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Abstract: We look at the problem of how to Þnd a dynamic optimal portfolio so that the

Conditional Value-at-Risk (CVaR) is minimized under the condition where the returns are

bounded. CVaR is a coherent risk measurebasedon the popular VaR. In a complete market

setting, we derive the exact optimal conditions. Then we provide applications in two classic

completemarket models: the Binomial model and the Black-Scholesmodel. In thesecases,

the proceduresto Þndthe optimal strategiesaregivenwith exact formulas. Numerical results

show, as expected,dynamic portfolio provide much lower CVaR risk than static portfolios.

1. Intr oduction

Portfolio optimization hasbeena classictopic in Þnancial theory sinceMarkowitzÕsground-

breaking work [12] in 1952. His choice of variance as the risk measureof a portfolio is no

longeradequatefor todayÕsrisk management practice. Onepopular risk measurein practice,

1The work of Mingxin Xu is supported by National Science Foundation under the grant SES-0518869 and
John H. Biggs Faculty Fellowship. We thank Lloyd Blenman and Roger Lee for helpful comments.
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Þrst proposedby J.P.Morgan in RiskMetrics system, is Value-at-Risk (VaR) that has been

adopted by BASEL II as a measurefor market risk. VaR is well known as the loss level

that will not be exceededwith a certain conÞdencelevel during a certain period of time.

Basedon the quantile of a portfolio, VaR is a threshold and doesnot give information about

the losssizewhen it exceedsVaR. In addition, VaR in generaldoesnot possesssubadditive

property, in contrast to the usual Þnancial theory that diversiÞcation reducesrisk. From

an implementation perspective, portfolio optimization with respect to VaR leads to non-

smooth results becauseof the discontinuous nature of the quantiles. Thus as a frequent

reporting measureof market risk exposure,potential large changeof value in VaR during a

very short period of time is not a desirableproperty for Þnancialstabilit y. Recent research in

the areaof mathematical Þnance,as for the economictheory of utilit y functions, developed

an axiomatic approach for risk measure.With the axioms of coherenceparallel to those of

rational investors,Artzner et al. [3] and [4] Þrst proposedcoherent risk measuresand derived

their representation theorems.Conditional Value-at-Risk (CVaR), sometimescalledShortfall

Risk, is a distribution-based coherent risk measureÞrst studied by Rockafellar and Uryasev

[14] and Acerbi and Tasche [1]. It is known as the expected lossduring a certain period of

time, conditional that the loss is greater than a loss threshold corresponding to a certain

conÞdencelevel. CVaR is a vast improvement over VaR in producing smooth portfolio

optimization results. The wide use of VaR and the advantage of CVaR have lead many

Þnancialinstitutions to considersupplementing VaR with CVaR for internal risk control.

Numerical implementation of an optimization problem with quantile-based constraints

instead of variance does not have to be easy. A major contribution of Rockafellar and

Uryasev[14] is that they found an equivalent formula for CVaR as a convex function, thus

openingthe door for convex programmingmethods. UsingMonte-Carlo simulation for a one-

time step model with multiple assets,they formulated the portfolio optimization problem

into a linear programming problem which can be e!cien tly implemented with standard

programming software.
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The contribution of our paper is to work out the portfolio optimization problem with

dynamic trading strategies (including both continuous-time and multi-p eriod models) in

closed-formsolutionsfor completemarket models. In the classicsetup of portfolio optimiza-

tion, expected returns are maximized given limits on the risk of the portfolio. It can be

made formal with sometechnical conditions that the above problem is equivalent to mini-

mizing the risk of the portfolio given requirements for its return. Our setupwill focuson the

later approach, which focuseson risk minimization as the objective. An attempt to employ

the dynamic programming method for multi-p eriod models was made by Ruszczy«nski and

Shapiro [18], whoseapproach is to modify the risk measureCVaR into a dynamic version

Òconditional risk mappingsfor CVaRÓ.In this paper, we will keepthe original measureof

CVaR at a Þxedtime horizon, and let the portfol io composition adjusts dynamically. This is

similar to maximizing expectedutilit y on the outcomesof a dynamic portfolio. Ruszczy«nski

and ShapiroÕschoice of optimizing Òconditionalrisk mappingsfor CVaRÓat each time pe-

riod yields very di"erent results than ours, wherewe optimize CVaR of the Þnal wealth of a

dynamic portfolio. Our solution will anchor on duality methods basedon risk neutral mea-

sures,similar to thoseemployed in option pricing and utilit y maximization problems. This

martingale approach is well-studied in recent mathematical Þnanceresearch partly because

it allows Þnding solutions to a wider rangesof problems which doesnot possessMarkovian

property and thus do not meet dynamic programming principles.

Section 2 establishs the general risk minimization problem and provides the solution.

Section3 details the solutions to two popular completemarket models: the Binomial model

and the Black-Scholesmodel. Section4 providesnumericalexamplesandSection 5 concludes.

2. Dynamic Por tf olio Optimiza tion and Hedging with CVaR

All results in this section work for multi-dimensional market models. In an attempt to

keep them simple without using vector or matrix notation, we will present the results in

a one-dimensionalcasewhere there is a single risky asset. Let us considera self-Þnancing
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portfolio consistingof investments in a moneymarket account and a stock account. Assume

the money market account earns a risk-free rate r and the stock price St is an adapted

processon a Þltered probability space(# , F , (F t )t≥0, P ) that satisÞesthe usual conditions.

It is standard for continuous time models, such as the Black-Scholesmodel, to write down

the dynamicsof a self-Þnancingportfol io Xt as

dXt = ξtdSt + r(Xt ! ξtSt )dt,

whereξt is the number of sharesof stocks held at time t. The riskinessof the return of this

portfolio will be measuredby CVaR, sometimes call Expected Shortfall. A good reference

for CVaR is in the book written by F¬ollmer and Schied [9] whereCVaR is givena third name

AverageVaR. We deÞneVaR of a random variable Z with Þnite expectation at level λ to be

V aR! (Z) = inf{ m | P (Z + m < 0) " λ } , λ # (0, 1).

From the risk management perspective, it can be viewed as the smallest capital reserve

added to a Þnancial position Z for it to be admissible: the probability of the combined

position to be negative doesnot exceedlevel λ. Mathematically, it is the negative value of

a λ-quantile of Z. CVaR is deÞnedas a simple averageof VaR

(1) CV aR! (Z) =
1
λ

∫ !

0

V aR" (Z)dγ, λ # (0, 1).

With this deÞnition, it is easyto seewhy CVaR is di"erent from VaR: it is smooth with

respect to the changeof the conÞdencelevel λ. To relate to the deÞnition of expectation on

the tail as stated in the Introduction Section,we have to be a little careful when we write

down the equivalent form of (1) for the casewhen the probabilit y space hasatoms

CV aR! (Z) = !
1
λ

(
E[Z1{Z <q λ}] + q! (λ ! P (Z < q! ))

)
, q! = ! V aR! (Z).
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The question is how we should trade the sharesthroughout a Þnite holding period [0, T ]

so that we can achieve minimal risk at time T , while keepingthe return within acceptable

range?Mathematically, we want to Þnd the optimal investment strategy with initial capital

X0 = x:

ξ∗t = arginf
#t

CV aR! (XT ),(2)

subject to xd " Xt " xu, for all t # [0, T ].

The constants satisfy !$ < xd < x < xu " $ . When xu = $ , there is practically no

upper bound for Xt at any given time t, but we will not have the situation P (XT = $ ) > 0

becausewe will exclude arbitrage in Assumption 2.1. (2) is equivalent to the problem of

minimizing CVaR on the return RT

ξ∗t = arginf
#t

CV aR! (RT ),

subject to rd " Rt " ru, for all t # [0, T ],

whether it be percentagereturn RT = X T−X 0
X 0

or log return RT = ln X T
X 0

becausewe only need

to identify the one-to-onecorrespondencebetween the quantiles of XT and RT . A more

noted di"erence here from a classicsetup is that we require the returns to be boundedby

two constants rd and ru and we are not putting constraints on the expected returns. Even

when the expectedreturn is high enough,a particular realized return still have a chanceto

turn out to be very low. We are requiring the realizedreturn to be above rd in all casesif

we take ru = $ . Practically, this corresponds to a fund with a guaranteed return.

The samequestion can be asked for a discrete time trading model whereadjustments of

the portfolio take placeat 0 = t0 < t1 < ... < tN = T , and the self-Þnancingportfolio is

Xtn+1 = ξtnStn+1 + (Xtn ! ξtnStn)(1 + r(tn+1 ! tn)) .
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Sincethe discretetime trading model can be viewed asa special caseof the continuoustime

trading model wherethe stock price and the investment strategy areheld piece-wiseconstant

over time intervals, we will derive all the theoremsin the continuoustime model, which can

be readily applied to discretetime models.

When we have an existing portfolio Ht consistingof investments in securities,we can aska

secondquestionashow to hedgeour risk with a self-Þnancingadmissibleportfolio. Let H be

the randomvariable representing the Þnalvalueof the existing portfolio. It is FT -measurable

sinceH = HT . The optimal hedgingproblem is to solve

ξ∗t = arginf
#t

CV aR! (H + XT ),(3)

subject to xd " Xt " xu, for all t # [0, T ].

Thuswhenwecombinethe original portfolio and the hedgingportfolio, the risk is minimized.

