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Abstract

As in the classic ‘Secretary Problem’: the candidates arrive sequentially. In this paper, they are
represented with i.i.d. It6 diffusion processes. Two interwoven sequences of optimal stopping times are
decided which signify the hiring and firing times of each candidate. The goal is to choose the stopping
times to maximize expected sum of benefit and cost when the time horizon is infinite. The optimality
conditions in terms of Verification Theorem, Least Superharmonic Majorant, and Variational Inequalities
are given. The solution for the simple Brownian case with linear cost/benefit functions is calculated which
results in a new two-one threshold strategy giving rise to the corresponding decisions of hiring/letting
go-firing.
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1 Introduction

1.1 Motivation for Applications

This paper studies an optimal stopping problem to sequentially hire and fire candidates who arrives at random
times. The first candidate arrives at time 0. Two types of decisions can be made for this candidate over time
depending on how the value process of this candidate evolves.

1. The candidate is hired at time 79 and then fired at time (y; where 179 < (p;

2. The candidate is let go without ever being hired. In this case, 79 = ( indicates the time when the
decision is made not to make an offer.

After the final decision is made for the first candidate, all considerations about this candidate will cease, and
the waiting for the second candidate starts. When the second candidate finally arrives after a waiting period
s1, the clock restarts where the same two types of decisions will have to be made for the second candidate with
stopping times 7 and (3. This process can repeat itself infinitely many times. If all the candidates have i.i.d.
stochastic evolutions of their value processes, then the problem basically restarts at the arrival time of each
candidate. The decision problem just being described can be viewed as a bridge between continuous-time
sequential optimal stopping problems and the classic ‘Secretary Problem’.

Now let us switch from the the view of hiring to that of a job seeker’s perspective. Replace ‘candidates’ with
‘job opportunities’, then we can interpret 7y as the time the job seeker accepts the first job opportunity and
(o as the time she quits it. For earlier work on structural job search models in discrete- and continuous-
time respectively, see [7] and [5]. In general, this model can be applied to situations where two interwoven
stopping time sequences have to be decided about a sequence of new ‘opportunities’. In sociology, this could
be applied to study of social relationships, for example, marriages and divorces. For financial applications,
repeat decisions are often made for new investment opportunities, whether it be in the exploration of natural
resources or in new ventures.



1.2 Mathematical Formulation of The Problem

Assume the filtered probability space (2, F, (F)i>0,P*"”) owns the filtration F; that satisfies the usual
conditions. Let Y; be an R-valued It6 diffusion process

(1) 4Y; = u(Y)dt + o (Y)dBy, Vi > s,
where By is an R-valued Brownian motion and g : R — R and ¢ : R — R satisfy
(@) — p@)| +lo(x) o) < Clz —y|, Vz,yeR,
for some constant C' € R. The initial value Yy of process Y; is described by the distribution measure v:
P*(Ys € F)=v(F), VF € B(R),

where B(R) denote the Borel sigma-algebra on R. P*®¥ is the family of probability measures accompanying
the strong Markov family Y; with initial value y such that

P (F) = /R PSY(F)u(dy), VF € F.

It is understood that under P*Y, Y; follows the dynamics
dYy = p(Yo)dt + o(Ye)dB, Vt>s; Y,=uy.

Suppose the discount factor is a constant » > 0. The benefit rate function f : R — R, the hiring cost
function N : R — R, and the firing cost function K : R — R are continuous and satisfy that for any s > 0:

(a) E=Y[[7 e | f(Y;)|dt] < oo for all y € R, where E*Y is the expectation under P*¥, and
(b) the family {|N(Y,)| : « is a stopping time} is uniformly integrable under P*¥ for all y € R, and
(c) the family {|K(Y,)|: « is a stopping time} is uniformly integrable under P*¥ for all y € R.

Let (7,¢) be a pair of stopping times that decide the hiring and firing times of the candidate with value
process Y;, then we define the set of stopping times as

(2) T; = {(7,¢) : 7 and ¢ are a.s. finite stopping times such that s < 7 < (}.

