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Abstract: We look at the problem of how to Pnd a dynamic optimal portfolio sothat the
Conditional Value-at-Risk (CVaR) is minimized under the condition wherethe returns are
bounded. CVaR is a coherett risk measurebasedon the popular VaR. In a compete market
setting, we derive the exact optimal conditions. Then we provide applicationsin two classic
completemarket models: the Binomial model and the Black-Scholesmodel. In thesecases,
the procedureso bPndthe optimal strategiesare givenwith exactformulas. Numerical results

shaw, as expected, dynamic portfolio provide much lower CVaR risk than static portfolios.

1. Intr oduction

Portfolio optimization hasbeena classictopic in Pnanciad theory sinceMarkowitz Oground-
breaking work [12] in 1952. His choice of variance as the risk measureof a portfolio is no

longeradequatefor todayOsisk managemen practice. One popular risk measurein practice,
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prst proposedby J.P.Morgan in RiskMetrics system,is Value-at-Risk (VaR) that has been

adopted by BASEL Il as a measurefor market risk. VaR is well known as the loss level
that will not be exceededwith a certain conbdencdevel during a certain period of time.
Basedon the quartile of a portfolio, VaR is a threshold and doesnot give information about
the losssizewhenit exceedsvaR. In addition, VaR in generaldoesnot possessubadditive
property, in corntrast to the usual Pnancial theory that diversibP@tion reducesrisk. From
an implemertation perspective, portfolio optimization with respect to VaR leadsto non-
smooth results becauseof the discortinuous nature of the quarntiles. Thus as a frequert
reporting measureof market risk exposure,potertial large changeof value in VaR during a
very short period of time is not a desirableproperty for bnancialstability. Recer researti in
the area of mathematical Pnance,as for the economictheory of utilit y functions, developed
an axiomatic approad for risk measure.With the axioms of coherenceparallel to those of
rational investors,Artzner et al. [3] and [4] Prst proposedcoheren risk measuresand derived
their represemation theorems. Conditional Value-at-Risk (CVaR), sometimescalled Shortfall
Risk, is a distribution-based coheaent risk measureprst studied by Rockafellar and Uryasev
[14] and Acerbi and Tasde [1]. It is known asthe expectedlossduring a certain period of
time, conditional that the lossis greater than a lossthreshold correspnding to a certain
conbdencelevel. CVaR is a vast improvemert over VaR in producing smooth portfolio
optimization results. The wide use of VaR and the advantage of CVaR have lead many
Pnancialinstitutions to considersupplemetiing VaR with CVaR for internal risk control.
Numerical implemertation of an optimization problem with quantile-based constrairts
instead of variance does not have to be easy A major cortribution of Rockafellar and
Uryasev[14]is that they found an equivalert formula for CVaR as a corvex function, thus
openingthe door for corvex programmingmethods. Using Monte-Carlo simulation for a one-
time step model with multiple assets,they formulated the portfolio optimization problem
into a linear programming problem which can be elciently implemerted with standard

programming software.
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The cortribution of our paper is to work out the portfolio optimization problem with

dynamic trading strategies (including both cortinuous-time and multi-p eriod models) in
closed-formsolutionsfor completemarket models. In the classicsetup of portfolio optimiza-
tion, expected returns are maximized given limits on the risk of the portfolio. It can be
made formal with sometechnical conditions that the above problem is equivalert to mini-
mizing the risk of the portfolio givenrequiremers for its return. Our setupwill focuson the
later approad, which focuseson risk minimization as the objective. An attempt to employ
the dynamic programming method for multi-p eriod models was made by Ruszczyski and
Shapiro [18], whoseapproad is to modify the risk measureCVaR into a dynamic version
Qronditional risk mappingsfor CVaRO.In this paper, we will keepthe original measureof
CVaR at a bxedtime horizon, and let the portfolio composition adjusts dynamically. This is
similar to maximizing expectedutilit y on the outcomesof a dynamic portfolio. Ruszczyaski
and ShapiroOshoice of optimizing Oconditionalrisk mappingsfor CVaROat eat time pe-
riod yields very di"erent resultsthan ours, wherewe optimize CVaR of the Pnal wealth of a
dynamic portfolio. Our solution will anchor on duality methods basedon risk neutral mea-
sures,similar to those employed in option pricing and utilit y maximization problems. This
martingale approad is well-studied in recert mathematical Pnancereseart partly because
it allows Pnding solutionsto a wider rangesof problems which doesnot possesdMarkovian
property and thus do not meetdynamic programming principles.

Section 2 establishsthe general risk minimization problem and provides the solution.
Section3 details the solutionsto two popular completemarket models: the Binomial model

andthe Black-Stolesmodel. Section4 providesnumericalexamplesand Section 5 concludes.

2. Dynamic Por tf olio Optimiza tion and Hedging with CVaR

All results in this sectionwork for multi-dimensional market models. In an attempt to
keepthem simple without using vector or matrix notation, we will presen the results in

a one-dimensionalcasewhere there is a singlerisky asset. Let us considera self-Pnancing
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portfolio consistingof investmers in a moneymarket accourt and a stock accoun. Assume

the money market accourt earns a risk-free rate » and the stock price S; is an adapted
processon a bltered probability space(#,F , (F:)i>o, P) that satisbesthe usual conditions.
It is standard for cortinuoustime models, sud as the Black-Sdolesmodel, to write down

the dynamicsof a self-bnancingportfolio X; as
dXy = §dSy + r(Xy ! &S)dt,

where¢; is the number of sharesof stocks held at time ¢. The riskinessof the return of this
portfolio will be measuredby CVaR, sonmetimes call Expected Shortfall. A good reference
for CVaR is in the book written by Fellmer and Schied [9] whereCVaR is given a third name

AverageVaR. We debPneVaR of a random variable Z with Pnite expectation at level ) to be
VaR (Z) = inf{m|P(Z+m<0)" A}, A#(0,1).

From the risk managemen perspective, it can be viewed as the smallest capital resene
added to a bnancial position Z for it to be admissible: the probability of the combined
position to be negative doesnot exceedlevel A. Mathematically, it is the negative value of

a A-quartile of Z. CVaR is debPnedas a simple averageof VaR

1 !
(2) CVaR, (Z) = X/ VaR-(Z)dy, X# (0,1).
0
With this debnition, it is easyto seewhy CVaR is di"erent from VaR: it is smooth with
respect to the changeof the conbdencdevel \. To relate to the dePnition of expectation on
the tail asstated in the Introduction Section,we have to be a little careful when we write

down the equivalent form of (1) for the casewhenthe probability space hasatoms

CVaR, (Z) = ;(E[Zl{qu/\}] + g (A P(Z <q ))), q =! VaR (7).
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The questionis how we should trade the sharesthroughout a Pnite holding period [0, 7]

sothat we can achieve minimal risk at time 7', while keepingthe return within acceptable

range? Mathematically, we want to Pndthe optimal investmen strategy with initial capital

(2) &= argigtf CVaR, (X7),

subjectto zq" Xi" =z, forall ¢t # [0, T].

The constarts satisfy 1$ < zg <z <2y " $. Whenz, = $, there is practically no
upper bound for X; at any giventime t, but we will not have the situation P(XT=$ ) >0
becausewe will exclude arbitrage in Assumption 2.1. (2) is equivalert to the problem of

minimizing CVaR on the return Ry

&= argigf CVaR, (R7),

subjectto rq" R¢" ry, forallt# [0,T],

whetherit be percertagereturn kr = X5=X2 orlogreturn Rr = In X becausewe only need
to identify the one-to-onecorresppndencebetweenthe quartiles of X1 and Ry. A more
noted di"erence here from a classicsetup is that we require the returns to be bounded by
two constans r4 and r, and we are not putting constrants on the expectedreturns. Even
when the expectedreturn is high enough,a particular realized return still have a chanceto
turn out to be very low. We are requiring the realizedreturn to be above r4 in all casesf
we take r, = $ . Practically, this correspndsto a fund with a guararteed return.

