z, a.s;

Step 2: Minimization of conditional Value-at-Risk

(7 )i(IelffCVaRA(X) = %;g@ (v(z) — Az).

The solution to the problem of Minimization of Expected Shortfall in (6) is given in Foéllmer and Leukert
[6]; the solution to the problem of Minimization of CVaR in (7), and thus the main problem in (1) and
(2) without return constraint is given in Schied [15], Sekine [16], and Li and Xu [8]. With the additional
condition on the expectation E[X] > z, Rockafellar and Uryasev [11] provides a linear programming solution
for the Monte-Carlo simulation of the one-time step problem. The dynamic solution given in Ruszczyniski
and Shapiro [14] requires the modification of the CVaR into a dynamic version. The new results obtained
in this paper is to provide a solution to the problem of Minimization of Expected Shortfall in (4) under the
condition on the expectation E[X] > z, and thus the solution to the problem of Minimization of CVaR in
(1) and (2) under the same condition.

Follmer and Leukert [6] derived the optimal solution to Step 1 of the One-Constraint Problem,

(8) X(x):xd]l{%>a}+x]l{£<a}, for g < x < xy.

d dP —

The above X is the solution under a special case when the Radon-Nikodym derivative %h« is restricted to
have a continuous distribution to minimize the complication in its presentation. The optimality of X can be
proved in various ways, but it is clearly a result of Neyman-Pearson lemma once the connection between the
problem of Minimization of Expected Shortfall and that of hypothesis testing between P and P is established.
To view it as a solution from convex duality approach, see Theorem 1.19 in Xu [17]. A direct method using
Lagrange multiplier for convex optimization, a simplified version to that in the proof of Proposition 2.14,
is yet another nice approach. Note that in (8), a is computed from the budget constraint E’[X | = z, for

every fixed constant x. To proceed to Step 2, Li and Xu [8] varied the value of x and looked for the best



2*. Define set A = {w c : %(w) > a}. Let a® and A* be the solution to the equation % = 7’1\:;?;.

Define x* = %&(3*). Under some technical conditions, the solution to Step 2 of the One-Constraint

Problem is shown in Li and Xu [8] to be

9) X* =xz4la« + 2%Tg+, (Two-Line Configuration)

OVaRy(X*) = —z, + %(x* —24) (P(A*) - )\I5(A*)) ,

regardless whether z, < oo or z, = oco. More general solutions in the case when the Radon-Nikodym
derivative %|T is not restricted to have a continuous distribution is presented in detail with computational
examples in Li and Xu [8]. Note that the two-line configuration in (9) is inherited from the Neyman-Pearson
lemma. We will see in Section 2 that when x, < oo, under some technical conditions, the solutions to both
Step 1 and Step 2 of the Two-Constraint Problem, and thus the Main Problem (1) and (2), turn out

to be a three-line configuration of the form
X =xglpgse + 2™ Igsr + 2,lp++,, (Three-Line Configuration)

where z**, as well as A*™ = {w e g—};(w) > a**}, B** = {w e b < j—ﬁ(w) < a**} and D** =
{w e j—;;(w) < b**} are associated to the optimal choice of a** and b**. When z, = oo, the optimal
solution X most likely will not exist, but the infimum of the CVaR can still be computed.

The key to finding the exact solution to the main problem without return constraint, is to find the pair
(a*,z*) in the One-Constraint Problem; or the triplet (¢**,b**, 2**) in the Two-Constraint Problem.
In the first case, Theorem 2.10 and Remark 2.11 in Li and Xu [8] state that (a*,z*) is the solution to the

capital constraint (E[X] = x,) and first order Euler condition (v'(z) =0 in Step 2):

2qP(A) + 2P(A°) = x,,

P(4°) —-A=0.

P(A) +

In the second case, we will see in Proposition 2.14 and Theorem 2.15 that (a**,b**, 2**) is the solution to



the same two conditions plus the return constraint (E[X] = z):

xqP(A)+ xP(B) 4+ x2,P(D) = z,

zqP(A) 4+ 2P(B) 4+ z,P(D) = z,,

P(B) — bP(B)

P(A) + P>

- A=0.

The main theorems about the solutions to both Step 1 and Step 2 to the Two-Constraint Problem

are stated in Section 2; their proofs are recorded in Section 3; Section 4 lists possible future work.

2 Solution to the Main Problem

2.1 Case: 2z, < ©

Before establishing their existence, we first define some particular Two-Line Configurations and the general
Three-Line Configuration that satisfy their respective capital and expected return constraints. Recall the

definitions of the sets
(10) A:{weQ:%(w)>a}, B:{weﬂzbgg(w)ga}, D:{weQ:%(w)<b}.

Definition 2.1 Three-Line Configuration has the structure X = xqllq + zlp + z,lp.

Two-Line Configuration X = xlg + x,lp is always associated to the definitions a = oo, B =
{wEQ : %(w)zb} andD:{wEQ : %(w)<b}.

Two-Line Configuration X = x4lsx + zlp is always associated to the definitions b = 0, A =
{wEQ : %(w)>a}, andB:{wEQ : %(w)ga}.

Two-Line Configuration X = z4la + x,Ip is always associated to the definitions a = b, A =

{wGQ:g;;(w)>a},andD:{w€Q:%(w)<a}.

General Constraints are the capital constraint and the equality part of the expected return constraint

for Three-Line Configuration X = x4l + zlp + 2,1 p:

E[X] =2z4P(A) + 2P(B) 4+ z,P(D) = z,

E[X] = 24P(A) + xP(B) + 2,P(D) = .



Degenerated Constraints 1 are the capital constraint and the equality part of the expected return constraint

for Two-Line Configuration X = zlg + z,lp:

E[X] =xzP(B) + x,P(D) = z,

E[X] = 2P(B) + 2,P(D) = x,.