The set {7 = ¢} will be interpreted as those scenarios where decision is made to let go candidate Y; without
the possibility of her ever been hired, therefore the payoff function is zero on this set.* The optimal stopping
problem for hiring and firing one candidate can be stated as

(3) v(s,y) = sup E*Y
(m,0)eTs

¢
(/ e " f(Yy)dt + e TN (Y;) +e‘T<K(Y<)> H{T<<}1 :

To simplify the notations, when s = 0, PY stands for P%Y, T stands for 7y, and the above problem can be
stated as

(4) v(y)= sup EY
(r,Q)eT

¢
</ e f(Y)dt + e TTN(Y;) + e‘rCK(Y<)> H{T<C}] :

To define the main problem with multiple i.i.d. candidates arriving sequentially, let Y!, i = 0,1,2, ..., be i.i.d.
processes with dynamics given by (1) and initial distribution v, i.e.,

Ay} = p(Y))dt + o(Y})dBy, Vt>s, i=0,1,2,..,

*This definition prevents the interpretation of hiring and firing the candidate at the same time and making either an
instantaneous profit or loss of N(Y-) + K(Y~).



where B} are independent R-valued Brownian motions and
P (Y€ F)=v(F), YFeBR), i=0,1,2,..
Let s1, s9,... be a sequence of i.i.d. random variables whose moment generating function exist
x(u) = Ele™™] <00, 1=1,2,..

Suppose s = 0 and the initial candidate (Y;?);>o arrives at time zero. The hiring and firing times of this
candidate are denoted as the pair of stopping times (79,(p). To make sure that the decision process is a
restarting process at the arrival time of each new candidate and the new candidate will in no way interrupt
the decision about the old candidate, assume that the second candidate arrives at a time with delay of s;
after the first candidate has being fired: T} = (y + s1. The value process of the second candidate is thus

zl =v} 097711, t> T,

where 0 is the shift operator, i.e., 85 : Q — Q is F/F measurable such that Z;(w) = Y;06,(w),Vw € Q,Vt > 0.
Note that
Ztl = }/;17’1—&7

and effectively is the Y process shifted to the right to start at 77, thus follows the dynamics
dZ} = w(ZhHdt + o(Z})dB}, Yt > Ty.

Then the decision about the second candidate (71,{;) has to take place after the arrival time 7 > Tj.
Similarly, we denote the pairs of stopping times (7;,{;) as hiring and firing times for i-th candidate with
value processes Z}, and the arrival times as T; = (;_1 + 84, i = 1,2,.... Denote the set of stopping times
under consideration for hiring and firing as

S ={(13,¢) : (14,¢) are a.s. finite stopping times such that 0 < 70 < (H < < <G <Th < <.}

Let Z) =Y. The objective of the main optimization problem is to maximize the total expected benefit

s Gi ‘ . ,
(5) o) = sup Z( / e-”f<zz>dt+e—”f1v<z;>+e-’“<iK<Zzi>) H{ﬂ«i}]-
TisGi i=0 Ti

The restarting nature of the problem can help to simplify the infinite sum above and reduce the problem to
finding one pair of stopping times and our main problem (5) is equivalent tof

(6) w(y)= sup EY
(1,¢)eT

¢
(/ e " F(Yy)dt + e "TN(Y;) + eTCK(Y<)> Iireey + e*’“cx(r) / v(:c)u(da:)] ,
T R
where Y and 7 = 7 are define in (1) and (2) as s = 0.

1.3 A Little History
The solution to the standard optimal stopping problem

¢
(7) v(y) = sup E®Y / e " f(Yy)dt + e K (Ye) |
CERo 0
where Ry = {¢ : ( is a stopping time such that { > s}, is well-understood to be commonly a one-level

threshold strategy. For reference books, see Karatzas and Shreve [6] for the probabilistic characterization

TThe details are shown in Appendix A.



of the value function as the Snell envelope, or see @Qksendal [8] for the variational inequality with smooth
pasting condition. Egami and Xu [4] studied the following problem (8) to optimally fire the current candidate
with value Y; at time ( and hire the best candidate at time 7, where the new candidates are i.i.d random
variables X? arriving at Poisson jump times, and with a constant rate of search cost c.

(8) v(y) = sup E%Y
,m)eT

¢ T
/ e " f(Yi)dt + e K (Ye) — / ce "t + e”XT] .
0 0

The optimal solution turns out to be a one-one-level threshold strategy: one threshold for firing and another
threshold for hiring. The Main Problem of this paper (6) is a further extension to (8) where the starting
time is random and the new candidates are modeled by i.i.d. stochastic processes. The solution shown later
in Section 3 turns out to be a two-one-level threshold strategy: one for hiring, one for letting go and another
one for firing under the condition the candidate is hired. The Entry and Exit Problem studied in Brennan
and Schwartz [2], Dixit [3], Brekke and Oksendal [1], decides the sequence of entry and exit times on a
single opportunity and thus provides a one-one-level threshold strategy similar in spirit to the one candidate
problem studied in Section 2. Shepp and Shiryaev [10] studied a very interesting problem with continuous
hiring and firing problem in a different setting to this paper where multiple candidates are under simultaneous
consideration.