The samequestion can be asked for a discretetime trading model where adjustmerts of

the portfolio take placeat 0= t, < t; < ... <ty = T, and the self-Pnancingportfolio is

th+l = étnSt'rﬁl + (th I étnStn)(l + T(tn+1! tn))
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Sincethe discretetime trading model can be viewed as a special caseof the cortinuoustime

trading model wherethe stock price and the investmen strategy are held piece-wiseconstart
over time intervals, we will derive all the theoremsin the cortinuoustime model, which can
be readily appliedto discretetime models.

When we have an existing portfolio H; consistingof investmeris in securities,we can aska
secondquestionashow to hedgeour risk with a self-Pnancingadmissibleportfolio. Let H be
the random variable represeting the Pnalvalue of the existing portfolio. It is Fr-measurable

since H = Hy. The optimal hedgingproblemis to solve

3) & = argigtf CVaR (H + X7),

subjectto 4" X;" my, forall ¢t# [0, T].

Thuswhenwe conmbine the original portfolio and the hedgingportfolio, the risk is minimized.
It is straight-forward to seethat if X7 is the Pnalwealth of the optimal portfolio for problem

(2), by which we meanthat
rr;in CVaR, (XT) = CVaR, (X;),

then X7 ! H is the optimal solution for problem (3) if it is the Pnal wealth of someself-
Pnancingstrategy. In a complete market model, this is not an issuebecaiseall derivatives
can be replicated. Therefore we will focus on solving problem (2) in a complete market
model in this paper.

As mertioned in Section 1, problem (2) is complicated becausethe objective function
involves quartile function and the correspnding numerical methods will have to involve
ordering the position values. Rockafellar and Uryasev([14] and [15]) found CVaR to bethe
Fendel-Legendredual of expected shortfall where standard corvex analysis applies. For

A# (0,1), debnition (1) is equivalert to

CVaR (Z) = % inf (E[(x! 2)*]! A).



Now we reformulate problem (2) into a more tractable convex optimization problem

N
4) & = arginf - inf (K[(x ! X)T1 M),

subjectto xq" X" xy, forall ¢t # [0, T].

If we let the stock price S; be asgeneralasa semimartingale,then the market is complete
when the risk neutral measureis unique. These fundamertal theoremsare deweloped in
Delbaenand Sctadermayer [5], El Karoui and Quenez[6], Kramkov [11] and Fellmer and

Kabanov [7]. DebPnethe set of risk neutral measuresas
M ={Q %P : Sisalocal martingale under Q}.
Now we make the main assumption.

Assumption 2.1. Sis a semimatingale on the pltered prokability space (#,F,F¢, P). M

hasa unique element P that is distinct from P.

Under this assumption,the no-arbitrage price of any derivative security H is E[H] where
the expectation is taken under the risk neutral measure’, and a correspnding hedging
strategy can be found when the price is Pnite. Now we are ready to further simplify the

main optimization problem (2).

2.1. Static Formulation of the Dynamic Problem. Let the initial wealth be X, = =,
interestrate ber, then the Pnalwealth of arisk freeportfolio isz, = ze'T. Under Assumption
2.1, the spaceof Pnal outcomesof self-Pnancingstrategiesare those F r-measurablerandom
variables X sud that E[X] = z,. Therefore,the dynamic problem (4) is equivalert to the

static problem

(5) X*= argiQf; inf (E[(x! X)*]! M),

subjectto E[X]= 2, xq" X" z,.
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Let X7 = X*, then X7 is the bnal value of the optimal portfolio for problem (2):

1 1
| )= 1 = — i ! + ! = —j ! )+ ! .
CVaR (X7) = inf CVaR (Xr) = inf £ inf (B! X)*] Ax)= T inf (B! X*)] A)

Martingale represemation theorem applied to X; = FE[X}|F,] will produce the optimal
hedgingstrategy & for problem (2). Problem (5) is intrinsically much simpler than problem
(2) becauseit looks for an optimal random variable X* with convex objective function.
The above simplibcation stepswe have taken is basedon classicduality theory (martingale
approad) in mathemaical bPnance.By duality, we meanthere aretwo important spaces:ithe
primal spaceconsistingof dynamicsof self-Pnancingportfolios and the dual spaceconsisting
of risk neutral measures.The optimization problem in the primal spae is translated into
an optimization problemin the dual space,where a solution is always easierto obtain in a

completemarket sincethe dual spaceconsistsof a singleton.

2.2. Solution to the Static Formulation. After rewriting the above static problem (5)

by interchanging the order of inbmum:
(6) inf CVaR, (X7) = 1 inf (inf El(z! X)]! Ax)
# ' A XxeR \ X
subjectto E[X]= z,, 24" X" xu,

wherethe constarts satisfy I$ < zq < 2, < 2y, " $, we arrive at the bnal form of the

main optimization problem (2) wherewe provide a direct solution in two steps:

Step 1: Minimization of Expected Shortfall

v(@) = inf B[z ! X)*]

subjectto E[X]= 2, 2" X" zu,
Step 2: Minimization of CvVaR

. 1.
1 = - ! .
Igf CVaR, (X7) 3 )!2;;(1)(:1:) Ax)
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Sdied [19] solved a generallaw invariant risk minimization problem of the type (6). We

solve the CVaR minimization with the above two-stepapproad wherewe do not requirethe
probability spaceto be atomlessso the tree models are included. We also allow the upper
bound to be inPnity sothere is no cap for how large the wealth can possibly be. We give
explicit computation methods for the Black-Sdolesand Binomial modelsin Section 3.

The solution for Expected Shortfall Minimization is studied in a semimartingale model
in Fellmer and Leukert [8] and Xu [21]. Apply Proposition 4.1in [8] to the above shortfall

problem, we get the following result.

Theorem 2.2 (Solution to Expected Shortfall Minimization Problem). For any constant
a, debPnesetsbasal on the size of the Radon Nikodym derivative between the risk neutral
prokability measure PP and the physial prokability measure P: A = {w ## g—E(w) > a},
B = {w ## %(w) < a}, and C = {w ## %(w) = a}. The optimal solutions X* and
the correspnding value function v(x) to the Expected Shottfall Minimization Problemin

Step 1 are given as the following:

Case 1: 2" xq4:
X* = any randomyvariable X with valuesin [zq4, x,] satisfying F[X*] = ;.
v(z) = 0.

Case 2: 24" " x < xy:
X* = any randomvariable X with valuesin [z, z,] satisfying E[X*] = z;.
v(x) = 0.

Case 3: zg< " " 4.

X* = xgla, + kIc, + 21g,, Whee sets Ay, By, Cyx are decided by level ay debné as

!
ax = sup{a . p(B) " I xd},

z! Td

and ky, is chosenso that the constraint

ry = E[X"] = 24P(Ax) + kg P(Cx) + £P(By)
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is satisbd, i.e.,

! 2gP(AY) ! 2 P(By) ~

= P(G) oo

v(@) = (z! zq) P(AX) + (z! k) P(Cx).
Case 4: © & z, (Whenz, < $):

X* = xgla, + kylc, + zylg,, Whee Ay, By, C, are decided by levelq, debPné as

|
ay = sup{a - P(B)" o xd};

Ty ! x4

and k, is chosenso that the constraint
Ty = E[X*] = fdP(Au) + kup(cu) + $UP(BU)

is satisbdl, i.e.,

xr ! de(Au)! qu(Bu)

ky = P(Cu) {P(Cy)>0}"

v(x) = (z! zq) P(Ay) + (2! k) P(Cu) + (2! 24) P(By).