Degenerated Constraints 2 are the capital constraint and the equality part of the expected return constraint

for Two-Line Configuration X = x4l + xlp:

Degenerated Constraints 3 are the capital constraint and the equality part of the expected return constraint

for Two-Line Configuration X = z4la + z,Ip:

E[X]=z4P(A)+ 2,P(D) = z,

E[X] =xz4P(A) + 2,P(D) = x,.

Note that Degenerated Constraints 1 corresponds to the General Constraints when a = oo; De-
generated Constraints 2 corresponds to the General Constraints when b = 0; and Degenerated

Constraints 3 corresponds to the General Constraints when a = b.

Definition 2.2 For fized —co < x4 < x, < T, < 00, let @ = b be the constant that satisfies capital
constraint E[X] = xdp(A)+:cu]5(D) = x, for configuration X = xqla+x,Ip in Degenerated Constraints
3. Consequently, A, D and X are associated to the constant a = b, i.e., X = x4lz + x,lp where A =

{w €N g—;;(w) > ZL}, and D = {w €N Z—;;(w) < &}. Define z = E[X] = 24P(A) + z,P(D).

Note that Z is the unique expected value of a Two-Line configuration that satisfy Degenerated Con-

straints 3.

Lemma 2.3 Z is the highest return that can be obtained by a portfolio with initial capital Ty and is bounded

between x4 and x,:

z = BlX t. Bl X]|= <X <
Z = max [X] s X]=ar, z4<X<uz,as



From now on, we will concern ourselves with z € [z,,Z]. The lower bound can be interpreted that the

T = z,. Mathematically,

investment will yield a higher return than the risk-free rate r, i.e., z = E[X] > zge”
when z € (—00, x,), the optimal solution X* to the One-Constraint Problem satisfies the return constraint
E[X*] > z automatically (see Lemma 2.4), thus it is also the optimal solution to the Two-Constraint

Problem. We refer to Li and Xu [8] for the details. For convenience, we will state in Theorem 2.11 the main

results from Li and Xu [8] about X* under additional Assumption 1.1.

Lemma 2.4 For fized —00 < g < &, < &y < 00, and any x € [xq4,x,], choose b so that configuration
X = 2lg+z,lp satisfies the capital constraint E[X] = xP(B)+x,P(D) = x, in Degenerated Constraints
1. Let z = E[X] = «P(B) + x,P(D). Then z decreases continuously from Z to x, as x increases from x4
to x,.. For any x € [x,,x,], choose a so that configuration X = xz4la + xlp satisfies the capital constraint

E[X] = 24P(A) + £P(B) = z, in Degenerated Constraints 2. Let z = E[X]| = x4P(A) + zP(B). Then

z increases continuously from x, to Z as x increases from x, to x,.

From the above lemma, we can see that for given x value, we can compute the corresponding z value in
Degenerated Constraints 1 and Degenerated Constraints 2. Since their relationship is monotone and

continuous in each situation, given z we can find the corresponding x value in both situations.

Definition 2.5 For fized —co < x4 < x, < T, < 00, and fized z € [x,,Z], define x,1 and x.o to be
the corresponding x values for configurations that satisfy Degenerated Constraints 1 and Degenerated

Constraints 2 respectively.

Definition 2.5 means that when we fix z in a proper interval [z, Z], we can find two feasible solutions:
X = z.,0p + z,0p satisfying E[X] = z.,P(B) + z,P(D) = x, and E[X]| = 2.1P(B) + 2,P(D) = z;
X = 2414 + x.5]p satisfying E[X] = 24P(A) + 2.0P(B) = z, and E[X] = 24P(A) + 2,2 P(B) = =.

Now if we fix & € [x4,2.1], and as in Lemma 2.4, choose b so that configuration X = zlg + x,[p satisfies
the capital constraint E[X] = 2P(B) 4+ z,P(D) = z, in Degenerated Constraints 1. At the left end
point x = x4, we encounter X given by Degenerated Constraints 3 in Definition 2.2 and corresponding
zZ = E[X] > 2. At the right end point = = x,1, we encounter X = z,,15 + z,Ip such that E[X] = 2. In
between, E[X], where X = zlp + z,Ip and E[X] = z,, is decreasing according to Lemma 2.4. We recognize

that F[X]| = «P(B) + x,P(D) > z, for all € [z4,2,1]. Similar analysis can be applied to the interval

x € T2, T,]. We make this conclusion in the following lemma.

Lemma 2.6 For fized —0o < x4 < z, < z,, < 00, and fized z € [z, Z],



1. If we fit x € [xq,2,1], the Two-Line Configuration X = xlp+x,Ip which satisfies the capital constraint
E[X] = 2P(B) + 2,P(D) = z, in Degenerated Constraints 1 satisfies the expected return constraint:
E[X]=xzP(B)+ x,P(D) > z;

2. If we fixx € (2.1, 2,], the Two-Line Configuration X = xlp+x,lp which satisfies the capital constraint

E[X] = 2P(B) + 2,P(D) = z, in Degenerated Constraints 1 fails the expected return constraint:
E[X]|=zP(B)+z,P(D) < z;

3. If we fix x € [x,,x,2), the Two-Line Configuration X = x4l +2xlp which satisfies the capital constraint
E[X] = x4P(A) + 2P(B) = z, in Degenerated Constraints 2 fails the expected return constraint:
E[X]=2zP(B) 4+ x2,P(D) < z;

4. If we fix x € [x,2, 2], the Two-Line Configuration X = x4la+xlp which satisfies the capital constraint
E[X] = 24P(A) + £P(B) = z, in Degenerated Constraints 2 satisfies the expected return constraint:

E[X]=xzP(B)+ x,P(D) > z.