It is straight-forward to seethat if X∗
T is the Þnalwealth of the optimal portfolio for problem

(2), by which we meanthat

min
#t

CV aR! (XT ) = CV aR! (X∗
T ),

then X∗
T ! H is the optimal solution for problem (3) if it is the Þnal wealth of someself-

Þnancingstrategy. In a completemarket model, this is not an issuebecauseall derivatives

can be replicated. Therefore, we will focus on solving problem (2) in a complete market

model in this paper.

As mentioned in Section 1, problem (2) is complicated becausethe objective function

involves quantile function and the corresponding numerical methods will have to involve

ordering the position values. Rockafellar and Uryasev([14] and [15]) found CVaR to be the

Fenchel-Legendredual of expected shortfall where standard convex analysis applies. For

λ # (0, 1), deÞnition (1) is equivalent to

CV aR! (Z) =
1
λ

inf
x∈R

(E[(x ! Z)+] ! λx).
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Now we reformulate problem (2) into a more tractable convex optimization problem

ξ∗t = arginf
#t

1
λ

inf
x∈R

(E[(x ! XT )+] ! λx),(4)

subject to xd " Xt " xu, for all t # [0, T ].

If we let the stock price St be asgeneralasa semimartingale,then the market is complete

when the risk neutral measureis unique. These fundamental theorems are developed in

Delbaenand Schachermayer [5], El Karoui and Quenez[6], Kramkov [11] and F¬ollmer and

Kabanov [7]. DeÞnethe set of risk neutral measuresas

M = { Q % P : S is a local martingale under Q} .

Now we make the main assumption.

Assumption 2.1. S is a semimartingale on the Þltered probability space (# , F , Ft , P ). M

hasa unique element ÷P that is distinct from P .

Under this assumption,the no-arbitrage price of any derivative security H is ÷E[H] where

the expectation is taken under the risk neutral measure ÷P , and a corresponding hedging

strategy can be found when the price is Þnite. Now we are ready to further simplify the

main optimization problem (2).

2.1. Static Formulation of the Dynamic Problem. Let the initia l wealth be X0 = x,

interest rate ber, then the Þnalwealth of a risk freeportfolio is xr = xer T . UnderAssumption

2.1, the spaceof Þnal outcomesof self-Þnancingstrategiesare thoseFT -measurablerandom

variables X such that ÷E[X] = xr . Therefore, the dynamic problem (4) is equivalent to the

static problem

X∗ = arginf
X

1
λ

inf
x∈R

(E[(x ! X)+] ! λx),(5)

subject to ÷E[X] = xr , xd " X " xu.
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Let X∗
T = X∗, then X∗

T is the Þnal value of the optimal portfolio for problem (2):

CV aR! (X∗
T ) = inf

#t

CV aR! (XT ) = inf
X

1
λ

inf
x∈R

(E[(x ! X)+] ! λx) =
1
λ

inf
x∈R

(E[(x ! X∗)+] ! λx).

Martingale representation theorem applied to X∗
t = ÷E[X∗

T |F t ] will produce the optimal

hedgingstrategy ξ∗t for problem (2). Problem (5) is intr insically much simpler than problem

(2) becauseit looks for an optimal random variable X∗ with convex objective function.

The above simpliÞcation stepswe have taken is basedon classicduality theory (martingale

approach) in mathematical Þnance.By duality, wemeanthere aretwo important spaces:the

primal spaceconsistingof dynamicsof self-Þnancingportfolios and the dual spaceconsisting

of risk neutral measures.The optimization problem in the primal space is translated into

an optimization problem in the dual space,wherea solution is always easierto obtain in a

completemarket sincethe dual spaceconsistsof a singleton.

2.2. Solution to the Static Formulation. After rewriting the above static problem (5)

by interchanging the order of inÞmum:

inf
#t

CV aR! (XT ) =
1
λ

inf
x∈R

(
inf
X

E[(x ! X)+] ! λx
)

(6)

subject to ÷E[X] = xr , xd " X " xu,

where the constants satisfy !$ < xd < xr < xu " $ , we arrive at the Þnal form of the

main optimization problem (2) wherewe provide a direct solution in two steps:

Step 1: Minimization of ExpectedShortfall

v(x) = inf
X

E[(x ! X)+]

subject to ÷E[X] = xr , xd " X " xu,

Step 2: Minimization of CVaR

inf
#t

CV aR! (XT ) =
1
λ

inf
x∈R

(v(x) ! λx).
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Schied [19] solved a general law invariant risk minimization problem of the type (6). We

solve the CVaR minimization with the above two-stepapproach wherewe do not require the

probability spaceto be atomlessso the tree models are included. We also allow the upper

bound to be inÞnity so there is no cap for how large the wealth can possibly be. We give

explicit computation methods for the Black-Scholesand Binomial models in Section3.

The solution for Expected Shortfall Minimization is studied in a semimartingalemodel

in F¬ollmer and Leukert [8] and Xu [21]. Apply Proposition 4.1 in [8] to the above shortfall

problem, we get the following result.

Theorem 2.2 (Solution to Expected Shortfall Minimization Problem). For any constant

a, deÞnesets based on the size of the Radon Nikod«ym derivative between the risk neutral

probability measure ÷P and the physical probability measure P : A =
{

ω # # : dP̃
dP (ω) > a

}
,

B =
{

ω # # : dP̃
dP (ω) < a

}
, and C =

{
ω # # : dP̃

dP (ω) = a
}

. The optimal solutions X∗ and

the corresponding value function v(x) to the Expected Shortfal l Minimization Problem in

Step 1 are given as the following:

Case 1: x " xd:

X∗ = any random variable X with valuesin [xd, xu] satisfying ÷E[X∗] = xr .

v(x) = 0.

Case 2: xd " x " xr < xu:

X∗ = any random variable X with valuesin [x, xu] satisfying ÷E[X∗] = xr .

v(x) = 0.

Case 3: xd < xr " x " xu:

X∗ = xdIAx + kxICx + xIB x, where setsAx , Bx , Cx are decided by levelax deÞned as

ax = sup
{

a : ÷P (B) "
xr ! xd

x ! xd

}
,

and kx is chosenso that the constraint

xr = ÷E[X∗] = xd
÷P (Ax ) + kx

÷P (Cx ) + x ÷P (Bx )
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is satisÞed, i.e.,

kx =
xr ! xd

÷P (Ax ) ! x ÷P (Bx )
÷P (Cx )

I{P̃ (Cx)> 0}.

v(x) = (x ! xd)P (Ax ) + (x ! kx )P (Cx ).

Case 4: x & xu (when xu < $ ):

X∗ = xdIAu + kuICu + xuIB u , where Au, Bu, Cu are decided by levelau deÞned as

au = sup
{

a : ÷P (B) "
xr ! xd

xu ! xd

}
,

and ku is chosenso that the constraint

xr = ÷E[X∗] = xd
÷P (Au) + ku

÷P (Cu) + xu
÷P (Bu)

is satisÞed, i.e.,

ku =
xr ! xd

÷P (Au) ! xu
÷P (Bu)

÷P (Cu)
I{P̃ (Cu)> 0}.

v(x) = (x ! xd)P (Au) + (x ! ku)P (Cu) + (x ! xu)P (Bu).

Remark 2.3. Notice that the numbers a, x, k and sets A, B, C are all related. We call

the collection xu, au, ku and Au, Bu, Cu that corresponds to xu the Ôu-systemÕ.Later in the

paper we wil l also have Ôr-systemÕand Ôstar-systemÕ.We reserve the non-indexed system

x, a, k and A, B, C for general deÞnitions,and we useax , kx and Ax , Bx , Cx to describe a

systemfor Þxed x.

Remark 2.4. The global minimum for function v(x) is 0. For the Þrst two caseswhere

x " xr , the minimal value of 0 can be easily achieved by an admissible X∗ & x, including

the special exampleof X∗ ' xr that naturally satisÞesthe constraint of ÷E[X∗] = xr . For the

latter two caseswhere x > xr , the solution comesfrom Neyman-Pearson Lemma. A part of

the X∗ shouldbe as large as possibleto minimize v(x) on the good set ÔBÕ,while the other

part shouldbe taken at the lower bound to o!set this large number so that the risk-neutral
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expectation of X∗ is guaranteed to stay at xr .

In Case 3, we can equivalently deÞneax as

ax = sup
{

a : ÷P (A) &
x ! xr

x ! xd

}
,

becausefor Þxed x level,Ax is the smallest set satisfying ÷P (Ax ) & x−xr
x−xd

, and Bx is the largest

setsatisfying ÷P (Bx ) " xr−xd
x−xd

. When there is point massat ax , setCx hasnon-zero probability

and kx hasto be chosento satisfy the constraint of ÷E[X∗] = xr . When there is no point mass

at ax , set Cx has zero probability under both physical and risk-neutral probability measures,

and we haveexact equalities ÷P (Ax ) = x−xr
x−xd

and ÷P (Bx ) = xr−xd
x−xd

. Note that the setsA, B, C

and the number k in Case 3 are functions of x, while in Case 4 they are not.

Remark 2.5. To useTheorem 2.2 to solvethe CVaR Minimization Problemin Step 2, we

need to Þnd the global minimum amongfour caseswhenxu < $ :

1
λ

inf
x≤xd

(v(x) ! λx) =
1
λ

inf
x≤xd

(0 ! λx) = ! xd,

1
λ

inf
xd≤x≤xr

(v(x) ! λx) =
1
λ

inf
xd≤x≤xr

(0 ! λx) = ! xr " ! xd,

1
λ

inf
xr≤x≤xu

(v(x) ! λx) =
1
λ

inf
xr≤x≤xu

(
(x ! xd)P (Ax ) + (x ! kx )P (Cx ) ! λx

)
,

1
λ

inf
x≥xu

(v(x) ! λx) =
1
λ

inf
x≥xu

(
(x ! xd)P (Au) + (x ! ku)P (Cu) + (x ! xu)P (Bu) ! λx

)
.