Remark 2.3. Notice that the numters «a, z, k and sets A, B, C are all related. We call
the collection =z, ay, ks and A,, By, C, that correspndsto z, the Ou-systemQ@ater in the
paper we will also have OrsystemGnd Otar-systemO.We resewre the non-indexel system
x, a, k and A, B, C for generl debnitions,and we useay, kx and Ay, By, Cy to descibe a

systemfor pxal x.

Remark 2.4. The glolal minimum for function v(x) is 0. For the Prst two caseswhele
x " xr, the minimal value of O can be easily achievel by an admissble X* & z, including
the special exampleof X* ' z, that naturally satisPesthe constraint of E[X*] = z,. For the
latter two caseswhele x > z,, the solution comesfrom Neyman-Pa&rson Lemma. A part of
the X* shouldbe as large as possibleto minimize v(z) on the gaod set OBQwhile the other

part should be taken at the lower bound to o!set this large numker so that the risk-neutral
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expectation of X* is guaranteed to stay at x,.

In Case 3, we can equivalently debPneay as

o = sup{ P(A) & L }

x' T4

becausefor bPxal « level, A, is the smalest setsatisfying P(A,) & X= ;r, and By is the largest
setsatisfying P(By) " XX:—Xd Whenthere is point massat ay, setCy hasnon-zeo prolability
and k, hasto be chosento satisfy the constraint of £[X*] = z,. Whenthere is no point mass
at ay, set Cy haszero prombility under both physial and risk-neutral prokability measures,
and we have exact equalities P(Ay) = %= o and P(By) = XT*Xd. Note that the sets A, B, C

and the numter k in Case 3 are functlons of x, whilein Case 4 they are not.

Remark 2.5. To use Theorem 2.2 to solvethe CVaR Minimization Problemin Step 2, we

need to bnd the glokal minimum amongfour caseswhenz, < $ :

1. 1
= | = — | =1
)\Xlgl:d(v(ac). Ax) )\XIQL(O Ax) = 1 xq,
1 inf  (v(z)! Ax) = 1 inf O! Ae)="!ua " 12z
A Xg<X<xXj N Xg<x<xp nr Fd
1 1 .
T g;gx (o(@)! Ax)= £ Inf (1 2 P(A) + (21 BIP(G! Ae),
_ 1.
- |nf (v(z)! Ax) = — inf ((x' xq) P(Ay) + (! ky)P(Cy) + (! x,)P(By)! )\a:).
A X=Xy A XXy

When z, = $ , only the brst three casesneed to be consdered. We rewiite the third caseas

LoInE @@ A= 1 it (@ w) PA) + (! BIPGY T A

!w; inf (2! 2 P(A)+ (! K)P(G) ! Ar+ Axy)

Lk it (1w (P(A) T AP(A) * (2! B)(PG) T AR(G)

T XASAY

1 .
| =
S xrg(n;xu M)
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where we debne

M) = (2! za)(P(A) ! AP(A)) + (! kJ(P(Cx) ! AP(CY)),
and solvethe problem

) inf  7(z)

Xy XXy

in Lemma 2.6. In casefour whenwe havez, < $ , the minimization is simpler because
Ay, By, Cy and k, are irrelevantto z. The function is linear in x with positive sloge so the

minimum is obtained at = = z,:

;lnf (2! 2z)P(Ag) + (2! k)P(Cy)+ (z! 2)P(B))! )

= T((r! TP+ (! R)PC)! Ara)
& % it (! 2 P(A)+ (! kPG ).

We haveshownhere that the minimum obtained in the fourth casewill not provide the glotal
minimum becauseit is dominated by the result from the third case. Note that the solutions
for the Pbrst two casesare simple whele we obsere the second case dominatesthe brst case.
It is easy to see that casetwo is also dominated by casethree becauseit coincideswith the
result in casethree whenx = x,. Therefore, oncee we solve (7) in Lemma 2.6, we arrive

naturally at the result of Step 2 in Theorem 2.10.

Lemma 2.6. Recall from Theorem 2.2, sets A, B, C' are debné according to the numler a,
namely A = {w# #: g—g(w) > a}, B = {w# #: S—S(w) < a}, andC = {w# #: g—g(w) = a}.

Also recall for any bxeal x, we debne

o ! 2qP(AY) ! 2 P(By) ~

ax = supqa : P(B)" , kx = _ | S0l
X p{ B xd} " P(Cy) {P(Ca)> 0}
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whete the sets Ay, By and Cy are related to x as A, = {w ## g—lf(w) > ax}, etc. Denote
the parameters ay, ku, Ay, By, Cu correspndingto z = z, as the Ou-system@arameters
ar, ki, Ar, By, C; correspndingto = z, as the OrsystemOparameters a*, k*, A*, B*, C*
correspnding to = = z* as the OstaisystemOThe solution to the minimization problem

inf  ~h(x),

Xp<X<Xy

whele

h(z) = (! 2q)(P(Ax)! )‘P(Ax)) + (2! k)(P(CY)! )\P(CX))a

¥ If % " L, P! as., then the minimum is achievel by the Orsystem@nd

inf  A(z) = h(z,) =0

Xp <X <Xy

¥ Otherwise, if L " =518 EEAU) then the minimum is achievel by the Ou-systemand

inf h(z) = h(zy).

X <X <Xqy

IfL> = E(/’: then the minimum is achievel by the Ostaisystem@nd

inf h(z) = M(a*) = (271 2)(P(A") 1 AP(A7)).

Xp <X <Xy

Herea* = sup{ 1l& = EE:)} Ar = {w# #: %) > a*}, *= g = —Xrl—_xgaf)*ﬂ

are the parameters that debpnesthe OstaisystemO.

Remark 2.7. The Orsystem@orrespndsto parameters: a, = esssup%, P(B) = P(B) =
1, P(A) = P(C;) = 0, and k, = 0. When z, < $, the debnition for the Ou-systemO
is straightforward. When z, = $ , the Ou-system@rresmnds to the set of parameters

satisfying a, = essnf . P(B) = P(B) = 0, P(A) + P(C) = 1. With this debnition, we do

&

not need to diler entiate the casesof , <$ andz, = $ in the abovelemma. In particular,
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> =P g automatically satisbe under the condition P = !l) >0

whenz, = $ a 1-P(A4)

thus the optimal is alwaysachieve by the OstaisystemO.

Corollary 2.8. In the casewhele the prokability space is atomlessand the Radon Nikodym
derivative %(w) has continuous distribution, we have P(C) = P(C) = 0 and P(B) =
1! P(A), sosetC will becomeirrelavant. The debnitiona, = sup{ P(B)" = Xd} yields

the precise equalities P(Ay) = %= o and P(Bx) = 3= Xd The solution to the minimization

problem
NLLARLS
whee
Wz) = (x! zg)(P(Ax) ! AP(AY))
is

¥ If % " L, P! as., then the minimum is achievel by the Orsystem@nd

inf  h(z) = h(z:) = 0.

Xp<X<Xy

¥ Otherwise, if 1" !1:222“)), then the minimum is achievel by the Ou-systemdhd

inf  A(x) = h(zy).

Xr<X<Xy

If L > ;‘E(A 7, then the minimum is achievel by the Ostaisystem@nd

inf  h(x) = h(z"),

Xp <X <Xqy,

whee z* = % and A* = {w ##P(w) > a*} satispest = =227

Remark 2.9. Recall from the dePnitionsin Remark 2.7, whenz, = $ , the Ou-systemO
correspndsto the set of parameters satisfying a, = esdnf 9& dP, F’(B) = P(B) = 0, P(A) =

P(A) = 1. Asin Lemma 2.6, we do not nead to diler entiate the casesof », < $ and

> =P s automatically

xy = $ in the above corollary. In particular, whenz, = $ a — P(A )
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satispel under the condition P % > !l) > 0 thus the optimal is always achievel by the

OstaisystemO.