Proposition 2.7 For fized —00 < x4 < x, < z,, < 00, and fized z € [x,, Z], if we fix x € [xg4,x.1], then there
ezists a Two-Line Configuration X = zlg + x,Ip which is the optimal solution to Step 1 of the Two-
Constraint Problem; if we fix © € [x,2,x,], then there exists a Two-Line Configuration X = x4la+alp

which is the optimal solution to Step 1 of the Two-Constraint Problem.

When z € (2,1,2.2), the Two-Line Configurations that can be achieved with the right amount of initial

capital (E[X] = z,) do not generate high enough expected return (E[X] < z) to be feasible, so we have to

look for a novel solution of Three-Line Configuration that is both feasible and optimal.

Lemma 2.8 For fized —0o < x4 < x, < T, < 00, fized z € [x,, Z], and fixzed x € (x,1,x,2), choose the pair
of real numbers —oo < b < a < 0o so that configuration X = x4ls + xlp + z,Ip always satisfies the capital
constraint E[X] = xq4P(A)+xP(B)+x,P(D) = z, in General Constraints. Whenb=b=a=a, X = X
and E[X] = z. When b < b and a > a, the expected value E[X| = x4P(A) + xP(B) + x,P(D) decreases
continuously as b decreases and a increases. In the extreme case b = 0, the Three-Line configuration becomes
the Two-Line Configuration X = zlg + x,Ip; in the extreme a = oo, the Three-Line configuration becomes
the Two-Line Configuration X = x4la+xlp. In either extreme cases, the expected value is below z by Lemma

2.6.



Proposition 2.9 For fized —00 < x4 < xp < X, < 00, and fized z € [z, Z], if we fit x € (T,1,%22), then
there exists a Three-Line Configuration X = x4la + xlp + z,lp that satisfies the General Constraints

which is the optimal solution to Step 1 of the Two-Constraint Problem.

Let us recall the first step for the Two-Constraint Problem:

Step 1: Minimization of Expected Shortfall

o(z) = inf El(x - X)*]

subject to  E[X] >z, (return constraint)

E[X]==x,, (capital constraint)

g < X < x4y a.8

Theorem 2.10 (Solution to Step 1: Minimization of Expected Shortfall) For fized —0c0 < x4 <
Tp < T, < 00, and fired z € [x,,Z]. The optimal X(x) and the corresponding value function v(z) to

Step 1: Minimization of Expected Shortfall of the Two-Constraint Problem are as follows:

o 1 € (—00, 24

X(z) = any random variable with values in [xq, xy] satisfying both E[X (z)] = z, and E[X (z)] > z,

v(z) = 0.

o T € [T4,%]:

X (z) = any random variable with values in [z, x,] satisfying both E[X (z)] = z, and E[X (z)] > z,

v(z) =0.

LIRS (xzhsz):

X(x) =2x4la, + 2lp, + x,lp, where A,, By, D, are determined by a, and b, through definitions (10)
satisfying the General Constraints: E[X (z)] = z, and E[X (z)] = z,

v(z) = (z —zq)P(Ay).

10



o T € [T,0,Ty):

X(z) = xqla, + 2lp, where A, B, are determined by a,, as in Definition 2.1 satisfying both

E[X(2)] =z, and E[X(x)] > z,

v(x) = (& — xq)P(As).
o T € [3y,00):

X(x) = 24l 5 + x,]5 = X where A, B are associated to a as in Definition 2.2 satisfying both
E[X(z)] =z, and E[X (z)] = Z > z,

v(z) = (v — 24)P(A) + (v — z,)P(B).
To solve Step 2 of the Two-Constraint Problem, we need to find

1.
X ;Iela(v(l‘) — \x),

where we have already computed v(z) in Theorem 2.10. It turns out that depending on the z level in the
return constraint of the Two-Constraint Problem, sometimes the optimal is obtained by the Two-Line
solution to the One-Constraint Problem, other times it is obtained by a true Three-Line solution. To

accomplish this, we have to recall the results of Theorem 2.10 and Remark 2.11 in Li and Xu [8].

Theorem 2.11 (Theorem 2.10 and Remark 2.11 in Li and Xu [8] when z, < c0)

1

1. Suppose esssup gp < % X =z, is the optimal solution to Step 2: Minimization of Conditional

Value-at-Risk of the One-Constraint Problem and the associated minimal risk is
CVaR(X) = —z,.

2. Suppose ess Sup% > %

° If% < 1\:252; (see Definition 2.2), then X = x4l + x,lp is the optimal solution to Step

2: Minimization of Conditional Value-at-Risk of the One-Constraint Problem and the

11



associated minimal risk is

CVaR(X) = —x, + %(mu —24)(P(A) — AP(A)).

e Otherwise, let a* be the solution to the equation % = %&))'

{wEQ : %(w) >a*} and B* = {weQ : %(w) Sa*} to level a*. Define z* =

so that configuration

X* = Q?d]IA* + [L'*]IB*

Associate sets A* =

z—zqP(A")
1—P(A¥)

satisfies the capital constraint E[X*] = x4P(A*) + 2*P(B*) = z, in Degenerated Constraints

2. Then X™ is the optimal solution to Step 2: Minimization of Conditional Value-at-Risk

of the One-Constraint Problem and the associated minimal risk is

1

OVaR(X*) = —x, + —(z" — xq4)(P(A*) — AP(A")).

A

Definition 2.12 In part 2 of Theorem 2.11, define z* = Z in the first case when

z* = E[X*] in the second case when é > ’;:gg;.