When xu = $ , only the Þrst three casesneed to be considered. We rewrite the third caseas

1
λ

inf
xr≤x≤xu

(v(x) ! λx) =
1
λ

inf
xr≤x≤xu

((x ! xd)P (Ax ) + (x ! kx )P (Cx ) ! λx)

= ! xr +
1
λ

inf
xr≤x≤xu

((x ! xd)P (Ax ) + (x ! kx )P (Cx ) ! λx + λxr )

= ! xr +
1
λ

inf
xr≤x≤xu

((x ! xd)(P (Ax ) ! λ ÷P (Ax )) + (x ! kx )(P (Cx ) ! λ ÷P (Cx )))

= ! xr +
1
λ

inf
xr≤x≤xu

h(x)
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where we deÞne

h(x) = (x ! xd)(P (Ax ) ! λ ÷P (Ax )) + (x ! kx )(P (Cx ) ! λ ÷P (Cx )) ,

and solvethe problem

(7) inf
xr≤x≤xu

h(x)

in Lemma 2.6. In case four when we have xu < $ , the minimization is simpler because

Au, Bu, Cu and ku are ir relevant to x. The function is linear in x with positive slope so the

minimum is obtained at x = xu:

1
λ

inf
x≥xu

(
(x ! xd)P (Au) + (x ! ku)P (Cu) + (x ! xu)P (Bu) ! λx

)

=
1
λ

(
(xu ! xd)P (Au) + (xu ! ku)P (Cu) ! λxu

)

&
1
λ

inf
xr≤x≤xu

(
(x ! xd)P (Ax ) + (x ! kx )P (Cx ) ! λx

)
.

We haveshownhere that the minimum obtained in the fourth casewil l not providethe global

minimum becauseit is dominated by the result from the third case. Note that the solutions

for the Þrst two casesare simple where we observe the second casedominatesthe Þrst case.

It is easy to see that case two is also dominated by case three becauseit coincides with the

result in case three when x = xr . Therefore, once we solve (7) in Lemma 2.6, we arrive

naturally at the result of Step 2 in Theorem 2.10.

Lemma 2.6. Recall from Theorem 2.2, setsA, B, C are deÞned according to the number a,

namelyA =
{

ω # # : dP̃
dP (ω) > a

}
, B =

{
ω # # : dP̃

dP (ω) < a
}

, andC =
{

ω # # : dP̃
dP (ω) = a

}
.

Also recall for any Þxed x, we deÞne

ax = sup
{

a : ÷P (B) "
xr ! xd

x ! xd

}
, kx =

xr ! xd
÷P (Ax ) ! x ÷P (Bx )

÷P (Cx )
I{P̃ (Cx)> 0},
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where the setsAx , Bx and Cx are related to x as Ax =
{

ω # # : dP̃
dP (ω) > ax

}
, etc. Denote

the parameters au, ku, Au, Bu, Cu corresponding to x = xu as the Ôu-systemÕ;parameters

ar , kr , Ar , Br , Cr corresponding to x = xr as the Ôr-systemÕ,parameters a∗, k∗, A∗, B∗, C∗

corresponding to x = x∗ as the Ôstar-systemÕ.The solution to the minimization problem

inf
xr≤x≤xu

h(x),

where

h(x) = (x ! xd)(P (Ax ) ! λ ÷P (Ax )) + (x ! kx )(P (Cx ) ! λ ÷P (Cx )) ,

is

¥ If dP̃
dP " 1

! , P ! a.s., then the minimum is achieved by the Ôr-systemÕand

inf
xr≤x≤xu

h(x) = h(xr ) = 0.

¥ Otherwise, if 1
au

" ! −P (Au)

1−P̃ (Au)
, then the minimum is achieved by the Ôu-systemÕand

inf
xr≤x≤xu

h(x) = h(xu).

If 1
au

> ! −P (Au)

1−P̃ (Au)
, then the minimum is achieved by the Ôstar-systemÕand

inf
xr≤x≤xu

h(x) = h(x∗) = (x∗ ! xd)(P (A∗) ! λ ÷P (A∗)) .

Herea∗ = sup
{

a : 1
a & ! −P (A )

1−P̃ (A )

}
, A∗ =

{
ω # # : dP̃

dP (ω) > a∗
}

, k∗ = x∗ = xr−xdP̃ (A∗)
1−P̃ (A∗)

,

are the parameters that deÞnesthe Ôstar-systemÕ.

Remark 2.7. The Ôr-systemÕcorrespondsto parameters: ar = esssup dP̃
dP , ÷P (Br ) = P (Br ) =

1, ÷P (Ar ) = ÷P (Cr ) = 0, and kr = 0. When xu < $ , the deÞnition for the Ôu-systemÕ

is straightforward. When xu = $ , the Ôu-systemÕcorresponds to the set of parameters

satisfying au = essinf dP̃
dP , ÷P (B) = P (B) = 0, ÷P (A) + ÷P (C) = 1. With this deÞnition, we do

not need to di!er entiate the casesof xu < $ and xu = $ in the abovelemma. In particular,
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whenxu = $ , 1
au

> ! −P (Au)

1−P̃ (Au)
is automatically satisÞed under the condition P ( dP̃

dP > 1
! ) > 0

thus the optimal is alwaysachieved by the Ôstar-systemÕ.

Corollary 2.8. In the casewhere the probability space is atomlessand the Radon Nikod«ym

derivative dP̃
dP (ω) has continuous distribution, we have ÷P (C) = P (C) = 0 and ÷P (B) =

1! ÷P (A), sosetC will becomeir relavant. The deÞnitionax = sup
{

a : ÷P (B) " xr−xd
x−xd

}
yields

the precise equalities ÷P (Ax ) = x−xr
x−xd

and ÷P (Bx ) = xr−xd
x−xd

. The solution to the minimization

problem

inf
xr≤x≤xu

h(x)

where

h(x) = (x ! xd)(P (Ax ) ! λ ÷P (Ax ))

is

¥ If dP̃
dP " 1

! , P ! a.s., then the minimum is achieved by the Ôr-systemÕand

inf
xr≤x≤xu

h(x) = h(xr ) = 0.

¥ Otherwise, if 1
au

" ! −P (Au)

1−P̃ (Au)
, then the minimum is achieved by the Ôu-systemÕand

inf
xr≤x≤xu

h(x) = h(xu).

If 1
au

> ! −P (Au)

1−P̃ (Au)
, then the minimum is achieved by the Ôstar-systemÕand

inf
xr≤x≤xu

h(x) = h(x∗),

where x∗ = xr−xdP̃ (A∗)
1−P̃ (A∗)

and A∗ =
{

ω # # : dP̃
dP (ω) > a∗

}
satisÞes 1

a∗ = ! −P (A∗)
1−P̃ (A∗)

.

Remark 2.9. Recall from the deÞnitions in Remark 2.7, when xu = $ , the Ôu-systemÕ

corresponds to the set of parameters satisfying au = essinf dP̃
dP , ÷P (B) = P (B) = 0, ÷P (A) =

P (A) = 1. As in Lemma 2.6, we do not need to di!er entiate the casesof xu < $ and

xu = $ in the above corollary. In particular, whenxu = $ , 1
au

> ! −P (Au)

1−P̃ (Au)
is automatically
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satisÞed under the condition P ( dP̃
dP > 1

! ) > 0 thus the optimal is always achieved by the

Ôstar-systemÕ.

Proof for Corollary 2.8. Let us Þrst prove Corollary 2.8 in the continuousdistribution case.

Suppose dP̃
dP " 1

! , P ! a.s. Then for any x # [xr , xu],

÷P (Ax ) =
∫

Ax

d ÷P
dP

(ω)dP (ω) "
1
λ

P (Ax ).

Thus h(x) = (x ! xd)(P (Ax ) ! λ ÷P (Ax )) & 0. When x = xr , ÷P (Br ) = xr−xd
xr−xd

= 1 and

P (Ar ) = ÷P (Ar ) = 0, thereforeh(xr ) = 0. We conclude,

inf
xr≤x≤xu

h(x) = h(xr ) = 0.

Now supposeP ( dP̃
dP > 1

! ) > 0. Notice that when dP̃
dP hasa continuousdistribution, we have

the exact equalities ÷P (Ax ) = x−xr
x−xd

and ÷P (Bx ) = xr−xd
x−xd

, and we observe the following:

¥ Ax increasesasx increases;ax decreasesasx increases.

DeÞnefunction f (x) = x−xr
x−xd

. We seethat f (x) is an increasingfunction sincef ′(x) =

xr−xd
(x−xd)2 > 0. Notice that the probabilit y function ÷P (Ax ) is an increasingfunction of

Ax , so x () f (x) () ÷P (Ax ) () Ax ( . In this special casewhere the Radon-

Nikod«ym derivative dP̃
dP (ω) hascontinuousdistribution but could skip values,ax is a

decreasingfunction of x whereat times it can jump downward.

¥ ÷P (Ar ) = 0 and

÷P (Au) =






xu−xr
xu−xd

, xu < $ ,

1, xu = $ .