2 Characterization of the Optimal Stopping Strategies for One
Search Case

This section provides optimality conditions for a simpler problem where the search stops after just one
candidate. The problem was stated in (4) and it is repeated below for convenience:

(9) v(y)= sup EY
(r.Q)eT

¢
</ e " f(Yy)dt + e TN (Y;) + 6_7'CK(YC)> ]I{T<C}] ‘

This is simpler than our main problem (6) without the value function v(-) on the right-hand side, but still
an extension of the classic problem (7) to require the decision for a pair of optimal stopping times. I take
the standard approach of starting with a probabilistic characterization of martingale optimality conditions
for (9), followed by PDE characterization under Markovian framework.

Theorem 2.1 (Verification Theorem) Suppose there exists an adapted and continuous stochastic process
(U;Y)¢>s for which the following conditions hold for all y € R:

a. e UMY > fst e f(Yy)du+e K (Yy), Yt > s, P*Y—a.s.,
b. e "U;"Y is a uniformly integrable supermartingale, and

c. there exists a stopping times (* € R such that

*

Uy = g / e F(V)dt + e K (V) | 5

and suppose there exists another adapted and continuous stochastic process (V;"V)i>s for which the following
conditions hold for all y € R:

d. e VMY > e IN(Y;) + e T UPY for all t >0, POY—a.s.,

e. V;O’y >0, Vt>0, P%Y—a.s.,



f. e_”VtO’y is a uniformly integrable supermartingale, and

g. there exists a stopping times T* € Ry such that

Vo = B [ (7 N (Vo) 4 e UL Y I ey

where (* € Ry« is the optimal stopping time for achieving U™ Y=* in condition (¢). Then Voo’y 18 the optimal
value function in problem (9) and (7*,(*) is a pair of optimal stopping times.

Remark 2.2 1. Process UV can be identified with the usual Snell envelope

¢
[ e e

S

ess sup E%Y
CERs

and VY with the new Snell envelope of (9).

2. The indicator function in the problem statement (9) introduces extra optionality (e) in the above Veri-
fication Theorem. This will appear again in the infinite search case in Theorem 3.1.

PRrROOF. In condition (a) and (d), the processes on both sides of the inequalities are continuous in time ¢,
therefore if we replace it with random times 7 < (, the equalities still hold

¢
eiTCUCT’YT > / e f (V) du+ e K (Ye), P%Y —a.s.,
T
eV > e N(Y,) 4 e U, POV —as.
Condition (e) implies that for any pair of stopping times 7 < (,
e_TTVTO’y >0, P%—a.s.

Apply Optional Sampling Theorem to conditions (b) and (f), and note that {r < (} is F,-measurable, we
have

VO 5 B0 [mrry09] — B0 [0,y e VOV )]
> B [(e7 TN (Y2) + e TURY) Iragy]

> EO,y _6_7-7—N(YT)H{T<C} + E07y |:€—7-CU£7YTH{T<C} ‘]_—T:H

I ¢
(/ e " f(Yy)du + GTCK(Y<)> Lir<cy ‘ }—TH

> E% e TN (Vo) ey + EVY
r ¢
=B | (e N(Y;) + / e f(Yu)du+e K (Ye) | Tiregy

Taking supremum over all (7,¢) € T, we conclude one direction of the inequality Voo’y > v(y). (g) implies
the other direction of the inequality Vy"¥ < v(y). o

Corollary 2.3 (Least Superharmonic Majorant) Suppose that u : R — R is a continuous function that
satisfies the conditions

h. u(x) > K(x), Vo € R,



i e (V) + fg e~ " f(Yy)du is a P%Y uniformly integrable supermartingale for all y € R, and

j. for each y € R there exists a stopping time * € Ry such that

;
uly) =7 | [ e vdu s e RV
0

If u(z) + N(x) <0 for all x € R, then let 7 = (* = 0 and v(y) = 0 is the optimal value function in problem
(9). Otherwise, suppose that v: R — R is a continuous function that satisfies the conditions

k. wv(z)> (u(xz)+ N(z))",Vz e R,

1. e "w(Y;) is a P%Y uniformly integrable supermartingale for all y € R, and

m. for each y € R there exists a stopping time 7* € Ry such that

u(YT*)) H{C*>0}} ,

*

v(y) = EOY [(e—rT*N(YT*) +e "7

where (* € R« is the solution to (j) for u(Y,+), i.e.,

*

u(Yy) = BV V e (Yu)du + e K (Y

0

Then v(y) is the optimal value function in problem (9), and (7*,(* 0 0.+) is a pair of optimal stopping times.