Proof for Corollary 2.8. Let us brst prove Corollary 2.8 in the cortinuousdistribution case.

SupposedP " L, P! as.Thenforany = # [z, 2],

P(A) = / AP " TP(A).

Thus h(z) = (z! 29)(P(Ay) ! AP(A)) & 0. When z = z,, P(B,) = ﬁ::’;g = 1 and

P(A;) = P(4,) = 0, therefore h(x,) = 0. We conclude,

inf  A(z) = h(z,) =0

X <X <Xy

Now supposeP(fjj 1) > 0. Notice that when hasa continuousdistribution, we have

the exact equalties PP(Ay) = o and P(By) = =4 and we obsene the following:

X—Xg !

¥ A, increasesas x increasesy, decreasess x increases.

Debnefunction f(z) = *=

&Q;’;gg > 0. Notice that the probability function P(A,) is an increasingfunction of
Agnsox () f(@) 0 P(AY) (O Ax (. In this special casewherethe Radon-
Nikodym derlvatlve (w) has cortinuous distribution but could skip values,ay is a
decreasingiunction of x whereat times it canjump downward.

¥ P(A)=0and

Bt g, <$,

Xu—Xq’

P(Ay) =
1, w=9%.
SeeRemark 2.7 and note P(C) = 0 in this case.
¥ dP(AJg) Xr—Xdq D P(A ) - 1 dP( D+P(A ) 1 dPN(Ax)

dx (Xx—Xq)2"? az+  dx

Usethe debrition of f(z), dP(A ) = f(z) = X==*¢ Notice that ax may not be a

(x—xq)?

cortinuousfunction of x, but the left-hand and right-hand limit ayx_ and ay, existfor

all > becausét is a decreasingunction. In fact, we have P(ay, < %(w) <ax_) =0,



seeFig. 1. Since P and P are equivalert, we also have P(ay. < (w) <ax_)=0
and P(Ay) = P( (w) > ay_) = P( (w) > ayy). If we denotethe left-hand and
right-hand derivativesas
P(Ax19) ! P(Ax)

€ )

P(Axss) ! P(A)

€

D™ P(Ay) = Q;no

D P(A) = im

we have
. P(A I P(A . FE[1 1 E[1
D_P(AX) — “m ( X+$) ( X) — I|m [ A g+ e] [ Az]
$,0 € $,70 €
. E[ 1‘“’>a ]I E[ 1‘“’>az ] . E[g_glam,< Q<az+e]
= lim = |lim b =
$.70 € $,70 I e
Since
E[dp a:v—< dP<az+ e] & 1 E[laz—< %Saaﬁ e]
e ax+$ e
- 1 P(Ax+$) ! P(Ax) % 1 dP(Ax)
Ax+$ € ay_ dr
and
E[dp az—< dP<az+ e] 1 E[laz—< %Saczﬁ e]
I e Ay — I e
- 1 P(Ax+$) ! P(Ax) * 1 dP(Ax)
Gy € ay_ dr

ase (0. We concludethat the left derivative is

D~ P(A,) = 1 dP(AX).
ax_ dx
Similarly, the right derivative is
1 dP(Ay)

D¥P(Ay) =

axy dx
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If ay is cortinuousat =z, i.e., ax, = ax_ = ayx, then the derivative exists

dP(Ax) _ 1dP(Ag) _ o ! g
de ax dr  ax(z! z4)?

Now let us turn to the Prst and secondderivatives of the function we would like to
minimize:
hx) = (x! xzq)(P(Ax) ! AP(A)),

and shaw it to be a convex function. On z # (x;, x,), whenay is cortinuousat x, we have

h'(x)

(P(A) ! AP(A)Y)) + (2! ) (dp(Ax)l /\dP(Ax))

de dx
Ly el xg o ! oxyg
+ (x! !
xd) (@t za) (ax(m! xg)? )\(x ! xd)2>
z! oz, N il \ o
x! x4 ay x! x4

P(A)! A+ ai(ll P(Ay)).

(e

P(A)! A

When ay is discortinuousat x, we can debPnethe left- and right-derivatives

h(x+ €)' h(x)
h(x+ €)' h(x)

€

D™ h(x) = lim

D" h(x) = lim

Similar to the above calculation, we get

D h(z) = P(A)! M+ al

L pay.

X+

Dh(z) = P(A) ! A+

When ay is cortinuous at z, P(Ay) = ( (w) > ay) = 1! ( (w) "oay) = 1! F(ax)
where F'(3 is the cumulative distribution function of the Radon Nikodym derlvatlve &

Since P(Ay) = 2=, Flay) = 3= Xd . We have alsostarted by assumlngdp hasa cortinuous

X—Xq'
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distribution, therefore the derivative of F(§ exists and is the probability density function
(3. When ay_ = ay,, P(Ay) is strictly increasingas z increasesthus f{ax) > 0. By

InverseDi"erentiation Theorem, the derivative of ay existsand can be computed as

! xyg

I — <0
Flax)(z ! 2q4)?

/ I
e R
ax a2

Now we can compute the secondderivative of h(x):

By = 0D (ai)/(l! pay) 1 AP

dx N ay dx

(ax)' =

By Chain Rule, we know

= (})/(1! P(4y)) > 0.

X

Herel! P(Ay) = P(By) = et is strictly positive on the setz # (ar,2y). Clearly, the
secondderivative indicatesthat »'(x) is strictly increasingat thosepoints = # (x,, x,) where
ax 1S cortinuous.

When ay is discortinuous, we have

(11 P(AY)).

D h(z) = P(A)! A+ ai(lt P(A)) < D*h(z) = P(A)! A+ —

X Qx+
We recognizethat this is a kink point for h(z). Finally, we conclude h(z) is corvex on
(¢, xy).

When z, < $ , it is easyto seethat h(x) is cortinuousat both left and right end points
with the dePnitionin Remark 2.7. Thereforg it is corvex on the closedinterval [z, x,]. If
we canbnd z* # [z, z,], where 0# [D~h(z*), DT h(z*)], then it is the minimum. Otherwise
if D*h(x,;) & 0, then the inPmum is obtained at = = z,; if D" h(z,) " 0, then the inbmum

is obtained at + = z,. If the derivative of h(z) exists at x = z*, then the condition

0 # [D~h(z*), D*h(z*)] collapsesto I'(z*) = 0, or equivalertly, L = ’1:2((:3. When

the derivative does not exist, the condition that 0 # [D~h(z*), DTh(z*)] correspnds to
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1 | —P(A%) 1 | P (A%) - 1 1 1

== < TFa"’ and -+ > TR AT In this case we canalways Pndan _; # [az*f - ] where
1= 2:25’2:;, and the correspnding z* can be computed from the equaion P(A*) = =%,
. £ — Xp—XgP(A)
l.e.,x" = #J(A)

Recall that P(% > !l) > 0. Recall from Remark 2.7, P(A;) = P(A;) = 0, a; =
esssup® > L. So D*h(z) = P(A)! A+ L1 P(A)) = ! A+ L < 0. Onthe
other end, D" h(xzy) = P(Ay)! A+ i(l! P(Ay)). We have D~ h(x,) > 0 if and only if

1 I —P(Ay)
ay 1-P(A.)"
i " %, h(x) decreasesn [x;, x,], and the minimum is achieved at the right end point

with the value h(x,).

In this case,the minimum occurs at =* # (zr,z,) where 1 = %. If

When z, = $, h(z) is corvex on [z4,$ ). Asz * $, P(Ay) * 1, P(4) * 1,
ay * essanf g—ﬁ. D*h(x) becomespositive sconer or later, and the minimum is obtained in

the interior wherewe debnethe Ostar-systemO. !