SeeRemark 2.7 and note ÷P (C) = 0 in this case.

¥ dP̃ (Ax)
dx = xr−xd

(x−xd)2 ; D−P (Ax ) = 1
ax−

dP̃ (Ax)
dx , D+P (Ax ) = 1

ax+

dP̃ (Ax)
dx .

Use the deÞnition of f (x), dP̃ (Ax)
dx = f ′(x) = xr−xd

(x−xd)2 . Notice that ax may not be a

continuousfunction of x, but the left-hand and right-hand limit ax− and ax+ exist for

all x becauseit is a decreasingfunction. In fact, we have ÷P (ax+ < dP̃
dP (ω) < ax−) = 0,
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seeFig. 1. SinceP and ÷P are equivalent, we also have P (ax+ < dP̃
dP (ω) < ax−) = 0

and P (Ax ) = P ( dP̃
dP (ω) > ax−) = P ( dP̃

dP (ω) > ax+). If we denote the left-hand and

right-hand derivativesas

D−P (Ax ) = lim
$↗0

P (Ax+$) ! P (Ax )
ε

,

D+P (Ax ) = lim
$↘0

P (Ax+$) ! P (Ax )
ε

,

we have

D−P (Ax ) = lim
$↗0

P (Ax+$) ! P (Ax )
ε

= lim
$↗0

E[1Ax+ ε ] ! E[1Ax]
ε

= lim
$↗0

÷E[dP
dP̃

1d ÷P
dP >a x+ ε

] ! ÷E[dP
dP̃

1d ÷P
dP >a x−

]

ε
= lim

$↗0

÷E[dP
dP̃

1
ax−< d ÷P

dP ≤ax+ ε
]

! ε
.

Since

÷E[dP
dP̃

1
ax−< d ÷P

dP ≤ax+ ε
]

! ε
&

1
ax+$

÷E[1
ax−< d ÷P

dP ≤ax+ ε
]

! ε

=
1

ax+$

÷P (Ax+$) ! ÷P (Ax )
ε

*
1

ax−

d ÷P (Ax )
dx

,

and

÷E[dP
dP̃

1
ax−< d ÷P

dP ≤ax+ ε
]

! ε
<

1
ax−

÷E[1
ax−< d ÷P

dP ≤ax+ ε
]

! ε

=
1

ax−

÷P (Ax+$) ! ÷P (Ax )
ε

*
1

ax−

d ÷P (Ax )
dx

,

as ε ( 0. We concludethat the left derivative is

D−P (Ax ) =
1

ax−

d ÷P (Ax )
dx

.

Similarly, the right derivativ e is

D+P (Ax ) =
1

ax+

d ÷P (Ax )
dx

.
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If ax is continuousat x, i.e., ax+ = ax− = ax , then the derivative exists

dP (Ax )
dx

=
1
ax

d ÷P (Ax )
dx

=
xr ! xd

ax (x ! xd)2
.

Now let us turn to the Þrst and secondderivatives of the function we would like to

minimize:

h(x) = (x ! xd)(P (Ax ) ! λ ÷P (Ax )) ,

and show it to be a convex function. On x # (xr , xu), when ax is continuousat x, we have

h′(x) = (P (Ax ) ! λ ÷P (Ax )) + (x ! xd)

(
dP (Ax )

dx
! λ

d ÷P (Ax )
dx

)

=
(

P (Ax ) ! λ
x ! xr

x ! xd

)
+ (x ! xd)

(
xr ! xd

ax (x ! xd)2
! λ

xr ! xd

(x ! xd)2

)

= P (Ax ) ! λ
x ! xr

x ! xd
+

(
1
ax

! λ

)
xr ! xd

x ! xd

= P (Ax ) ! λ +
1
ax

(1 ! ÷P (Ax )) .

When ax is discontinuousat x, we can deÞnethe left- and right-derivatives

D−h(x) = lim
$↗0

h(x + ε) ! h(x)
ε

,

D+h(x) = lim
$↘0

h(x + ε) ! h(x)
ε

.

Similar to the above calculation, we get

D−h(x) = P (Ax ) ! λ +
1

ax−
(1 ! ÷P (Ax )) ,

D+h(x) = P (Ax ) ! λ +
1

ax+
(1 ! ÷P (Ax )) .

When ax is cont inuous at x, ÷P (Ax ) = ÷P ( dP̃
dP (ω) > ax ) = 1 ! ÷P ( dP̃

dP (ω) " ax ) = 1 ! ÷F (ax ),

where ÷F (á) is the cumulative distribution function of the Radon Nikod«ym derivative dP̃
dP .

Since ÷P (Ax ) = x−xr
x−xd

, ÷F (ax ) = xr−xd
x−xd

. We have alsostarted by assumingdP̃
dP hasa continuous
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distribution, therefore the derivative of ÷F (á) exists and is the probability density function

÷f (á). When ax− = ax+, ÷P (Ax ) is strictly increasingas x increases,thus ÷f (ax ) > 0. By

InverseDi"erentiation Theorem, the derivative of ax exists and can be computed as

(ax )′ = !
xr ! xd

÷f (ax )(x ! xd)2
< 0.

By Chain Rule, we know (
1
ax

)′

= !
a′x
a2

x
> 0.

Now we can compute the secondderivative of h(x):

h′′(x) =
dP (Ax )

dx
+

(
1
ax

)′

(1 ! ÷P (Ax )) !
1
ax

d ÷P (Ax )
dx

=
(

1
ax

)′

(1 ! ÷P (Ax )) > 0.

Here 1 ! ÷P (Ax ) = ÷P (Bx ) = xr−xd
x−xd

is strictly positive on the set x # (xr , xu). Clearly, the

secondderivative indicatesthat h′(x) is strictly increasingat thosepoints x # (xr , xu) where

ax is continuous.

When ax is discontinuous,we have

D−h(x) = P (Ax ) ! λ +
1

ax−
(1 ! ÷P (Ax )) < D+h(x) = P (Ax ) ! λ +

1
ax+

(1 ! ÷P (Ax )) .

We recognizethat this is a kink point for h(x). Finally, we concludeh(x) is convex on

(xr , xu).

When xu < $ , it is easyto seethat h(x) is continuousat both left and right end points

with the deÞnition in Remark 2.7. Therefore, it is convex on the closedinterval [xr , xu]. If

we can Þnd x∗ # [xr , xu], where 0 # [D−h(x∗), D+h(x∗)], then it is the minimum. Otherwise

if D+h(xr ) & 0, then the inÞmum is obtained at x = xr ; if D−h(xu) " 0, then the inÞmum

is obtained at x = xu. If the derivative of h(x) exists at x = x∗, then the condition

0 # [D−h(x∗), D+h(x∗)] collapses to h′(x∗) = 0, or equivalently, 1
a∗ = ! −P (A∗)

1−P̃ (A∗)
. When

the derivative does not exist, the condition that 0 # [D−h(x∗), D+h(x∗)] corresponds to
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1
a∗− < ! −P (A∗)

1−P̃ (A∗)
, and 1

a∗+ > ! −P (A∗)
1−P̃ (A∗)

. In this case,we canalways Þndan 1
a∗ # [ 1

ax∗−
, 1

ax∗+
] where

1
a∗ = ! −P (A∗)

1−P̃ (A∗)
, and the corresponding x∗ can be computed from the equation ÷P (A∗) = x∗−xr

x∗−xd
,

i.e., x∗ = xr−xdP̃ (A )

1−P̃ (A )
.

Recall that P ( dP̃
dP > 1

! ) > 0. Recall from Remark 2.7, ÷P (Ar ) = P (Ar ) = 0, ar =

esssup dP̃
dP > 1

! . So D+h(xr ) = P (Ar ) ! λ + 1
ar

(1 ! ÷P (Ar )) = ! λ + 1
ar

< 0. On the

other end, D−h(xu) = P (Au) ! λ + 1
au

(1 ! ÷P (Au)). We have D−h(xu) > 0 if and only if

1
au

> ! −P (Au)

1−P̃ (Au)
. In this case,the minimum occurs at x∗ # (xr , xu) where 1

a∗ = ! −P (A∗)
1−P̃ (A∗)

. If

1
au

" ! −P (Au)

1−P̃ (Au)
, h(x) decreaseson [xr , xu], and the minimum is achieved at the right endpoint

with the value h(xu).

When xu = $ , h(x) is convex on [xd, $ ). As x * $ , P (Ax ) * 1, ÷P (Ax ) * 1,

ax * essinf dP̃
dP . D+h(x) becomespositive sooner or later, and the minimum is obtained in

the interior wherewe deÞnethe Ôstar-systemÕ. !

Proof for Lemma2.6. As in the proof for Corollary 2.8, let ÷F (á) be the cumulative distri-

bution function of the Radon Nikod«ym derivative dP̃
dP . Then for Þxedx, we have ÷F (ax ) =

1! ÷P (Ax ). In the proof for Corollary 2.8, we have assumedthat dP̃
dP hasa continuousdistri-

bution. This essentially dealt with casewhere ÷F (á) is continuous: it could either be strictly

increasingor ßat. Now to deal with the generalcase,we only needto discussthe remaining

casewhere ÷F (á) hasa jump, i.e., there is a point massat dP̃
dP = ax , seeFig. 1.