Remark 2.4 Define C, = {z € R: u(z) > K(z)}, Fu ={x € R:u(z) = K(x)}, Hy = {xr € R : v(x) =
uw(@)+ N(z)}, C, ={z € R:v(z) > (u(z) + N(x))"} and F, = {z € R: v(z) = 0}.

1. When u(z) + N(x) <0 for all x € R, it is never beneficial to continue because the payoff will always be
negative, therefore F,, = R and the candidate is let go without ever being hired ™ = (* = 0.

2. Otherwise, F, = 0 because it is always possible to find a strategy to achieve positive payoff. In addition,
{z e R:u(z)+ N(x) <0} CC, for the same reason.

PROOF. Define e "'U;"Y = (efr(t’s)u(Yt_s) + fotis e’T“f(Yu)du) ofs. It is obvious that conditions (h), (i),
(j) imply conditions (a), (b), (c). Similarly, define V¥ = v(Y;). Then conditions (k), (1) and (m) imply
conditions (d), (e), (f) and (g). o

The next step is to provide an analytic characterization of optimality condition to (6) by variational in-
equalities coupled with ‘smooth pasting’ conditions. Its proof can be obtained from Corollary 2.3 and for
consistency the format is a direct adaptation of Theorem 10.4.1 from Qksendal, B. (2003). Let

be the partial differential operator characterizing the generator of discounted processes e~"*Y;. Denote C(R)
as the set of continuously differentiable functions and C?(R) as the set of twice continuously differentiable
functions on R.

Corollary 2.5 (Variational Inequality with Smooth Pasting)
e Suppose u : R — R satisfies
1. u € CYR),



2. u(zr) > K(x), Va € R,
Now define the continuation region as C, = {x € R : u(z) > K(x)} and the firing region as
Fu={zeR :ulx)=K(z)},

Y; spends zero local time on 9Cy a.s.: E®V[[° Toc, (Yy)dt] = 0, Vy € R,
0Cy, is a Lipschitz surface,
u € C2(R\OC,) and the second order derivative of u is locally bounded near OC,,

Lu+ f<0onFy, and Lu+ f =0 on Cy,
Now define (* =inf{t >0:Y; ¢ C,},

7. (* < o0, P*Y—a.s.,

8. the family {u(Y¢) : ¢ is a stopping time such that ¢ < (*} is uniformly integrable, Yy € R.

SIEENA R N

If u(z) + N(x) <0 for all x € R, then let 7 = (* =0 and v(y) = 0 is the optimal value function in problem
(9). Otherwise,

e suppose v : R — R satisfies

1. ve C'(R),
2. v(x) > (u(z) + N(z))T Vz € R,

Now define the continuation region as C, = {x € R : v(z) > (u(z) + N(z))"},
and the hiring region as H, = {x € R : v(z) = u(x) + N(x)},

Y, spend zero local time on OC, a.s.: E™Y[[[* Tac, (Y1)dt] =0, Vy € R,

0C, is a Lipschitz surface,

v € C?(R\JC,) and the second order derivative of v is locally bounded near 9C,,

Lv <0 onH,, and Lv =0 on C,,
Now define 7* = inf{t > 0:Y; ¢ C,},

7. 7% < 00, P%Y—aq.s.,

S v S

8. the family {v(Y;) : T is a stopping time such that T < 7*} is uniformly integrable, Vy € R;
v(y) is the optimal value function in problem (9), and (7*,(* 00.+) is a pair of optimal stopping times.