Proof for LemmaZ2.6. As in the proof for Corollary 2.8, let /(3 be the cumulative distri-
bution function of the Radon Nikodym derivative %. Then for bxed z, we have F(ay) =
ap

has a cortinuousdistri-

1! P(Ay). In the proof for Corollary 2.8, we have assumedthat 9P

bution. This essetially dealt with casewhere F/(§ is cortinuous: it could either be strictly
increasingor Rat. Now to deal with the generalcase,we only needto discussthe remaining
casewhere F'(§ hasajump, i.e., there is a point massat % = ay, SeeFig. 1.

Recall the debnitons

. z ! oxg
sup{a . P(B)" | },

Tr:. Xd
dP dP dP
Ay = {w## :d—P(w) >ax},0x: {w## : d—P(w): ax},BXZ {w## : d—P(w) < ay
_ox ! xgP(Ax) ! xP(Bx)
o = Lecamop

P(Cx)

=
—~
8
~
|

= (! 2q)(P(Ax)! )‘P(Ax)) + (! B)(P(Cx)! AP(CX))v

——
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:Ur 7:Ud 1
T—Xd

xr 73’;([
xix(] 1

Ly —I |
Ly—Td

Figure 1. F(a) is the cumulative distribution function of the Radon-
Nikodym derivative 4.

and we would like to bnd

inf  h(z).

Xp <X<Xy
When S—E hasa point massat ay, i.e., P(g—ﬁ = ay) = P(Cy) > 0, the distribution function F
hasajump at ax: F(ax)! F(ax-) = P(Cy). Asin the proof for Corollary 2.8, we Prst discuss
the case% " &, P! a.s. Similarly we canshav P(Ac) " {P(A4y) and P(Cy) " $P(Cy) for
x # [xy,zy]. It iseasyto chek that ! ky & Owhenz, " =" xy, SOA(x) & 00N [z, x].
Also notice that h(z;) = 0, we conclude,

inf  h(z) = h(z,) = O.

Xp <X <X
Now supposeP(% > !l) > 0. If we can Pnd an a sud that P(A) = ﬁ exactly and

P(B) = %==%4 exactly, then P(C) = 0. This is the situation wherethe distribution of %
X—Xgq dP

is cortinuous. If sud an a cannot be found then we have the situation where P(C) > 0,
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and this correspndsto the situation wherethere is a point massthat we needto work out.

Therefore,we needto discussthree cases:

1: P(Ay) = 22 P(By) < Tt and P(Cy) >0,

X—Xg'
2: P(A,) < X%, P(By) = %% and P(Cy) > 0,
3: P(4)) < . P(By) < % and P(Cy) > 0.

We brst dealwith the last casewherewe bxa,;, A;, B; and C; where P(A;) < =%, P(B;) <

X—Xg'
et and P(C) = P(% = a;) > 0and z, = 24P(A)) + 2P(B)) + kP(C)) is satisbed.

X'r*XdF;(Al)
P(B1)+P(C1)

while at the sametime A,, By, C; and a; remain unchanged. The derivative of i(x) on the

X7 —X4(P (A1)+P (C1))

As k, decreased$rom z to z4, x increasesdrom z; = 5B ,

o x5 =

interval x # (x, x5) is easily calculated as

h'(z) = (P(A)! AP(A)) + (1! %)(P(Cl) L AP(CY))
B . P(B)) .
= (P(A) ! AP(Ay) + (14 P(C) WP(C) ! AP(CY))
B . . P(CY)
= (P(A)! AP(Ay) + (1! P(A))( F’(C’l) )

(P(A)! AP(A) + (1! P(Al)xa—ll! )

P(A)! M+ ai(l! P(Ay)).

The formula readsexactly the sameas the onein the corinuous caseexceptthat A/(x) is
constart now on this open interval, and the originally curved h(x) degeneratego a straight
line. At the end point x = x», k, droppedto z4 and we have P(B,) = ’;_;Xxdi Still we have

P(C)) = P(S—E = a;) > 0and P(4,) < 2%, This correspndsto the secondcasein the

X—Xgq

above list. There are three possibilitiesat this point.

(a) There is a point a, < a; where F'(a) is constart on the interval (as, ;) and has a
jump at ay, i.e., F(as! ) < F(ay).
(b) Thereis a point a;,. < a; and a,. is the smallest number such that F'(a) is constart

on the interval (a;.,a;) and hasno jump at a, .
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(c) F(a) is strictly increasingto the left of a;.

Thesethree casescorrespnd to how the function h(x) at z = x, is connectedto its right-

hand side:

(&) A kink connectionto another line with di"erent slope.
(b) A kink connectionto a curve.

(c) A smooth connectionto a curve.

If F'(a) is Rat until it encouners another point massat a, asin case(a), then the old sets
Ay and C; combine to producethe newset A, = A; |JC; and Cy = {w : S—E(w) = as}. The

left derivative at this point is computed above
_ 1 .
D7 h(x) = P(A)! M+ a—(l! P(AY)).
1
The right derivative is the sameformula applied to the new sets:
1 .
Dth(zs) = P(A))! A+ —(1! P(AY)).
Qg
The di"erence

D+h(l’2) ! D_h(ZEQ)

P(A)! A+ ai(l! P(A))) ! (P(Al)! A+ ai(l! P(Al)))

PC)+ (11 )AL PUAN! T P(C)

< YHesyeo
(05} aq

Here we used the debnition of set C; = {% = al} to yield P(Ch)! %F’(CI) = 0, and
% & 3 sincea, < a,. Therefore,the corvexity of i(z) at = = x, is kept. In case(c), F(a)

az

is increasingon the left of a; and we shall now return to the cortinuouscasein the proof for
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Corollary 2.8to concludethat

1 .
DTh(zs) = P(A)! A+ a_(l! P(AY)) & B (x), for x# (x1, x2),

1+

becauseu;, " a;. In case(b),
1 .
D¥h(z) = P(A))! A+ —(1! P(Ay)),
a1+
and the proof for
D+h(I2) & D_h(l'g)

is similar to that of case(a). Thus h(z) is corvexon z # (x1, x3].

Now conside the other end point x = z;. Here k, = z and we have P(A,) = D

Xg!

P(C)) = P(% = @) >0and P(B)) < ﬁ This correspndsto the brst casein the above

list. We can carry out similar discussionasin the second caseand concludethat
D™h(x1) " W'(x), forz# (v, x9),

thus we have the cornvexity of function h(x) on the closedinterval [z;, z5]. In summary:
when there is a point massat % = ay, i.e., F(ay! ) < F(ay) the corvex function h(x)
becomesdlinear; in cortrast to the fact that when F(a) is Rat, h(x) will have a kink point
where its derivative jumps. As shown in Fig. 2, in a caselike the Binomial model where
there are only point masses/j(z) is a piecewiseconstart corvex function; in a caselike the
Black-Sdolesmodel wherethe distribution is cortinuous and spansthe whole positive part
of the real line, h(x) is a cortinuously di"erentiable corvex function. In general,thesetwo
pictures can be mixed. In any case,combining the results we have just shovn and thosein

the proof of Corollary 2.8, we know that h(x) is corvex all the time on x # [z, x,].



24

- -

= o=
xr &£r
: .

Figure 2. The left picture is how h(x) look like in the Binomial model; the
right picturesis for the Black-Sdolesmodel.