ST

It is straightforward to see that when z is smaller than z*, the Two-Line solution provided in Theorem

2.11 is indeed the optimal solution to Step 2: Minimization of Conditional Value-at-Risk of the Two-

Constraint Problem. While when z is greater than z* the Two-Line solutions are no longer feasible in the

Two-Constraint Problem and we will show now that the Three-Line solutions are not only feasible but

also optimal.

For z € (z*,z], Step 2 of the Two-Constraint Problem

1.
> ()~ 22)

is the minimum of the following five sub-problems after applying Theorem 2.10:

Case 1
1 1
A (*g},fzd](v(x) — )= A (*gi’d](_Ax) C
Case 2
1 . 1 .
N im0 TR (A = e =

12



Case 3

1 1

— inf (v(z)—Az)=— inf r—xq)P(Ay) — M) ;

A(IM‘,ZZ)( (z) — Az) /\(mzl,mzz)(( a)P(As) — Az)
Case 4

~ inf (u(@) —Ar) =+ inf (2 — 2a)P(A,) — Aa)

= inf (v(z)—Az)=< in T— z) — AL);

A [zs2,2] A [zz2,20] ¢
Case 5

1 _ _
%{ inf )(U(x) —A\z) = N inf : ((z — zq)P(A) + (z — z4) P(B) — Az) .

We first establish the convexity of the objective function and its continuity in Lemma 2.13, then we prove

the Three-Line solution which is feasible and satisfies the first order condition is indeed optimal.
Lemma 2.13 v(x) is a convex function for x € R, and thus continuous.

Proposition 2.14 For fivzed —00 < g < x, < T, < 00, and fized z € (2*,z]. Suppose esssup % > % The

solution a**,b** and x** (and consequently, A**, B** and D**) to the system

zqP(A) + 2P(B) + x,P(D) =z, (return constraint)

24P(A) + 2P(B) + x,P(D) = x,, (capital constraint)

P(B) — bP(B)

P(A) + —

—A=0, (first order Euler condition)

exists. X** = xgl g + 2 [ gex +x,Ipsx is the optimal solution to Step 2: Minimization of Conditional

Value-at-Risk of the Two-Constraint Problem where

Jint(v(e) = Xe) = 1 min (ula) - Xo),

and the associated minimal risk is

CVaR(X™) = < (" — 24) P(A™) — Az™) .

>

Theorem 2.15 (Solution to Step 2: Minimization of Conditional Value-at-Risk) For fized —oo <
g < Ty < Ty < 00,

1. Suppose ess supg—g < % and z = x.. X = x, is the optimal solution to Step 2: Minimization of

13



Conditional Value-at-Risk of the Two-Constraint Problem and the associated minimal risk is
CVaR(X) = —x,.

2. Suppose esssup g—lfz < % and z € (x,,Z]. The optimal solution to Step 2: Minimization of Condi-

tional Value-at-Risk of the Two-Constraint Problem does not exist and the minimal risk is
CVaR(X) = —z,.

3. Suppose ess Supg—f; > % and z € [z, z*].

o If L < ’;:gg; (see Definition 2.2), then X = zqlz + z,lp is the optimal solution to Step

2: Minimization of Conditional Value-at-Risk of the Two-Constraint Problem and the

assoctated minimal risk is

CVaR(X) = —a, + %(xu — 24)(P(A) — AP(A)).

o Otherwise, X* = xg4lla« +x*1 g~ defined in Theorem 2.11 is the optimal solution to Step 2: Mini-
mization of Conditional Value-at-Risk of the Two-Constraint Problem and the associated
minimal Tisk is

1

CVaR(X") = =z, + 1 (7 — za)(P(A7) = AP(A")).

. Suppose esssupg > Loand z € (2%,2]. X** = xglpe- + 2=+ + x,]p- defined in Proposition
dP by

2.14 1is the optimal solution to Step 2: Minimization of Conditional Value-at-Risk of the Two-

Constraint Problem and the associated minimal risk is

CVaR(X™) = < (™ — 2) P(A™) — Az*) .

> =

2.2 Case: 7, =

We first restate Theorem 2.11 in the current context. When z, = oo, we interpret A = Q and z = oco.

Theorem 2.16 (Theorem 2.10 and Remark 2.11 in Li and Xu [8] when z, = c0)

1

. X =z, is the optimal solution to Step 2: Minimization of Conditional

>|=

1. Suppose esssup zp <
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Value-at-Risk of the One-Constraint Problem and the associated minimal risk is

CVaR(X) = —x,.

2. Suppose ess supg—ls > % Let a* be the solution to the equation % = i:ggﬁ;. Associate sets A* =
{w €N : %(u}) > a*} and B* = {w €N : %(w) < a*} to level a*. Define z* = % so that

configuration

X" =uxqlzge + x*Ip-

satisfies the capital constraint E[X*] = x4P(A*) + x*P(B*) = x, in Degenerated Constraints 2.
Then X* is the optimal solution to Step 2: Minimization of Conditional Value-at-Risk of the

One-Constraint Problem and the associated minimal risk is

1 _
CVaR(X™*) = —z, + X(a:* —24)(P(A™) = AP(A")).
Theorem 2.17 (Minimization of Conditional Value-at-Risk When z,, = 00) For fized —00 < x4 <

Ty < Xy = 00.

1. Suppose ess sup% < % and z = x.. X = x, is the optimal solution to Step 2: Minimization of

Conditional Value-at-Risk of the Two-Constraint Problem and the associated minimal risk is

CVaR(X) = —a,.

2. Suppose esssup % < % and z € (x,,00). The optimal solution to Step 2: Minimization of Condi-

tional Value-at-Risk of the Two-Constraint Problem does not exist and the minimal risk is

CVaR(X) = —a,.