Recall the deÞnitions

ax = sup
{

a : ÷P (B) "
xr ! xd

x ! xd

}
,

Ax =

{
ω # # :

d ÷P
dP

(ω) > ax

}
, Cx =

{
ω # # :

d ÷P
dP

(ω) = ax

}
, Bx =

{
ω # # :

d ÷P
dP

(ω) < ax

}
,

kx =
xr ! xd

÷P (Ax ) ! x ÷P (Bx )
÷P (Cx )

1{P̃ (Cx)> 0},

h(x) = (x ! xd)(P (Ax ) ! λ ÷P (Ax )) + (x ! kx )(P (Cx ) ! λ ÷P (Cx )) ,
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Figure 1. ÷F (a) is the cumulative distribution function of the Radon-
Nikod«ym derivative dP̃

dP .

and we would like to Þnd

inf
xr≤x≤xu

h(x).

When dP̃
dP hasa point massat ax , i.e., ÷P ( dP̃

dP = ax ) = ÷P (Cx ) > 0, the distribution function ÷F

hasa jump at ax : ÷F (ax ) ! ÷F (ax−) = ÷P (Cx ). As in the proof for Corollary 2.8,we Þrst discuss

the casedP̃
dP " 1

! , P ! a.s. Similarly we can show ÷P (Ax ) " 1
! P (Ax ) and ÷P (Cx ) " 1

! P (Cx ) for

x # [xr , xu]. It is easyto check that x ! kx & 0 when xr " x " xu, so h(x) & 0 on [xr , xu].

Also notice that h(xr ) = 0, we conclude,

inf
xr≤x≤xu

h(x) = h(xr ) = 0.

Now supposeP ( dP̃
dP > 1

! ) > 0. If we can Þnd an a such that ÷P (A) = x−xr
x−xd

exactly and

÷P (B) = xr−xd
x−xd

exactly, then ÷P (C) = 0. This is the situation where the distribution of dP̃
dP

is continuous. If such an a cannot be found then we have the situation where ÷P (C) > 0,
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and this correspondsto the situation where there is a point massthat we needto work out.

Therefore,we needto discussthree cases:

1: ÷P (Ax ) = x−xr
x−xd

, ÷P (Bx ) < xr−xd
x−xd

and ÷P (Cx ) > 0,

2: ÷P (Ax ) < x−xr
x−xd

, ÷P (Bx ) = xr−xd
x−xd

and ÷P (Cx ) > 0,

3: ÷P (Ax ) < x−xr
x−xd

, ÷P (Bx ) < xr−xd
x−xd

and ÷P (Cx ) > 0.

We Þrst dealwith the last casewherewe Þx a1, A1, B1 and C1 where ÷P (A1) < x−xr
x−xd

, ÷P (B1) <

xr−xd
x−xd

and ÷P (C1) = ÷P ( dP̃
dP = a1) > 0 and xr = xd

÷P (A1) + x ÷P (B1) + kx
÷P (C1) is satisÞed.

As kx decreasesfrom x to xd, x increasesfrom x1 = xr−xdP̃ (A 1)

P̃ (B 1)+P̃ (C1)
to x2 = xr−xd(P̃ (A 1)+P̃ (C1))

P̃ (B 1)
,

while at the sametime A1, B1, C1 and a1 remain unchanged. The derivative of h(x) on the

interval x # (x1, x2) is easily calculatedas

h′(x) = (P (A1) ! λ ÷P (A1)) + (1 !
dkx

dx
)(P (C1) ! λ ÷P (C1))

= (P (A1) ! λ ÷P (A1)) + (1 +
÷P (B1)
÷P (C1)

)(P (C1) ! λ ÷P (C1))

= (P (A1) ! λ ÷P (A1)) + (1 ! ÷P (A1))(
P (C1)
÷P (C1)

! λ)

= (P (A1) ! λ ÷P (A1)) + (1 ! ÷P (A1))(
1
a1

! λ)

= P (A1) ! λ +
1
a1

(1 ! ÷P (A1)) .

The formula readsexactly the sameas the one in the conti nuous caseexcept that h′(x) is

constant now on this open interval, and the originally curved h(x) degeneratesto a straight

line. At the end point x = x2, kx dropped to xd and we have ÷P (B1) = xr−xd
x−xd

. Still we have

÷P (C1) = ÷P ( dP̃
dP = a1) > 0 and ÷P (A1) < x−xr

x−xd
. This corresponds to the secondcasein the

above list. There are three possibilities at this point.

(a) There is a point a2 < a1 where ÷F (a) is constant on the interval (a2, a1) and has a

jump at a2, i.e., ÷F (a2! ) < ÷F (a2).

(b) There is a point a1+ < a1 and a1+ is the smallest number such that ÷F (a) is constant

on the interval (a1+, a1) and hasno jump at a1+.
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(c) ÷F (a) is strictly increasingto the left of a1.

Thesethree casescorrespond to how the function h(x) at x = x2 is connectedto its right-

hand side:

(a) A kink connectionto another line with di"erent slope.

(b) A kink connectionto a curve.

(c) A smooth connection to a curve.

If ÷F (a) is ßat until it encounters another point massat a2 as in case(a), then the old sets

A1 and C1 combine to producethe new set A2 = A1

⋃
C1 and C2 = { ω : dP̃

dP (ω) = a2} . The

left derivative at this point is computedabove

D−h(x2) = P (A1) ! λ +
1
a1

(1 ! ÷P (A1)) .

The right derivative is the sameformula applied to the new sets:

D+h(x2) = P (A2) ! λ +
1
a2

(1 ! ÷P (A2)) .

The di"erence

D+h(x2) ! D−h(x2)

= P (A2) ! λ +
1
a2

(1 ! ÷P (A2)) !
(

P (A1) ! λ +
1
a1

(1 ! ÷P (A1))
)

= P (C1) + (
1
a2

!
1
a1

)(1 ! ÷P (A2)) !
1
a1

÷P (C1)

= (
1
a2

!
1
a1

) ÷P (B1) & 0.

Here we used the deÞnition of set C1 =
{

dP̃
dP = a1

}
to yield P (C1) ! 1

a1
÷P (C1) = 0, and

1
a2

& 1
a1

sincea2 < a1. Therefore, the convexity of h(x) at x = x2 is kept. In case(c), ÷F (a)

is increasingon the left of a1 and we shall now return to the continuouscasein the proof for
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Corollary 2.8 to concludethat

D+h(x2) = P (A1) ! λ +
1

a1+
(1 ! ÷P (A1)) & h′(x), for x # (x1, x2),

becausea1+ " a1. In case(b),

D+h(x2) = P (A2) ! λ +
1

a1+
(1 ! ÷P (A2)) ,

and the proof for

D+h(x2) & D−h(x2)

is similar to that of case(a). Thus h(x) is convex on x # (x1, x2].

Now consider the other end point x = x1. Here kx = x and we have ÷P (A1) = x−xr
x−xd

,

÷P (C1) = ÷P ( dP̃
dP = a1) > 0 and ÷P (B1) < xr−xd

x−xd
. This correspondsto the Þrst casein the above

list. We can carry out similar discussionas in the second caseand concludethat

D−h(x1) " h′(x), for x # (x1, x2),

thus we have the convexity of function h(x) on the closedinterval [x1, x2]. In summary:

when there is a point massat dP̃
dP = ax , i.e., ÷F (ax ! ) < ÷F (ax ) the convex function h(x)

becomeslinear; in contrast to the fact that when ÷F (a) is ßat, h(x) will have a kink point

where its derivative jumps. As shown in Fig. 2, in a caselike the Binomial model where

there are only point masses,h(x) is a piecewiseconstant convex function; in a caselike the

Black-Scholesmodel wherethe distribution is continuousand spansthe whole positive part

of the real line, h(x) is a continuously di"erentiable convex function. In general,thesetwo

pictures can be mixed. In any case,combining the results we have just shown and thosein

the proof of Corollary 2.8, we know that h(x) is convex all the time on x # [xr , xu].
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Figure 2. The left picture is how h(x) look like in the Binomial model; the
right pictures is for the Black-Scholesmodel.

The discussion in the proof of Corollary 2.8 dealt with minimizing h(x) when h(x) is

curved and contains kink points. The optimal condition is the existenceof an a∗ such that

(8)
1
a∗

=
λ ! P (A∗)

1 ! ÷P (A∗)
.

Now we deal with the situation whereh(x) is a straight line on [x1, x2] wherethe minimum

can only occur at end points. For downward slopping case where h′(x) < 0 on (x1, x2),

the minimum occurs at the right-end point x2 whereeither a kink or a smooth connection

to a curved situation can happen, or a kink to another line can happen. When it is a

smooth connection, x2 can not be a global minimum becauseh′(x2) exists and is strictly

negative. When it is a kink to a smooth curve, then 0 # [D−h(x2), D+h(x2)] correspondsto

1
a1

< ! −P (A 1)

1−P̃ (A 1)
and 1

a1+
& ! −P (A 2)

1−P̃ (A 2)
. When it is connectedwith a kink to another line, a observes

a jump from a1 to a2, the setA jumps from A1 to A2 and k jumps from xd to x2. The optimal

condition 0 # [D−h(x2), D+h(x2)] corresponds to 1
a1

< ! −P (A 1)

1−P̃ (A 1)
and 1

a2
& ! −P (A 2)

1−P̃ (A 2)
. In both

cases,the optimal a can be expressedas

(9) a∗ = sup
{

a :
1
a

&
λ ! P (A)

1 ! ÷P (A)

}
,

and x2 = xr−xdP̃ (A 2)

1−P̃ (A 2)
= xr−xdP̃ (A∗)

1−P̃ (A∗)
= k. The caseof upward slopingcanbe similarly analyzed.