The discussion in the proof of Corollary 2.8 dedt with minimizing h(z) when h(x) is

curved and cortains kink points. The optimal condition is the existenceof an a* sud that

- ai Al P(AY)

Y P(AY)

Now we deal with the situation whereh(z) is a straight line on [z, 23] wherethe minimum
can only occur at end points. For downward slopping case where h/(z) < 0 on (z1,x2),
the minimum occurs at the right-end point x, where either a kink or a smaoth connection
to a curved situation can happen, or a kink to another line can happen. When it is a
smooth connection, z, can not be a global minimum becauseh’(z,) exists and is strictly

negative. When it is a kink to a smaoth curve,then 0 # [D~h(x3), D' h(x;3)] correspndsto

1 P(A1)
E< 1- P( 1)

ajump from a; to a,, the set A jumps from A; to A, and k jumps from z4 to z,. The optimal

and — a1+ & T(QZ) When it is connectedwith a kink to anotherline, ¢ obsenes

condition 0 # [D~h(z), D*h(x)] correspndsto L < %&\1)) and £ & %((’22) In both

casesthe optimal a can be expressedas

1 M P(A
(9) a* = Sup{a : —&¥},
a 1! P(A)
and g, = XrXaP(A2) = X XaP(AY) = . The caseof upward slopingcan be similarly analyzed.

1-P(A2) ~  1-P(A%)
It is easyto ched the conditions whenthe slope is zero. Recognizing(9) is a generalization
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of (8) we had for the cortinuous case,we arrive at the optimal condition

a*zsup{ail&)\!—E(A)},
a 1! P(A)

and z* = %;(f)*) = k*. The only remaining issueto be cheded is the condition for
Ou-systemO be optimal when z, correspndsto a point massat a,. The argumeris given
in the proof of Corollary 2.8for the cortinuouscasework heretoo both for Pnite and inPnite
xy. For example,in the casexy, = $ , we have debPnedin Remark 2.7 that a, = essnf %.
Therefore, we have P(B,) = P(By) = 0, and P(C,) + P(A)) = P(C,) + P(A) = 1
whereC), = {w ## %(w) = au}. Sincethis is a line segmen for h(x), we have already

calculatedits slope
, 1 . 1.
h(x) = P(Ay)! A+ a—(l! P(Ay) = P(AY) ! A+ a_P(C“)
u u
= P(A)! X+ iauP(Cu) =1l A>0.
Qy

Sothe optimal will be obtained by the Ostar-systeni® the interior. !

Theorem 2.10 (Solution to CVaR Minimization Problem). Debnethe sets A, B, C' and
the numtlers ay, kx and the sets Ay, By, Cy for bxel numker x the sameway as in Lemma
2.6 and Theorem 2.2. Denote the OrsystemOQu-systemdnd Ostaisystem@s in Lemma?2.6.

The solution to problem(6) and consejuently our main problem(2) is as follows:

¥ If % " ,l P! a.s.,then X* = z, is the optimal bnal portfolio value, and the minimal

riskis CVaR, (X*) = ! z,.
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¥ Otherwise, bnd the Ou-system@ing dePnitions

_ sup{a:P(B)" ﬁ}, w<$,

au—

£ dP _
essnf 5, w=9%.

dP dP
Ay = {w##:d—P(w)>au}, By = {w##:d—P(w)<&u},

e ! 2gP(AY) ! 2, P(ByY)
P(Cy)

dP
C, = {w# # d—P(w) = au}, ky = {P(Cy)>0}

—1f L ;:EEQ’@, then the optimal risk is achievel by this Ou-system@he optimal

Pnal portfolio value and the assaiated minimal risk are

X = IdIA“ + kuICu + quBuy

CVaR (X*) =1 z + %[(xu I 2g)(P(Au) ! AP(AU)) + (zu ! k)(P(Cy)! AP(CU))]'

—If L > 1=E%) then the optimal risk is achievel by the Ostaisystem@btained

1-P(Ay)
£ — Xp—XgP (A*)

by a* = sup{a L& 3:2523}, A = {w##i%w)ﬂ*}’ TE T Rmn

The optimal Pnal portfolio value and the ass@iated minimal risk are

X* = aglas + 27 1pxe,

CVaR (X*) =1 ay + ;(x*! za)(P(AY) 1 AP(AY)).

Remark 2.11. For the continuous case as in Remark 2.8 we can simplify the results as

following

¥ If % " ,l P! a.s.,then X* = z, is the optimal bnal portfolio value, and the minimal

riskis CVaR, (X*) = ! z,.
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¥ Otherwise, bnd the Ou-system@ing dePnitions

sup{a: P(B)" ﬁ}, w<$,

ay — )
essnf 4, =9 .
dP
Ay = {w## : d—P(w)>au}.
L ;:EEQ“)), then the optimal portfolio is achievel by this Ou-system®:the

optimal Pnal portfolio value and the ass@iated minimal risk are

X* = xqla, + zylac,

CVaR (X*) =1z, + %(xu! 2a)(P(Ay) ! AP(AY).

—If L > ;:;éﬁ“)), then the optimal risk is achievel by the Ostassystem@®btained
by = {a: L= 0}, A= s B >} o= 220D The

optimal Pnal portfolio value and the ass@iated minimal risk are

X* = adeA* + aj*:[/A*c7

CVaR (X*) = ! ay + :—;(as*! 2a)(P(A*) ! AP(A%)).

Proof. Theorem 2.2 givesthe solution to the shortfall problemin Step 1. Leveragingthese
results, we have discussedn Remark 2.5 that the solution for step 2 is achieved by Pnding
the solution to the third case of

inf  (v(z)! Ax)="1 2+ 1 inf  h(z),

1
A X <X <Xy A Xr<X <Xy

where h(z) = (z! 2q)(P(Ay) ! AP(AY) + (2! k)(P(CY) ! AP(Cy)). Now combine the
solution to

inf  h(x),

Xp<X<Xy

found in Lemma 2.6, we quickly arrive at the conclusion. !
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3. Some Complete Market Examples

3.1. Binomial Model. Considera reconbining binomial tree, we have the following dy-

namicsfor the stock S, and the self-Pnancing portfolio X,:

Snr1(H) = uSy, with P(w, = H) = p and P(w, = H) = p,

Sni1(T) = dS,, with P(wy, = T) = gand P(w, = T) = ¢,

Xn+1 = gnSn-i-l + (Xn ! gnsn)(l + T)v

wherep, ¢ arerisk-neutral probabilities, p, ¢ are physical probabilities, u, d arethe stepsizes
for up move and down move respectively, and r is the risk-free interest earnedfor one time

step. Giveninitial stock price Sy and initial portfolio value X, our main goalis prstto pnd
(10) CVaRy (Xy) = igf CVaR (Xyn) st E[Xn]= 2, 2¢" XN " 2w,

wherethe constans satisfy 1I$ < 29 <2z <2y " $, and then to bPnd the correspnding
dynamic hedging¢,.
Denote the Pnal states of an N-step binomial tree as# = {w, wy, ..., won}, Where we

require the Radon-Nikodym derivativesto be arrangedin descendingorder, i.e., ,'ZEZ;:% &

Egjgi, +i < j. Note that in this casewhere the tree is reconbining, the Radon-Nikodym
derivative EEZ;; = EZEZ:Z dependson the total number of up movesm in state wj, and is

monotonic in m depending on whetherg > 1or g < 1. We group the distinct bnal nodes
into sets# = #,, #,, ..#n. Supposeg~ < 1, #¢ = {w;} cortains the only state where

thereare N down moves,#, = {w», w3, ...wN 11} corntains thosestateswherethereare N! 1

P(%) _ pN~*q*
P(%) ~ pN—FgF

down movesand oneup move. In general,#y = {w #H# } cortains N

(N —K)!

states. If instead E > 1, the order will be reversed and w, is the state with N up moves.