Example 2.6 (Simple Brownian Model with Linear Cost Functions) Let u(-) = 0, o(-) = 1, then
Y; = B; is a standard Brownian motion starting at y. The benefit and cost functions are assumed to be
linear: f(x) = azx, K(z) = bx, N(x) = cx where a,b,c € R are constants. The discounting rate v > 0 is also
a constant. Assume that the constants satisfy a —br > 0,a +cr > 0,b+ ¢ > 0F. Then Problem (9) becomes

v(y) = sup EY
(r,Q)ET

¢
(/ e "taBdt + e " ¢B, + e_’"beC> Iir<cy

From Theorem 2.1 and Corollary 2.3, to obtain the solution we need to solve a pair of problems sequentially,

¢
/ e "taBdt + eiTCbBC
0

uly) = sup £V
¢

v(y) =sup Y [(e7"eB,r + e "u(B;)) Lieesoy] -

9

The solution to the value function u(y) is standard to compute when a — br > 0,

N R P R R
u =
Y by, fory < L*,

fThe other cases for the relationship between constants can be similarly analyzed.



where L* = —\/%. The continuation region is C, = (L

time of the continuation region ¢* = inf{t : By < L*}.
To find the solution for

*

,00) and the optimal stopping time is the first exit

o(y) = B [e7"7 (eBr + u(B;)) I, >1y]

when a + cr > 0, let us first guess the continuation region to be C, = (—oo,U) where U > 0. The first exit
time is defined as T = inf{t : By > U}. Then the value function related to the threshold strategy can be
computed as

Sy = [+ u), fory = Us
(cU +u(U))E®Y[e~"7], fory < U.
(c+2)y+ (b—2) Lre~(w=L)Var, fory = U;
((c + 23U+ (b—2) L*e_(U_L*)m) e~ U=vV2r - for y < U.

The smooth pasting condition JY € C1(R) implies

() (- 2) % (e e o B o]

e2(b-2) eI _ (o4 2) (vVarU - 1),

When b+ ¢ > 0, there is a unique solution U* to the above equation which is greater than L*, and the value
function is

D e e T s fory 2 U
v(y) ((c+ %) U* + (b— %) L*e—(U*_L*)\/TT) e—(U*_y)\/27’ fory <U*.

The optimal stopping time is 7" = inf{t : By > U*}. The pair of optimal stopping time is thus (7*,(* 0 0,+),
where (* o O« = inf{t > 7% : By < L*}.

3 Characterization of the Optimal Stopping Strategies for Infinite
Search Case

This section solves the Main Problem (5) with infinite candidates. Its equivalent statement (6) is repeated
here for convenience:

(10) wv(y) = sup EY
(r,Q)eT

¢
</ e f(Yy)dt + eTTTN(Y;) + eTCK(Y<)> Lirecy + ergx(r)/Rv(l‘)V(dﬂﬂ)] :

The derivation of the optimality theorems are similar to those in Section 2, therefore only their statements
are provided.

Theorem 3.1 (Verification Theorem) Suppose there exist adapted and continuous stochastic processes
(U;)e>s and (V,Y)>s for which the following conditions hold for all y € R:

a. e UMY > fst e " f(Yu)du+ e "MK (Y;) + e (r) [p V) Fu(dz), Yt > s, P5Y—a.s.,
b. e "tUY is a uniformly integrable supermartingale, and

c. there exists a stopping times (* € R such that

UsY = Y

¢* .
/ tf”tf(Y})dt—|—67TC K(Y¢) +e"¢ X(’/‘)/ VOO’ZV(dz)] :
s R



d. eV > e IN(Y,) 4+ e mtUSY Wt > 0, P9Y—_q.s.
e. VU > x(r) [ Vo Pv(dz), Yt > 0, POY—a.s.
f. e_”VtO’y is a uniformly integrable supermartingale, and

g. there exists a stopping times 7 € Rq such that
Vo't = B0 [(“T*N(YT*) UL ) I }+< " (r)/VoO’ZV(dZ)> H{r*—c*}}’
R

where (* € R+ is the optimal stopping time for achieving UT Yo in condition (c). If N(y) + Uoo’y <
(r) Ja VOO #v(dz) for all y € R, then let 7* = (* = 0 and v(y) = 0 is the optimal value function in problem

(10). Otherwise V0 Y is the optimal value function in problem (10), and (7*,(*) is a pair of optimal stopping
times.

Corollary 3.2 (Least Superharmonic Majorant) Suppose thatu: R — R andv : R — R are continuous
functions that jointly satisfy the conditions

h. w(z) > K(z) + x(r) f, o ,Va R,

i. e "tu(Y) + f e~ " f(Yy)du is a P%Y uniformly integrable supermartingale for all y € R, and

j. for each y € R there exists a stopping time * € Rq such that

¢ .
uy) = E%Y /0 e f(Ya)du+ e K (Yoo ) e X(T)/RU(OC)V(dw)l ;

k. ov(z) > max {u(z) + N(z), x(r) [gv(z)v(dz)}, Vo € R,
l. e "tw(Y;) is a P%Y uniformly integrable supermartingale for all y € R, and

m. for each y € R there exists a stopping time 7* € Rgy such that

o) = B [ (7 N0 4 e 0l g + (77 x0) [ otevlan) ) Tie—ar]

where * € T+ is the solution to (j) for u(Y,+), i.e.,

u(Yye) = EOY- l/oc

If u(z) + N(= (r) Jgv(z)v(dz) for all x € R, then let 7% = ¢* = 0 and v(y) = 0 is the optimal value
function in problem (10) Otherwzse the optimal value function v(y) is a positive function, and (7*,(* 00,x)
s a pair of optimal stopping times.