3. Suppose esssup% > % and z € [x,,2*]. X* is the optimal solution to Step 2: Minimization of

Conditional Value-at-Risk of the Two-Constraint Problem and the associated minimal risk is

OVaR(X*) = —z, + %(x* — 2q)(P(A*) — AP(A")).
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4. Suppose esssup % > % and z € (z*,00). The optimal solution to Step 2: Minimization of Condi-

tional Value-at-Risk of the Two-Constraint Problem does not exist and the minimal risk is

CVaR(X*) = —x, + %(a:* — xq)(P(A%) — AP(AY)).

Example 2.18 (CVaR Minimization under Black-Scholes’ Model) Suppose an agent is trading be-
tween a money market account with interest rate 1 = 5% and one stock that follows geometric Brownian
motion dSy = uSdt + 0S:dWy with parameter values p = 0.2, 0 = 0.1 and Sy = 10. The endowment starts
at Xo = 10 and bankruptcy is not allowed at any time, thus X; > 0 for all t. The expected terminal value
E[X7] at time horizon T = 2 is required to be above a fized level z. Take z € [2*, Z], where z* is the optimal
expected terminal value achieved by the ‘one-star-system’ when there is no return requirement and z is the
highest expected value achievable. We let the final value to be bounded above by x,, < oo since it is of interest
to see cases where the optimal of the two-constraint problem is achieved by ‘double-star-system’. Recall that

the triplet (a**, b*™*, ©**) in the ‘double-star-system’ is the solution to the system

xqP(A)+ xP(B) + 2,P(D) = z, (return constraint)

2qP(A) 4+ 2P(B) 4+ 2,P(D) = x,, (capital constraint)

P(B) — bP(B)

P(A) + P>

—A=0. (first order Euler condition)

Under current situation, P(A), P(B), P(D) and P(A), P(B), P(D) can be written as

P(A) = N(-%T — Ina) - p(D) =1 N(-2yT — Ink) P(B) =1- P(4) - P(D),
P(A) = N(&T — oy p(D)=1- N(%T - Iob) P(B) =1~ P(4) - P(D)

Then the optimal portfolio, its associated hedging strategy and the minimum CVaR can be calculated as below:

CVaR(X™) = — (2™ — xq)P(A™) — Ax™™),

> =

X = e " TD[ N(dy(a**, Sp, 1)) + zqN(d_(a*™, Sy, t))]

+ e TV [ N (d_(b**, Sy, 1)) + 2o N (dy (b**, Sy, 1)) — e T g%

)

Hk d2 (a**,S¢,t ko d2 (b**,S¢,t
*k x Zq e,T(Tft),¥ &€ Ty e,T(Tft),¥

! _USt\/QW(T—t) +ch“/27r(Tft)
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where N (-) is the cumulative distribution function for standard normal distribution,

d*(a?sat) = 9\/;74[_ Ina + g(HTT#t - hlsio) + %(T - t)]7 d+(a787t) = _d*(aﬂsat)a

and 0 = £,

One-Constraint Optimization Two-Constraint Optimization
Ty 30 50 Ty 30 30 50
z 20 25 25
3 28.8866  28.8866  45.5955
z* 18.8742 18.8742 18.8742
x* 19.0670 19.0670 x** 19.1258 19.5734 19.1434
a* 14.5304 14.5304 a*” 14.3765 12.5785 14.1677
b** 0.0068 0.1326 0.0172
CVaR(X7) | -15.2118 -15.2118 || CVaR(X7") | -15.2067 -14.8405 -15.1483

Table 1: Black-Scholes’ Example without & with Expected Return Constraint

We observe from Table 1 that different values of x,, do not have any impact in the one-constraint case as
long as the optimal solution is achieved by the ‘star-system’ (z*, a*). Thus z* calculated from this system is
not impacted either. However, as the upper bound x, increases, Z increases, which allows choices of higher
expected return z.

Compare the results of the three cases where x,, = 30 in the table, we see that the higher the required
return, the harder it is to obtain a low CVaR. This is also true for the two cases where x,, = 50. Now let us
compare the two columns to the right: the two cases that have the same required return 25. When the upper
bound x,, is higher (=50), the attainable return Z is higher (=45.5955), the required return z = 25 is relatively
easier to achieve, thus has less impact in minimizing CVaR. In the two cases where x,, = 50, minimal CVaR
only increases a little from -15.2118 to -15.1483 with the added return constraint. An intuition we can get
from this comparison is that when we let the upper bound be extremely large (x, T 00), the attainable return
zZ will also be so large that any required return z will seem to be effortless to obtain, thus the value of minimal
CVaR is almost not impacted. Let us have a look at the threshold b**: when this number is small, the optimal
of the two-constraint problem is very close to the optimal of the one-constraint problem. In the extreme event
that b** = 0, the two problems coincide. With the same upper bound, the higher the required return, the more
adjustment needs to be made on X1 to obtain X1*, thus the larger the b** value. With the same required
return, the higher the upper bound, the less the effort needed in adjusting X7, thus the less the b** value. In
the limiting case, x,, T oo, b** | 0, thus CVaR(X3*) | CVaR(X}).

Figure 1 shows the efficient frontier of a mean-CVaR portfolio selection problem with bankruptcy prohibi-
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tion and upper bound x, = 30, where all the portfolios on the curve are efficient in the sense that the lowest
risk as measured by CVaR is attained at each level of required expected terminal value z. The two dashed
lines are at z = z* = 18.8742 and z = Z = 28.8866. Given the parameters, the minimal CVaR is a constant
for z < z*, and increases as the required z increases for z € (z*, Z] between the dashed lines.