It is easyto check the conditions when the slope is zero. Recognizing(9) is a generalization
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of (8) we had for the cont inuouscase,we arrive at the optimal condition

a∗ = sup
{

a :
1
a

&
λ ! P (A)

1 ! ÷P (A)

}
,

and x∗ = xr−xdP̃ (A∗)
1−P̃ (A∗)

= k∗. The only remaining issue to be checked is the condition for

Ôu-systemÕto be optimal when xu corresponds to a point massat au. The arguments given

in the proof of Corollary 2.8 for the continuouscasework heretoo both for Þnite and inÞnite

xu. For example,in the casexu = $ , we have deÞnedin Remark 2.7 that au = essinf dP̃
dP .

Therefore, we have ÷P (Bu) = P (Bu) = 0, and ÷P (Cu) + ÷P (Au) = P (Cu) + P (Au) = 1

whereCu =
{

ω # # : dP̃
dP (ω) = au

}
. Sincethis is a line segment for h(x), we have already

calculated its slope

h′(x) = P (Au) ! λ +
1
au

(1 ! ÷P (Au)) = P (Au) ! λ +
1
au

÷P (Cu)

= P (Au) ! λ +
1
au

auP (Cu) = 1 ! λ > 0.

So the optimal will be obtained by the Ôstar-systemÕin the interior. !

Theorem 2.10 (Solution to CVaR Minimization Problem). DeÞnethe sets A, B, C and

the numbers ax , kx and the setsAx , Bx , Cx for Þxed number x the sameway as in Lemma

2.6 and Theorem 2.2. Denote the Ôr-systemÕ,Ôu-systemÕand Ôstar-systemÕas in Lemma2.6.

The solution to problem(6) and consequently our main problem(2) is as follows:

¥ If dP̃
dP " 1

! , P ! a.s., then X∗ = xr is the optimal Þnal portfolio value,and the minimal

risk is CV aR! (X∗) = ! xr .
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¥ Otherwise, Þnd the Ôu-systemÕusing deÞnitions

au =






sup
{

a : ÷P (B) " xr−xd
xu−xd

}
, xu < $ ,

essinf dP̃
dP , xu = $ .

Au =

{
ω # # :

d ÷P
dP

(ω) > au

}
, Bu =

{
ω # # :

d ÷P
dP

(ω) < au

}
,

Cu =

{
ω # # :

d ÷P
dP

(ω) = au

}
, ku =

xr ! xd
÷P (Au) ! xu

÷P (Bu)
÷P (Cu)

I{P̃ (Cu)> 0}.

– If 1
au

" ! −P (Au)

1−P̃ (Au)
, then the optimal risk is achieved by this Ôu-systemÕ:the optimal

Þnal portfolio valueand the associated minimal risk are

X∗ = xdIAu + kuICu + xuIB u ,

CV aR! (X∗) = ! xr +
1
λ

[(xu ! xd)(P (Au) ! λ ÷P (Au)) + (xu ! ku)(P (Cu) ! λ ÷P (Cu))] .

– If 1
au

> ! −P (Au)

1−P̃ (Au)
, then the optimal risk is achieved by the Ôstar-systemÕobtained

by a∗ = sup
{

a : 1
a & ! −P (A )

1−P̃ (A )

}
, A∗ =

{
ω # # : dP̃

dP (ω) > a∗
}

, x∗ = xr−xdP̃ (A∗)
1−P̃ (A∗)

.

The optimal Þnal portfolio valueand the associated minimal risk are

X∗ = xdIA∗ + x∗IA∗c ,

CV aR! (X∗) = ! xr +
1
λ

(x∗ ! xd)(P (A∗) ! λ ÷P (A∗)) .

Remark 2.11. For the continuous case as in Remark 2.8 we can simplify the results as

following

¥ If dP̃
dP " 1

! , P ! a.s., then X∗ = xr is the optimal Þnal portfolio value,and the minimal

risk is CV aR! (X∗) = ! xr .
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¥ Otherwise, Þnd the Ôu-systemÕusing deÞnitions

au =






sup
{

a : ÷P (B) " xr−xd
xu−xd

}
, xu < $ ,

essinf dP̃
dP , xu = $ .

Au =

{
ω # # :

d ÷P
dP

(ω) > au

}
.

– If 1
au

" ! −P (Au)

1−P̃ (Au)
, then the optimal portfolio is achieved by this Ôu-systemÕ:the

optimal Þnal portfolio valueand the associated minimal risk are

X∗ = xdIAu + xuIA c
u
,

CV aR! (X∗) = ! xr +
1
λ

(xu ! xd)(P (Au) ! λ ÷P (Au)) .

– If 1
au

> ! −P (Au)

1−P̃ (Au)
, then the optimal risk is achieved by the Ôstar-systemÕobtained

by a∗ = { a : 1
a = ! −P (A )

1−P̃ (A )
} , A∗ =

{
ω # # : dP̃

dP (ω) > a∗
}

. x∗ = xr−xdP̃ (A∗)
1−P̃ (A∗)

. The

optimal Þnal portfolio valueand the associated minimal risk are

X∗ = xdIA∗ + x∗IA∗c ,

CV aR! (X∗) = ! xr +
1
λ

(x∗ ! xd)(P (A∗) ! λ ÷P (A∗)) .

Proof. Theorem2.2 givesthe solution to the shortfall problem in Step 1. Leveragingthese

results, we have discussedin Remark 2.5 that the solution for step 2 is achieved by Þnding

the solution to the third case of

1
λ

inf
xr≤x≤xu

(v(x) ! λx) = ! xr +
1
λ

inf
xr<x ≤xu

h(x),

where h(x) = (x ! xd)(P (Ax ) ! λ ÷P (Ax )) + (x ! kx )(P (Cx ) ! λ ÷P (Cx )). Now combine the

solution to

inf
xr≤x≤xu

h(x),

found in Lemma 2.6, we quickly arrive at the conclusion. !
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3. Some Complete Market Examples

3.1. Binomial Model. Consider a recombining binomial tree, we have the following dy-

namicsfor the stock Sn and the self-Þnancing portfolio Xn :

Sn+1(H) = uSn , with P (ωn = H) = p and ÷P (ωn = H) = ÷p,

Sn+1(T ) = dSn , with P (ωn = T ) = q and ÷P (ωn = T ) = ÷q,

Xn+1 = ξnSn+1 + (Xn ! ξnSn)(1 + r),

where÷p, ÷q arerisk-neutral probabilities, p, q arephysicalprobabilities, u, d are the stepsizes

for up move and down move respectively, and r is the risk-free interest earnedfor one time

step. Given initial stock price S0 and initial portfolio value X0, our main goal is Þrst to Þnd

(10) CV aR! (X∗
N ) := inf

#n

CV aR! (XN ) s.t. ÷E[XN ] = xr , xd " XN " xu,

where the constants satisfy !$ < xd < x < xu " $ , and then to Þnd the corresponding

dynamic hedgingξn .

Denote the Þnal states of an N-step binomial tree as # = { ω1, ω2, ..., ω2N } , where we

require the Radon-Nikod«ym derivatives to be arranged in descendingorder, i.e., P̃ (%i)
P (%i)

&
P̃ (%j)
P (%j)

, +i < j. Note that in this casewhere the tree is recombining, the Radon-Nikod«ym

derivativ e P̃ (%i)
P (%i)

= p̃mq̃N−m

pmqN−m dependson the total number of up movesm in state ωi , and is

monotonic in m depending on whether p̃
p > 1 or p̃

p < 1. We group the distinct Þnal nodes

into sets # = # 0 , # 1 , ...# N . Suppose p̃
p < 1, # 0 = { ω1} contains the only state where

there areN down moves,# 1 = { ω2, ω3, ... ωN +1} contains thosestateswherethere areN ! 1

down movesand oneup move. In general,# k =
{

ω # # : P̃ (%i)
P (%i)

= p̃N−kq̃k

pN−kqk

}
contains N !

k!(N−k)!

states. If instead p̃
p > 1, the order will be reversed and w1 is the state with N up moves.

Proposition 3.1. Following the deÞnitionsof Ôr-systemÕ,Ôu-systemÕand Ôstar-systemÕas in

Theorem 2.10. We can computethe solution to problem(10) and the corresponding dynamic

hedging strategy ξn in an N -step Binomial Model as below:
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¥ If either 1 < p̃
p " N

√
1
! or 1 < q̃

q " N

√
1
! holds, then the optimal portfolio is X∗

N = xr

and the optimal strategy is ξn = 0, for all n = 0, 1, ..., N ! 1. The corresponding

minimal risk is CV aR! (X∗
N ) = ! xr .

¥ Otherwise, if xu < $ , Þnd the Ôu-systemÕusing deÞnitions

iu =






N + 1, ÷P (# N ) > xr−xd
xu−xd

,

min
{

k :
∑N

i=k
÷P (# i ) " xr−xd

xu−xd

}
, o.w.

Bu =
⋃

i : i≥i u

# i , Cu = # i u−1, Au =
⋃

i : i≥i u−2

# i ,

au = P̃ (Ωiu−1)
P (Ωiu−1) , ku = xr−xdP̃ (Au)−xuP̃ (B u)

P̃ (Cu)
.