Proposition 3.1. Following the debnitionsof OrsystemOQOu-systermdnd Ostaisystem@s in
Theorem 2.10. We can computethe solution to problem(10) and the correspnding dynamic

hedging strategy &, in an N-step Binomial Model as below:
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¥ If either 1 < g " ’{/,E orl< g " f{ﬁ holds, then the optimal portfolio is Xy = x;
and the optimal strategy is &, = O, for all n = 0,1,..., N! 1. The correspnding
minimal risk is CVaR, (X{) = ! .

¥ Otherwise, if z, < $ , Pndthe Ou-system@@ing debnitions

N+ 1, P(#y) > %t

/l/u—

min {k : Zl P#;)" ;‘:f(j}, 0.W.

U #i, Cu=*#_1, A= U #i,

i )

— P(Q,-1) — Xr=XaP (Au)—XuP (Bu)
w = sy k= ey '

— If i " |1_E((A then the optimal is achievel by this Ou-systemQhe optimal

Pnal portfolio value and the asseiated minimal risk are

Xltl = l‘dIAu + kuICu + ZEUIBU,

CVaR, (Xltl) =1+ H(xu ! xd)(P(Au)! )\P(Au)) + (qu ! ku)(P(Cu)! )\P(Cu))]'

L "P(A“) , then bnd the Ostaisystem@btainel by

1-P (A,
A*:U{#i:%>a*},
i
oo wr ! wP(AY)
11 P(a)

The minimal risk is CVaR, (X{) = ! xr + !l(:c* I 2g)(P(AL) ! AP(AY)), whee
the optimal Pnal portfolio valueis Xy = zglas + 2*Ipxc.

If =, = $ , then the optimal risk is achieve by the Ostaisystem(@alculated atove.

In either case, hedging is calculated as & = );’*‘j E:;:éﬁlg)) from the Risk Neutral
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Pricing formula X} = WE[X* |Fnl

Proof. The Prst condition in Theorem 2.10, fj—ﬁ " L, P! as., is equivalert to E%; "L

sincethe statesare already arrangedin descendingarder accordingto the sizeof the Radon

Nikodym derivative. When p > 1, 2

= o L) B /L Similarly, we get the

P%i p !

~—|—

condition for the caseg >1,ie., 2 a > 1.

The secondpart of Theorem 2.10 can be translated easily by realizing that set B is the
union of all the #;Osuc that their Radon Nikodym derivativesare lessthan a threshold a.
Now sincethe Pnal statesare ordered, oncewe bPndthe state #;, for the Ou-systef@then all
the stateswith a biggerindex, i.e., #; , #i .1, ..., #n, COMprisethe set B,. A, and C, are
determined accordingly Note that whenz, < $ , S o P#i)= 1> Xd , S01i, canonly

take valuesfrom 1,2, ..., N + 1, so set C}, is hon-emplty. !

Algorithm 3.2. CVaR Minimization for Binomial Model
(1) If 1<§" f{/!zor 1<g" Y/4, then
igf CVaR (Xn) = xr, X =2, & =0foralln

Stop.
(2) If z, = $ , goto Step(4). Otherwise, bnd Ou-system@o to Step (3).
(3) If L L=RBu) then

ay 1-P(A,)’

ignf CVaRy (Xn) ="z + %[(xu D ag)(P(AL) ! AP(AY)) + (20! ku)(P(Cy)! /\P(CU))]a

Go to Step(5).
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(4) Find the OstaisystemO.

inf CVaRy (Xy) = ! o + %(x*! 2a)(P(A*) 1 AP(A")),

X,Z = LL’dIA* + l'*IA*c.

Go to Step(5).

K — = * —_ X;;+ (H)_X:+ (T)
(5) Calculate X} = WE[XN [Fn] for all n. Calculate&; = =5y Stop.

3.2. Black-Scholes Model. Let usturn our attention to the Black-Scolesmodel, a com-
plete market model with cortinuously distributed stock price. The dynamics of the stock

price and the self-Pnancingportfolio are asfollows:

dSy = Si(udt + odWy),

dXt &dSt + (Xt ! ftSt)T’dt.

Our main goalis onceagan brstto brd
(1) nf CValy (1) st EIXT)= o 5" Xp " a0,

and then to bnd the corresponding dynamic hedgingé;.

Definition 3.3. Let the market price of risk § = ==~ > 0 be as usual, and dePnethe

functions

d_(a,s,t) = \/%[' Ina+ é(wr?—_&zt! In Sio)+ ;(T! )], di(a,s,t)="d_(a,s,t).

Denote N(§ asthe cumulative distribution function for standaid normal distribution.

Proposition 3.4. Following the dePnitions of OrsystemOQu-system@staisystemCs in
Theorem 2.10, we can computethe solution to problem(11) and the correspnding dynamic

hedging &, in the Black-Scholesmadel as below:
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If 2, <$ , Pndthe Ou-system@3ing equations

|
P(Ag) = 2
g ! x4
. ﬁ[@—w-wu»],
P(A,) = N(! =1 lrla“)
¥If L ! P(A“) , then the optimal portfolio is achievel by this Ou-system@ which

aw  1-P(A,

casethe minimum risk, the optimal portfolio and the halging strategy are

CVaR (X3) =1z + L(zu! za)(P(A0)! AP(AL),

Xt* = '™ [xuN(dJr(au’ St;t)) + de(d,(au, Styt))] )

d? (au,S¢,t)

! x
5* u d e—r(T—t)— 5

Y aS/2r(T T B

¥If - >- P(A“), then the optimal risk is achievel by the Ostaisystem@alculated as

1-P (Au)
. ) _ 1_N(9 T Ina)
a* = {a. a= N 9\@)}7

2 oNT

P(A) = N(t 4T 1 k),

P(A*) = N(% I lna )

{Er! l‘dP(A*)
11 P(A*)

The minimum risk, the optimal portfolio and the hedging strategy are

CVaR (X7) =1 o + L@ za)(P(A%)! AP(A7),

Xp = e " N (di(a”, S, 1)) + walN (d-(a*, S, D)]

* d2 (a*,S¢,t)
Tr . Iq - 4y 92 St
é-t* — e r(T—t) 5

oSt/ 2r(T! t)

If 2, = $ , then the optimal risk is achieve by the Ostaisystem@alculated atove.
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Remark 3.5. Note that the formulae for X;* and & resemblethe Black-Scholesformulae

for a European call option. The reasonis that X;" is the Risk Neutral price of the optimal
Pnal value X7 = z4la« + 2*Ia« from Theorem 2.10. We will see in the following proof

- pr —&2
that set A* = {g—E > a*} = {St < ¢*} whee ¢* = Spe

T=51na"  Thus the optimal bnal

value becomespiecewiseconstant depgendingon the bnal stock price belowor alovea constant

threshold X7 = xglis,<c+} + 2" Is,>c)-

Proof. Accordingto Theorem2.10and Remark2.11,we needto chek whether E(cu) \T " .l

- P(Au) for the casex, < $ . The Radon Nikodym

P! a.s.,and if not, then whether - "

, 2
derivativ e processfor geometric Brownian motion model is 7; = %h = ¢~ W%t where

6 = E-. Obviously, P (%(w)]T > ,l> > 0 sinceessupZr = $ . To chedk the second

inequality, and possibly to Pnd solution to the equation a = ﬂfPEA))

explicit relation amongthe three elements (A), P(A) and a. Notice that

- dP - W VT In - W VT In
A‘{F‘T>a}_{¢_%<! T 7%}—{\/_%<T! \/ETL},

we needto bPnd the

we have

P(A) = N(! Tt b2), P(A) = N(T ey

Link the above two equationswith the debnition P(A) = *=2%: we can sole for P(A,),

X—Xgq'

ay, P(Ay) sequetially:

u ! ' VT _N-1(B .
P(A ) - Xy ay = e ﬁ[gTT—N 1(P(Au))] P(Au) — N(' 2T lnau)

)

To obtain Ostar-system@e only needto solve the equation a = ﬂ% through its explicit

form:
11 N(Tr 2

ALN( LT lna)

a_

A direct application of Theorem?2.10 givesthe optimal Pnal portfolio X7 and the minimal
CVaR. The correspnding optimal hedging & is the usual ODelta-hedge®the Black-Sdoles

model wherethe derivative payo" is X7, sowe Prst calculate the Risk Neutral price process
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Xt = v(St, t), and then di"erentiate with respect to the stock price S;.