The star positioned at (—x,,z,) = (=11.0517,11.0517), where x, = Xoe"?, is the portfolio that invests
purely in money market account. Comparing to the traditional CML (i.e., capital market line) that shows the
efficient frontier for a mean-variance portfolio selection problem, the pure money market account portfolio is

no longer efficient.

30

251 B

20r b

101 B

-16 35 12 13 12 =) -10
CVaR(X7r)

Figure 1: Efficient Frontier for Mean-CVaR Portfolio Selection

3 Proofs

PrROOF OF LEMMA 2.3. The problem of

z=max E[X] st. EX]=z, z4<X<zy4as
XeF

is equivalent to the Expected Shortfall Problem

Z==—min B[(z, — X)"] st. EX]=x, X>uz4a.s.
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Therefore, the answer is immediate. o

Proor or LEMMA 2.4. Choose z4 < 21 < z2 < z,. Let X1 = x1lp, + x,Ip, where B; =
{w e %(w) > bl} and D; = {w eN: %(w) < bl}. Choose b; such that E[Xl] = x,. This capital

constraint means 1 P(B;) + z,P(D;) = z,. Since P(B;)+ P(D;) =1, P(B,) = =gt and P(D;) = &==21

Toy—x1 "
efine 21 = 1|. Similarly, z9, Xo, By, Do, by corresponds to xo where b; > by an p ) = =L an
Defi E[X] Similarly, zs, Xo, Ba, D2, b pond h b b d P(Bs) 9;722 d

P(Dsy) = ”’Z:’;Z Note that Dy C Dy, By C Bg and D1\D2 = B3\ B;. We have

Tq

21 — 29 = 21 P(B1) + v, P(D1) — 22 P(Bs) — z, P(D3)
= (¥4 — 22)P(B2\B1) — (22 — 1) P(Bh)

= (2 — 22)P (b2 < () < b1> — (22— x1)P (j—ﬁ(w) > bl)

— (2 — 32) /{b2<gf§,<w><b1} 92 (0)dP(w) — (25 — 1) /{dﬁ, \ 92 ()dP(w)

ap (W)=b

> (xu - x?)%p(32\31) - (3?2 - xl)bl

1 [y —xr Ty — X 1 2y —x,
= (Ty — — — — — =0.
(= xz)b1 (mu — Ty Ty — :v1> (w2 = 1)

For any given € > 0, choose o — 1 < €, then

21 — 29 = (mu — .’1?1)P<B2\Bl) — (:172 — .rl)P(Bg)

< (vy — x1)P(B2\B1)
< (@u— ) (mu — T Ty —:cr)

Loy — T2 Ty — L1

< (w2 — 21) (20 — 27)

< <xp—1x1 <€
Ty — T2

Therefore, z decreases continuously as x increases when x € [z4,z,]. When © = x4, z = Z from Definition
2.2. When z = z,, X = z, and z = E[X]| = z,. Similarly, we can show that z increases continuously from
T, to Z as x increases from x, to x,,. o

Lemma 2.6 and Proposition 2.7 are natural logical consequences and their proofs will be skipped.

PrROOF OF LEMMA 2.8. Choose —00 < by < by < b =a < ay < a; < oo. Let configuration

X1 = z4qla, + 2lp, + z,Ip, correspond to the pair (aj,by) where Ay = {w eN: %(w) > al} , B, =
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{w eN:bh < %(u}) < al} ,D, = {w e %(u}) < bl}. Similarly, let configuration Xy = x4la, +2lp, +
2,1 p, correspond to the pair (ag,bs). Define z; = E[X;] and z2 = E[X3]. Since both X; and X5 satisfy the

capital constraint, we have
24P(A1) + 2P(By) + ©,P(Dy) = z, = 2qP(A) + £ P(Bs) + 2, P(Dy).

This simplifies to the equation

o
el

(11) (z — za) P(A2\A1) = (zy — ) P(D2\Dy).

Then

zo — 21 = 24P(A2) + 2 P(B2) + x,P(D3) — 24P(A1) — 2P(B1) — z,P(D1)

= (J?u — J?)P(DQ\Dl) — (a: — xd)P(AQ\Al)

g — VP P(D2\D1)  P(A2\A4)
= (z, )P(D2\Dy) <P(D2\D1) P(Ag\Al)? ~
) J {b1SZ§ r<ta) 4L (y)dPw) [ fone ar . 9L (w)dP(w)
= (=) PDADY P(D\Dy) - PANAY)
> (x4 — x)P(Dy\Dy) (1)12 - (112) > 0.

Suppose the pair (aj,b1) is chosen so that X satisfies the budget constraint E[Xl] = x,. For any given

€ > 0, choose by — by small enough such that P(D2\D;) < —. Now choose ay such that az < a; and

Loy

equation (11) is satisfied. Then X5 also satisfies the budget constraint E [X5] = ., and
29 — 21 = (xy — x)P(D2\D1) — (x — 24)P(A2\A1) < (z, — 2)P(D2\D1) <e.

We conclude that the expected value of the Three-Line configuration decreases continuously as b decreases

and a increases. o

PROOF OF PROPOSITION 2.9. Denote p = %. According to Lemma 2.8, there exists a Three-Line configu-
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ration X = zqlg + 2l + 2, Ip that satisfies the General Constraints:

E[X] =xqP(A) +2P(B) + z,P(D) = z,

E[X]

zqP(A) 4+ 2P(B) 4 z,P(D) = z,.

where
A={weQ: plw)>a}, B:{wEQ:ESp(W)Sd}, D:{weQ:p(w)<13}.