– If 1
au

" ! −P (Au)

1−P̃ (Au)
, then the optimal is achieved by this Ôu-systemÕ:the optimal

Þnal portfolio valueand the associated minimal risk are

X∗
N = xdIAu + kuICu + xuIB u ,

CV aR! (X∗
N ) = ! xr + 1

! [(xu ! xd)(P (Au) ! λ ÷P (Au)) + (xu ! ku)(P (Cu) ! λ ÷P (Cu))] .

– If 1
au

> ! −P (Au)

1−P̃ (Au)
, then Þnd the Ôstar-systemÕobtained by

a∗ = sup
{

a : a > P̃ (Ωk)
P (Ωk) ,

1
a & ! −

Pk
i=0 P (Ωi)

1−
Pk

i=0 P̃ (Ωi)

}
,

A∗ =
⋃

i

{
# i : P̃ (Ωi)

P (Ωi)
> a∗

}
,

x∗ =
xr ! xd

÷P (A∗)

1 ! ÷P (A∗)
.

The minimal risk is CV aR! (X∗
N ) = ! xr + 1

! (x∗ ! xd)(P (Au) ! λ ÷P (Au)) , where

the optimal Þnal portfolio value is X∗
N = xdIA∗ + x∗IA∗c.

If xu = $ , then the optimal risk is achieved by the Ôstar-systemÕcalculated above.

In either case, hedging is calculated as ξ∗n =
X ∗

n+1 (H )−X ∗
n+1 (T )

Sn+1 (H )−Sn+1 (T ) from the Risk Neutral
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Pricing formula X∗
n = 1

(1+r )(N−n)
÷E[X∗

N |F n].

Proof. The Þrst condition in Theorem 2.10, dP̃
dP " 1

! , P ! a.s., is equivalent to P̃ (%1)
P (%1) " 1

!

sincethe statesare already arrangedin descendingorder accordingto the sizeof the Radon

Nikod«ym derivative. When p̃
p > 1, P̃ (%1)

P (%1) = p̃N

pN " 1
! ) p̃

p " N

√
1
! . Similarly, we get the

condition for the casep̃
p > 1, i.e., q̃

q > 1.

The secondpart of Theorem 2.10 can be translated easily by realizing that set B is the

union of all the # i Õssuch that their Radon Nikod«ym derivativesare lessthan a threshold a.

Now sincethe Þnal statesare ordered, oncewe Þnd the state # i u for the Ôu-systemÕ,then all

the stateswith a bigger index, i.e., # i u , # i u+1, ..., # N , comprisethe set Bu. Au and Cu are

determined accordingly. Note that when xu < $ ,
∑N

i=0
÷P (# i ) = 1 > xr−xd

xu−xd
, so iu can only

take valuesfrom 1, 2, ..., N + 1, so set Cu is non-empty. !

Algorithm 3.2. CVaR Minimization for Binomial Model

(1) If 1 < p̃
p " N

√
1
! or 1 < q̃

q " N

√
1
! , then

inf
#n

CV aR! (XN ) = ! xr , X∗
N = xr , ξ∗n = 0 for all n.

Stop.

(2) If xu = $ , go to Step(4). Otherwise, Þnd Ôu-systemÕ,go to Step(3).

(3) If 1
au

" ! −P (Au)

1−P̃ (Au)
, then

inf
#n

CV aR! (XN ) = ! xr + 1
! [(xu ! xd)(P (Au) ! λ ÷P (Au)) + (xu ! ku)(P (Cu) ! λ ÷P (Cu))] ,

X∗
N = xdIAu + kuICu + xuIB u .

Go to Step(5).
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(4) Find the Ôstar-systemÕ.

inf
#n

CV aR! (XN ) = ! xr +
1
λ

(x∗ ! xd)(P (A∗) ! λ ÷P (A∗)) ,

X∗
N = xdIA∗ + x∗IA∗c .

Go to Step(5).

(5) CalculateX∗
n = 1

(1+r )(N−n)
÷E[X∗

N |F n] for all n. Calculate ξ∗n =
X ∗

n+1 (H )−X ∗
n+1 (T )

Sn+1 (H )−Sn+1 (T ) . Stop.

3.2. Black-Scholes Model. Let us turn our attention to the Black-Scholesmodel, a com-

plete market model with continuously distributed stock price. The dynamics of the stock

price and the self-Þnancingportfolio are as follows:

dSt = St (µdt + σdWt ),

dXt = ξtdSt + (Xt ! ξtSt )rdt.

Our main goal is onceagain Þrst to Þnd

(11) inf
#t

CV aR! (XT ) s.t. ÷E[XT ] = xr , xd " XT " xu,

and then to Þnd the corresponding dynamic hedgingξt .

Definition 3.3. Let the market price of risk θ = µ−r
& > 0 be as usual, and deÞnethe

functions

d−(a, s, t) = 1
'
√

T−t
[! ln a + '

&( µ+r−&2

2 t ! ln s
S0

) + ' 2

2 (T ! t)], d+(a, s, t) = ! d−(a, s, t).

DenoteN (á) as the cumulative distribution function for standard normal distribution.

Proposition 3.4. Following the deÞnitions of Ôr-systemÕ,Ôu-systemÕ,Ôstar-systemÕas in

Theorem 2.10, we can computethe solution to problem(11) and the corresponding dynamic

hedging ξn in the Black-Scholesmodel as below:
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If xu < $ , Þnd the Ôu-systemÕusing equations

÷P (Au) =
xu ! xr

xu ! xd
,

au = e
'
√

T
h

θ
√

T
2 −N −1(P̃ (Au))

i

,

P (Au) = N (! '
√

T
2 ! ln au

'
√

T
).

¥ If 1
au

" ! −P (Au)

1−P̃ (Au)
, then the optimal portfolio is achieved by this Ôu-systemÕ,in which

casethe minimum risk, the optimal portfolio and the hedging strategy are

CV aR! (X∗
T ) = ! xr + 1

! (xu ! xd)(P (Au) ! λ ÷P (Au)) ,

X∗
t = e−r (T−t) [xuN (d+(au, St , t)) + xdN (d−(au, St , t))] ,

ξ∗t =
xu ! xd

σSt

√
2π(T ! t)

e−r (T−t)−
d2
−(au,St,t)

2 .

¥ If 1
au

> ! −P (Au)

1−P̃ (Au)
, then the optimal risk is achieved by the Ôstar-systemÕcalculated as

a∗ =
{

a : a =
1−N ( θ

√
T

2 − ln a
θ
√

T
)

! −N (− θ
√

T
2 − ln a

θ
√

T
)

}
,

P (A∗) = N (! '
√

T
2 ! ln a∗

'
√

T
),

÷P (A∗) = N ( '
√

T
2 ! ln a∗

'
√

T
),

x∗ =
xr ! xd

÷P (A∗)

1 ! ÷P (A∗)
.

The minimum risk, the optimal portfolio and the hedging strategy are

CV aR! (X∗
T ) = ! xr + 1

! (x∗ ! xd)(P (A∗) ! λ ÷P (A∗)) ,

X∗
t = e−r (T−t) [x∗N (d+(a∗, St , t)) + xdN (d−(a∗, St , t))] ,

ξ∗t =
x∗ ! xd

σSt

√
2π(T ! t)

e−r (T−t)−
d2
−(a∗,St,t)

2 .

If xu = $ , then the optimal risk is achieved by the Ôstar-systemÕcalculated above.
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Remark 3.5. Note that the formulae for X∗
t and ξ∗t resemblethe Black-Scholesformulae

for a European call option. The reason is that X∗
t is the Risk Neutral price of the optimal

Þnal value X∗
T = xdIA∗ + x∗IA∗c from Theorem 2.10. We wil l see in the following proof

that set A∗ =
{

dP̃
dP > a∗

}
= { ST < c∗} where c∗ = S0e

µ+r−&2

2 T−σ
θ ln a∗. Thus the optimal Þnal

valuebecomespiecewiseconstant dependingon the Þnal stock price belowor abovea constant

thresholdX∗
T = xdI{ST <c ∗} + x∗I{ST≥c∗}.

Proof. According to Theorem 2.10and Remark 2.11,we needto check whether dP̃
dP (ω)

∣∣
T

" 1
!

P ! a.s., and if not, then whether 1
au

" ! −P (Au)

1−P̃ (Au)
for the casexu < $ . The Radon Nikod«ym

derivativ e processfor geometricBrownian motion model is Zt := dP̃
dP |t = e−' Wt− θ2

2 t , where

θ = µ−r
& . Obviously, P

(
dP̃
dP (ω)

∣∣
T

> 1
!

)
> 0 since esssupZT = $ . To check the second

inequality, and possibly to Þnd solution to the equation a = 1−P̃ (A )
! −P (A ) , we need to Þnd the

explicit relation amongthe three elements ÷P (A), P (A) and a. Notice that

A =
{

dP̃
dP

∣∣
T

> a
}

=
{

WT√
T

< ! '
√

T
2 ! ln a

'
√

T

}
=

{
W̃T√

T
< '

√
T

2 ! ln a
'
√

T

}
,

we have

P (A) = N (! '
√

T
2 ! ln a

'
√

T
), ÷P (A) = N ( '

√
T

2 ! ln a
'
√

T
).

Link the above two equations with the deÞnition ÷P (A) = x−xr
x−xd

, we can solve for ÷P (Au),

au, P (Au) sequentially:

÷P (Au) =
xu ! xr

xu ! xd
, au = e

'
√

T
h

θ
√

T
2 −N −1(P̃ (Au))

i

, P (Au) = N (! '
√

T
2 ! ln au

'
√

T
).