Xz e TVEGIRD= e T [0 B(A) + 2aB(A)] = e T 27+ (ag! 2" B(AY)],

where F;(A*) is the conditional probability under the Risk Neutral measure.Since

A ={Zr >a’} = {Zte_' Wr=Wi) =G (T=) a} = {WTWf <1 Ay m},

we have then

a*

. In &- T
(12) B(AT) = N( e+ 3 TT0).

Note that Z; can be represemed by the stock price S;:

m%—(p—%g@)t

— &W —1g2)t _
St— 506 tH(H=2&) . VVt— z ,

0rpt T_Uzt—lni

Zt = eil Wtf%lzt . Zt - g(St7t)7 Whereg(S,t) = e; 2 SO]'

Substitute g(S;,t) into (12) we have

P(A") = N(d-(a", 5. 1),

where
d_(a,s,t) = —A=[l Ina+ JHEEL In )+ (T 8],
Hence
Xt = v(S, 1),
where

(s, t) = e TV N (dy(a”,5,1) + 2N (d-(a", 5, 8)],  di(a®,s.8) =1 d_(a’,s,1)



35
Rewrite v(s,t) = e "TV[a* + (4! 2*)N (d_(a*,s,t))], we Pndthe partial derivative

¥l xyg e_r(T_t)_di(az*,s,t)
osy/2n(T! t)

Giventhe stock price S; at time ¢, the optimal strategy & is:

vs(s,t) =

ft* = US(SU t)

Algorithm 3.6. CVaR Minimization for Black-ScholesModel

(1) If 2, = $ , goto Step(3). Otherwise, bnd Ou-system@g to Step (2).

1w ! —P(Ay)
(2 If 5 ThAL’ then

nf CValty (X7) =1 + Frg ! 2g)(P(AL) ! AP(Ay)),

X = e T [y N (dy(ay, S, 1)) + 2N (d—(au, S, )]

2
zy! g Cr(T —t) e St
gt — e r(T-—t) >

oSi\/2n(T" t)

Stop.
(3) Find the OstaisystemO.
inf CVaR (Xr) = Ly + 1™ ag)(P(A) ! AP(AY),
X; = e "T V"N (dy(a”, St 1) + 2gN (d_(a", St )],

* d? (a*,Sy,t)
5*_ L& g e_r(T_t)_ 2

Y aS/2r(T T B
Stop.
4. Resul ts: Dynamic & Static Hedging

4.1. Binomial Model. Dynamic Hedging

Take a 2-stepbinomial model asan example,wherethe sampling times aret = t, t1,t;. Also
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assumep = I, ¢= f,u=2d=3,r=1 5=4Xo=1La,=2z4=1 A= 01 We
T

14r—d
u_

calculatethe risk-neutral probabilities 5= ,andz, = (1+7)? = 22,

[oX
[

Following Algorithm 3.2, we have:

Q===

L(w1) = 16

Figure 3. Binomial Model Example

(1) Neither 1 < ‘—I; " 1{/,2 nor 1 < g " f{/,z is satisbed.
(2) Find Ou-systemO:
=15, B, = #,y, Ay = #o, Cy = #).
SoP(A) = 1, P(A) = L.
(3) Condition L aiggﬁzi doesnot hold.
(4) Find the Ostar-systemO:
a* = 8.8889,A* = #,, B* = #,J#,, 2* = 1L.75.
infa CVaR (Xy) = ! 1.6328,and X;(#o) = 1, X;(#1) = Xi(#,) = 1.75.
(5) Xi(H) = 1.4, X3(T) = 1.1. €(H) = 0, &(T) = 0.25, £ = 0.05.

Static Hedging
If we can only determine the hedging at the beginning, i.e., &, then the portfolio values
alongthe binomial tree are X, = 5S>+ (1+ r)23(Xy! &Sy). To constrain X, on the interval

[x4, zu], We require §, # [! 0.0577 0.0449]. We notice that the optimal & in the dynamic
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caseis outside of this range because¢; can still be adjusted for the bnal outcometo be

admissible. The resulting CVaR, (X3) with A = 0.1, is tabulated as follows:

Pw) Xo(w) | &= -0.0577 & # (1 0.05770) &= 0 & # (0,0.0449) & = 0.0449
9 X,(HH) 1 ( 1.5625 ( 2
I Xy(HT) | 16923 / 1.5625 / 1.4615
I Xy(TH)| 16923 / 1.5625 / 1.4615
L Xy(TT) | 1.8654 / 1.5625 / 1.3269
CVaRo(X>) -1 -1 -15625 ( -1.4405

Obviously the static hedging is not asgood asthe dynamic hedgingsincethe optimal risk

isinfy CVaR, (X2) = ! 1.5625,achieved at ¢, = 0.

4.2. Black-Scholes Model. Assume\ = 5% T = 2, r = 5%, Sy = 10, Xy = 10 24 =

5, 7, = 30.
(zu <9) Example 1 Example 2 Example 3
L 0.1 0.2 0.3
o 0.2 0.1 0.1
Dynamic initial hedge¢; 0 2.6117 4.9958
Dynamic minimal CVaR(X5) | -11.0517 -13.3297 -28.8575

Here we usea Pnite upper bound z, = 30to Prstillustrate two caseswherethe optimal
is achieved by the Ostar-systemi® Example 2 and Ou-systemi@® Example 3. Although we
choosea fairly reasonableset of parametersin Example 1, it turns out that the optimal
Ostar-system@ives value very closeto the Or-system®here no investmert in the stock is
made.

Next we let x, = $ while keepingall other corstants at the sane level, and comparethe

results betweenstatic and dynamic hedging. To compute the results for the static hedging
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case,note that

Xt =a + &(ST ! Spe'T), = Xpe'.

For Xt # [z4,$ ), we require §, # [0, T#].

CVCLR! (XT) ! !lE[XT]-{XT<q>\}]7 where qQ = I VaR, (XT)

I g, ! foso(euTW! efT).

Sincethe CVaR, (X7) is linear in &, the minimal is obtained at one of the end points.

(zu=9) Examplel Example2 Example3
[ 0.1 0.2 0.3
o 0.2 0.1 0.1
Static hedge¢; 0 0 0.5476

Static minimal C'VaR(X7) -11.0517 -11.0517 -12.3889

Dynamic initial hedge¢; 0 2.6117 7.6179
Dynamic minimal C'VaR(X7) | -11.0517 -13.3297 -57.9182

We seethat dynamic hedgingprovide quite di"erent results both for the minimal CVaR
and the hedgein Example 2 and Example 3, while remaining almost indistinguishable in

Example 1.

5. Conclusion

We have so far found exact solutions for CVaR minimization in complete market models
including the Binomial and the Black-Sdolesmodel. When we compae the minimal risk
resulting from dynamic portfolio managemenh to static portfolio managemeh we get very
di"erent numbers in magnitude of minimal risk and hedging strategies. This suggestghat
the procedure provided in this paper help to bPnd a dynamic solution that is much better
than a static solution. The procedurealsoworks for higher dimensionalcasesvhenthere are

multiple assetsas long as the market is complete. Finding the static solution in Theorem
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2.10remainsthe same. We only needto Pnd the hedgingin the higher dimensional case.

Howeer, the incomplete market solution is still an open question.
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