As standard for convex optimization problems, if we can find a pair of Lagrange multipliers A > 0 and p € R

such that X is the solution to the minimization problem
(12) inf E[(x — X)* = AX — pupX] = El(z — X)T — A\X — pupX],

XeF, 14g<X<zy

then X is the solution to the constrained problem

Define

Then (12) becomes

inf E|(x—X)* 4 £222X].
XEF, 1g<X<w, a—=b

Choose any X € F where x4 < X < z,,and denote G ={w € Q2 : X(w) >z}and L ={w € Q : X(w) < z}.
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Note that p b >1lonset 4,0 < <1 on set B, ”;72 < 0 on set D. Then the difference

E

—

z
+
@‘)
t><:>

(z - X

I
&=

:(l’fX)H + 2 (HA+HB+]ID)} 7E{(l’f )I[Aer (IdHAJrI]IB JrIuHD)}

|
=

AQ
c-c~>

:( — X + (222 (X — 1) — (2 — xd)) Iy + 220 (X —2)Ip + 222 (X — 2 HD}

>F (x—X)HL+

—~

X —2)I +2 Z(X—x)HB—i-g:g (X —z,)1Ip

=F |(x —X)(Izna+1ras +1ap) + (X —2) Tane + 1anz) + Z—:g (X —2)Ip + Z—:g (X — a:u)]ID}

= B |(2 = X) (Iznp +Lnp) + (X = 2) Lina + 255 (X — ) Ip + £ (X - 2,) Ip]

=F {(CC —X)(Izng +1ap) + (X —2) a0 + Z:Z (X —2)(Ipng +1pnL) + % (X — ) (Ipna + HDOL)}

:E:(x—X) (1——)H30L+( X+%(X_xu))HDﬂL+(X—$)HAmG

+228 (X — @) Ipng + 2= (X = 2) Ipng 2 0.

The last inequality holds because each term inside the expectation is greater than or equal to zero. o

Theorem 2.10 is a direct consequence of Lemma 2.6, Proposition 2.7, and Proposition 2.9.

PRrROOF OF LEMMA 2.13. The convexity of v(z) is a simple consequence of its definition (4). Real-valued

convex functions on R are continuous on its interior of the domain, so v(x) is continuous on R. o

PROOF OF PROPOSITION 2.14. Obviously, Case 2 dominates Case 1 in the sense that its minimum is

lower. In Case 3, by the continuity of v(x), we have

1 . 1
X( inf )((x —xq4)P(A;) — ) < X ((x21 — 2q)P(As.,) — A1) = —T21.

The last equality comes from the fact P(A,.,) = 0: As in Lemma 2.8, we know that when x = x,1, the Three-

Line configuration X = x4l4 + zlp 4+ x,Ip degenerates to the Two-Line configuration X = z,11p + z,Ip
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where a,,, = 0co. Therefore, Case 3 dominates Case 2. In Case 5,

inf (v(z)—Az) =

1 _ i )
X fee) inf (2= 2a) P(A) + (& = 2) P(B) = \a)

[ ,00

inf (1= Az —24P(4) ~2,P(B))

[Zy,00

I
A i R B B e
—~
—~
[a—y
|

Nz, — 2¢P(A) — 2, P(B))

(x4 — xa) P(A) — Azy)

Y

inf ((z—zq)P(Ay) — Az).

[222,%4]

Therefore, Case 4 dominates Case 5. When z € [z,2,x,] and esssup % > %, Theorem 2.10 and Theorem

2.11 imply that the infimum in Case 4 is achieved either by X or X*. Since we restrict z € (2*, z] where
z* = Z by Definition 2.12 in the first case, we need not consider this case in the current proposition. In the
second case, Lemma 2.4 implies that x* < z,o (because z > z*). By the convexity of v(z), and then the

continuity of v(z),

1 . 1
X [xmi | ((x —zq)P(Az) — Ax) = X (22 — 2q)P(As.,) — A222)
1
> 3 inf : ((x —xq)P(Az) — A\x).

Therefore, Case 3 dominates Case 4. We have shown that Case 3 actually provides the globally infimum:

EIX(2)] = 2aP(A,) + 2P(B,) + 2, P(D) = v,
and the definition for sets A,, B, and D, are

Aw:{weﬂ : %(w)>aw}, Bw:{weﬂ : ba:S%(w)gaaj}, Dw:{wEQ : %(w)<bw}.
Note that v(z) = (z — 24)P(As) (see Theorem 2.10). Since P(A,) + P(B,) + P(D,) = 1 and P(A,) +
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P(B;) + P(D,) = 1, we rewrite the capital and return constraints as

x—z=(v—aq)P(Az) + (z — z,)P(D,),

z—x, = (x —xq)P(Ay) + (z — z,) P(Dy).

Differentiating both sides with respect to x, we get

P(B.) = (¢ — a0 T 4 (o g TED)
P(B,) = ( —xd)dpcgf””) (x— u)dpéfx)
Since
dP(A,) _ dP(A)  dP(D,) _, dP(D.)
de " dg de " dx
we get
dr ~ (z—x4)(a—b) "
Therefore,

(o) — Ao = P4 + (2 - 2 ELA) _

a—b

= P(A;) + -\

When the above derivative is zero, we arrive to the first order Euler condition

P(Ay) + ==

A=

To be precise, the above differentiation should be replaced by left-hand and right-hand derivatives as detailed
in the Proof for Corollary 2.8 in Li and Xu [8]. But the first order Euler condition will turn out to be the
same because we have assumed that the Radon-Nikodym derivative % has continuous distribution.