To obtain Ôstar-systemÕ,we only needto solve the equation a = 1−P̃ (A )
! −P (A ) through its explicit

form:

a =
1 ! N ( '

√
T

2 ! ln a
'
√

T
)

λ ! N (! '
√

T
2 ! ln a

'
√

T
)
.

A direct application of Theorem2.10 givesthe optimal Þnal portfolio X∗
T and the minimal

CV aR. The correspondingoptimal hedging ξ∗t is the usualÔDelta-hedgeÕin the Black-Scholes

model wherethe derivative payo" is X∗
T , sowe Þrst calculate the Risk Neutral price process
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Xt = v(St , t), and then di"erentiate with respect to the stock price St .

Xt = er (T−t) ÷E[X∗
T |F t ] = e−r (T−t)

[
x∗ ÷Pt (A∗c) + xd

÷Pt (A∗)
]

= e−r (T−t)
[
x∗ + (xd ! x∗) ÷Pt (A∗)

]
,

where ÷Pt (A∗) is the conditional probability under the Risk Neutral measure.Since

A∗ = { ZT > a∗} =
{

Zte
−' (WT−Wt)− θ2

2 (T−t) > a
}

=
{

W̃T−W̃t√
T−t

< !
ln a∗

Zt

'
√

T−t
+ '

2

-
T ! t

}
,

we have then

(12) ÷Pt (A∗) = N (!
ln a∗

Zt

'
√

T−t
+ '

2

-
T ! t).

Note that Zt can be represented by the stock price St :

St = S0e
&Wt+(µ− 1

2 &2)t . Wt =
ln St

S0
−(µ− 1

2 &2)t

& ,

Zt = e−' Wt− 1
2 ' 2 t . Zt = g(St , t), whereg(s, t) = e

θ
σ [µ+ r−σ2

2 t−ln s
S0

].

Substitute g(St , t) into (12) we have

÷Pt (A∗) = N (d−(a∗, St , t)) ,

where

d−(a, s, t) = 1
'
√

T−t
[! ln a + '

&( µ+r−&2

2 t ! ln s
S0

) + ' 2

2 (T ! t)].

Hence

Xt = v(St , t),

where

v(s, t) = e−r (T−t) [x∗N (d+(a∗, s, t)) + xdN (d−(a∗, s, t))] , d+(a∗, s, t) = ! d−(a∗, s, t)



35

Rewrite v(s, t) = e−r (T−t) [x∗ + (xd ! x∗)N (d−(a∗, s, t))], we Þnd the partial derivative

vs(s, t) =
x∗ ! xd

σs
√

2π(T ! t)
e−r (T−t)−

d2
−(a∗,s,t)

2 .

Given the stock price St at time t, the optimal strategy ξ∗t is:

ξ∗t = vs(St , t).

!

Algorithm 3.6. CVaR Minimization for Black-ScholesModel

(1) If xu = $ , go to Step(3). Otherwise, Þnd Ôu-systemÕ,go to Step(2).

(2) If 1
au

" ! −P (Au)

1−P̃ (Au)
, then

inf
#t

CV aR! (XT ) = ! xr + 1
! (xu ! xd)(P (Au) ! λ ÷P (Au)) ,

X∗
t = e−r (T−t) [xuN (d+(au, St , t)) + xdN (d−(au, St , t))] ,

ξt =
xu ! xd

σSt

√
2π(T ! t)

e−r (T−t)−
d2
−(au,St,t)

2 .

Stop.

(3) Find the Ôstar-systemÕ.

inf
#t

CV aR! (XT ) = ! xr + 1
! (x∗ ! xd)(P (A∗) ! λ ÷P (A∗)) ,

X∗
t = e−r (T−t) [x∗N (d+(a∗, St , t)) + xdN (d−(a∗, St , t))] ,

ξ∗t =
x∗ ! xd

σSt

√
2π(T ! t)

e−r (T−t)−
d2
−(a∗,St,t)

2 .

Stop.

4. Resul ts: Dynamic & St atic Hedging

4.1. Binomial Model. Dynamic Hedging

Take a 2-stepbinomial model asan example,wherethe sampling times are t = t0, t1, t2. Also
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assumep = 7
8 , q = 1

8 , u = 2, d = 1
2 , r = 1

4 , S0 = 4, X0 = 1, xu = 2, xd = 1, λ = 0.1. We

calculatethe risk-neutral probabilities ÷p = 1+r−d
u−d = 1

2 , ÷q = u−1−r
u−d = 1

2 , and xr = (1+ r)2 = 25
16 .

Following Algorithm 3.2, we have:

Figure 3. Binomial Model Example

(1) Neither 1 < p̃
p " N

√
1
! nor 1 < q̃

q " N

√
1
! is satisÞed.

(2) Find Ôu-systemÕ:

au = 16
7 , Bu = # 2, Au = # 0, Cu = # 1.

So ÷P (Au) = 1
4 , P (Au) = 1

64 .

(3) Condition 1
au

" ! −P (Au)

1−P̃ (Au)
doesnot hold.

(4) Find the Ôstar-systemÕ:

a∗ = 8.8889,A∗ = # 0, B∗ = # 1

⋃
# 2, x∗ = 1.75.

inf #n CV aR! (X2) = ! 1.6328,and X∗
2 (# 0) = 1, X∗

2 (# 1) = X∗
2 (# 2) = 1.75.

(5) X∗
1 (H) = 1.4, X∗

1 (T ) = 1.1. ξ∗1(H) = 0, ξ∗1(T ) = 0.25, ξ∗0 = 0.05.

Static Hedging

If we can only determine the hedging at the beginning, i.e., ξ0, then the portfolio values

along the binomial tree areX2 = ξ0S2 + (1+ r)2(X0 ! ξ0S0). To constrain X2 on the interval

[xd, xu], we require ξ0 # [! 0.0577, 0.0449]. We notice that the optimal ξ∗0 in the dynamic
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caseis outside of this range becauseξ∗1 can still be adjusted for the Þnal outcome to be

admissible.The resulting CV aR! (X2) with λ = 0.1, is tabulated as follows:

P (ω) X2(ω) ξ0 = -0.0577 ξ0 # (! 0.0577, 0) ξ0 = 0 ξ0 # (0, 0.0449) ξ0 = 0.0449

49
64 X2(HH) 1 ( 1.5625 ( 2

7
64 X2(HT ) 1.6923 / 1.5625 / 1.4615

7
64 X2(TH) 1.6923 / 1.5625 / 1.4615

1
64 X2(TT ) 1.8654 / 1.5625 / 1.3269

CV aR0.1(X2) -1 -1 -1.5625 ( -1.4405

Obviously the static hedging is not asgood asthe dynamic hedgingsincethe optimal risk

is inf #0 CV aR! (X2) = ! 1.5625,achieved at ξ0 = 0.

4.2. Black-Scholes Model. Assumeλ = 5%, T = 2, r = 5%, S0 = 10, X0 = 10, xd =

5, xu = 30.

(xu < $ ) Example 1 Example 2 Example 3

µ 0.1 0.2 0.3

σ 0.2 0.1 0.1

Dynamic initial hedgeξ∗0 0 2.6117 4.9958

Dynamic minimal CV aR(X∗
T ) -11.0517 -13.3297 -28.8575

Here we usea Þnite upper bound xu = 30 to Þrst illustrate two caseswhere the optimal

is achieved by the Ôstar-systemÕin Example 2 and Ôu-systemÕin Example 3. Although we

choosea fairly reasonableset of parameters in Example 1, it turns out that the optimal

Ôstar-systemÕgives value very closeto the Ôr-systemÕwhere no investment in the stock is

made.

Next we let xu = $ while keepingall other constants at the same level, and comparethe

results betweenstatic and dynamic hedging. To compute the results for the static hedging
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case,note that

XT = xr + ξ0(ST ! S0e
r T ), xr = X0e

r T .

For XT # [xd, $ ), we require ξ0 # [0, xr−xd
S0erT ].

CV aR! (XT ) = ! 1
! E[XT 1{X T <q λ}], where q! = ! V aR! (XT )

= ! xr ! ξ0S0(eµT N (N −1(! )−&
√

T)
! ! er T ).

Sincethe CV aR! (XT ) is linear in ξ0, the minimal is obtained at oneof the end points.

(xu = $ ) Example 1 Example 2 Example 3

µ 0.1 0.2 0.3

σ 0.2 0.1 0.1

Static hedgeξ∗0 0 0 0.5476

Static minimal CV aR(X∗
T ) -11.0517 -11.0517 -12.3889

Dynamic initial hedgeξ∗0 0 2.6117 7.6179

Dynamic minimal CV aR(X∗
T ) -11.0517 -13.3297 -57.9182

We seethat dynamic hedgingprovide quite di"erent results both for the minimal CV aR

and the hedgein Example 2 and Example 3, while remaining almost indistinguishable in

Example 1.

5. Conclusion

We have so far found exact solutions for CVaR minimization in completemarket models

including the Binomial and the Black-Scholesmodel. When we compare the minimal risk

resulting from dynamic portfolio management to static portfolio management, we get very

di"erent numbers in magnitude of minimal risk and hedgingstrategies. This suggeststhat

the procedureprovided in this paper help to Þnd a dynamic solution that is much better

than a static solution. The procedurealsoworks for higher dimensionalcaseswhenthere are

multiple assetsas long as the market is complete. Finding the static solution in Theorem
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2.10 remains the same. We only needto Þnd the hedging in the higher dimensionalcase.

However, the incompletemarket solution is still an open question.
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