To finish this proof, we need to show that there exists an « € (x.1,2.2) where the first order Euler

condition is satisfied. From Lemma 2.8, we know that as x \| z,1, a, /" 0o, and P(A;) \, 0. Therefore,

lim (v(z) —Az) = -\ < 0.
TN\Zz1
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Asx / w9, by \\ 0, and P(D,) \, 0. Therefore,

P(AC
m () = Ae) = PArs) - () -t

This derivative coincides with the derivative of the value function of the Two-Line configuration that is
optimal on the interval z € [z,2,x,] provided in Theorem 2.10 (see Proof for Corollary 2.8 in Li and Xu [8]).
Again when x € [z,9,,] and esssup % > %, Theorem 2.10 and Theorem 2.11 imply that the infimum of
v(x) — Az is achieved either by X or X*. Since we restrict z € (2*, 2] where 2* = z by Definition 2.12 in the
first case, we need not consider this case in the current proposition. In the second case, Lemma 2.4 implies

that z* < x5 (because z > z*). This in turn implies

P(AS,)

P(A,.,) - —-A<0.

Az,

We have just shown that there exist some x** € (.1, 2.2) such that (v(z) — Ax)’|z—z+» = 0. By the convexity

of v(z) — Az, this is the point where it obtains the minimum value. Now

CVaR(X*™) = — (v(z™) — Az™)

Sl >

(& — 2q) P(A™) — Az*).

PRrROOF OF THEOREM 2.15. Case 3 and 4 are already proved in Theorem 2.11 and Proposition 2.14. In Case
1 where esssup g—i < % and z = x,, X = x, is both feasible and optimal by Theorem 2.11. In Case 2, fix
arbitrary e > 0. We will look for a Two-Line solution X, = z.l4, + alp, with the right parameters ac, ., a.

which satisfies both the capital constraint and return constraint:

(13) E[X] = 2.P(A) + a.P(B.) = =,
(14) E[XE] = IEP(AE) + Oéep(Be) = T,
where

Aez{weﬁz%(w)>ag}, BGZ{WEQZ%(C‘))SGE}v

25



and produces a CVaR level close to the lower bound:

CVaR(X.) < CVaR(z,)+ €= —x, +e

First, we choose z. = z, — ¢. To find the remaining two parameters a. and a. so that equations (13) and

(14) are satisfies, we note

x.P(Ae) + 2. P(Be) = zy,

. P(Ae) + 2. P(Be) = xp,

and conclude that it is equivalent to find a pair of a. and a. such that the following two equalities are

satisfied:

*EP(Ae) + (Oée - xr)P(Be) =7,

—eP(A,) + (ae — z,)P(B.) =0,

where we denote v = z — x,.. If we can find a solution a. to the equation

P(B.
(15) ) _ <
P(B.)) ~v+e
then
P(A)
Qe = Tp + = €,
P(B.)
and we have the solutions for equations (13) and (14). It is not difficult to prove that the fraction ﬁggg
increases continuously from 0 to 1 as a increases from 0 to % Therefore, we can find a solution a. € (0, %)

where (15) is satisfied. By definition (3),

OVaRA(X,) = 1 inf (Bl(x — X.)*] = Az) < ¢ (E(ze — X)] - Aze) = —a.

A z€

> =

The difference
CVaR)\(X.) — CVaR(z,) < —Zc+ 2, = €.

Under Assumption 1.1, the solution in Case 2 is almost surely unique, the result is proved. o
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PRrROOF OF THEOREM 2.17. Case 1 and 3 are obviously true in light of Theorem 2.16. The proof for Case 2
is similar to that in the Proof of Theorem 2.15, so we will not repeat it here. Since E[X*] = z* < z in case
4, CVaR(X*) is only a lower bound in this case. We first show that it is the true infimum obtained in Case
4. Fix arbitrary € > 0. We will look for a Three-Line solution X, = xqla, + zlp, + alp, with the right

parameters ae, be, T, a. which satisfies the general constraints:

(16) E[X.] =z4P(A) + 2. P(B.) + a.P(D.) = z,
(17) E[X.] = 24P(A.) 4+ 2.P(B.) + o P(D,) = x,,
where

Aez{weQ : %(w)>ae}, Bez{weQ : bsg%(w)gae}, Dez{wEQ : %(w)<b6},
and produces a CVaR level close to the lower bound:
CVaR(X.) < CVaR(X™) +e.

First, we choose a, = a*, Ac = A*, . = 2* — 0, where we define § = ﬁ(m)e. To find the remaining two

parameters b. and a. so that equations (16) and (17) are satisfies, we note

E[X*] = 24P(A*) + 2" P(B*) = 2",

E[X*] = 24P(A*) 4+ 2*P(B*) = z,,
and conclude that it is equivalent to find a pair of b, and a. such that the following two equalities are satisfied:

—0(P(B") = P(Dc)) + (o —2")P(Dc) = v,

~8(P(B*) = P(D)) + (@ —a*)P(De) = 0,

where we denote v = z — z*. If we can find a solution b, to the equation

(18) = ;
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then

and we have the solutions for equations (16) and (17). It is not difficult to prove that the fraction %
increases continuously from 0 to igg:; as b increases from 0 to a*. Therefore, we can find a solution

be € (0,a*) where (18) is satisfied. By definition (3),

CVaRy(X.) = % inf (Bl(z — X)*] - \a)
< 3 (Bl(ee — X)) - Aa)
= $re— 2 P(A) e
The difference
CVaRy(X.) — CVaR(X") < %(xs 2 P(A) — @ — %(m* 2 P(AT) 4 2
= S~ m)(P(A) — P(A)) + <1 - P(AAE)> (" —x) = .

Under Assumption 1.1, the solution in Case 4 is almost surely unique, the result is proved. o

4 Future Work

In Assumption 1.1, we require the Radon-Nikodym derivative to have continuous distribution. When this
assumption is weakened, the results should still hold, albeit in a more complicated form. The out come
resembles in the form of results obtained in Li and Xu [8]. It will also be very interesting to extend this result

for CVaR minimization to minimizing Law-Invariant Risk Measures in general.
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