*

e " (Y, )du+ e ¢t K(Ye) + ’"g*x(r)/Rv(sc)V(dx)].

Corollary 3.3 (Variational Inequality with Smooth Pasting) Suppose v : R — R and v : R - R
satisfies

1. ue CYR) andvEC’l(R),
2. u(z) > K(x (r) Jg v( ,Vz e R,

Now define the continuation region as C, = {x € R : u(z) > K(x (r) J[gv(2)v(dz)} and the
firing region as F, = {x € R : u(z) = K(z) + x(r) [ v(z)v(dz)}



3. v(z) > max {u(z) + N(z), x(r) [pv(z)v(dz)}, Vz € R,

Now define the continuation region as C, = {:U €R : v(z) > max {u + N(z fR }},
the hiring region as H, = {z € R : v(z) = ( )+N( )}
and the firing region as F, = {x €ER : v(x) fR }

4. é//} spg{nds zero local time on 9C, U OC, a.s.: E™V[[ ¥ Iac, Y})dt} =0 and E™Y[[;" Lac, (Yy)dt] = 0,
yelk,

5. 0C, UOC, is a Lipschitz surface,

6. u € C*(R\OC,) and the second order derivative of u is locally bounded near dC,, and v € C*(R\AC,)
and the second order derivative of v is locally bounded near 0C,,

7. Lu+ f<0onFy, and Lu+ f =0 onC,, Lv <0 on H,UF,, and Lv =0 on C,,
Now define (* =inf{t >0:Y; ¢ C,,} and 7* =inf{t > 0:Y; ¢ C,},

8. (* < o0 and TF < 0o, P*Y—a.s.,

9. the family {u(Y:) : C is a stopping time such that { < (*} is uniformly integrable, and the family
{v(¥;):7isa stoppmg time such that 7 < 7*} is uniformly integrable, Yy € R,

If u(z) + N(x (r) Jgv(2)v(dz) for all x € R, then let 7% = ¢* = 0 and v(y) = 0 is the optimal value
function in pmblem (10) Otherwzse the optimal value function v(y) is a positive function, and (7*,(* 00, )
s a pair of optimal stopping times.

Example 3.4 (Simple Brownian Model with Linear Cost Functions Continued) With the same
assumptions as in Example 2.6: u(-) =0, o(-) =1, f(z) = azx, K(z) = bx, N(x) = cx, where a,b,c € R and
r > 0 are constants. Assume that the constants satisfy a — br > 0,a 4+ cr > 0,b+ ¢ > 0. The Main Problem
(10) becomes

v(y) = sup EY
(r,)eT

¢
(/ e ""aBydt + e " cB; + 6TCbBC> Iir<cy + e "x(r) / U(z)l’(dm)] :
i R

Define the sequential optimization problems

(1) uly) = sup BV
¢

¢
/ e "aBdt + e "bBe + e " x(r) / v(x)l/(dx)l ,
0 R

(12) o) =swp B [(e—%BT + e u(B,)) i-n0y + <e‘”x(7“) / v(w)u(dm) ﬂ{g*_o}} .

Note that in Example 2.6, there is only one candidate, so giving up this candidate without hiring ((* = 0)
means zero payoff. On the other side, waiting to hire the candidate at a reasonable level (U*) will yield a
positive payoff. The trade-off means that the candidate will not be let go without ever being hired, see Remark
2.4. In the current situation, letting go the current candidate and starting to wait for the next candidate
restarts the problem with positive constant value x(r fR v(dx). Therefore, the candidate will be let go if
the value is too low. It will turn out that two-one-level threshold stmtegz'es are optimal. For given constants
L,U, I € R, define the hiring region as H, = [U,o0), continuation region as C, = (L,U) and the firing
region as JF, = (—o0, L] associated to problem (12); continuation region as C, = (I,00] and the firing region
as F,, = (—o0,I] associated to problem (11). The stopping times associated to the threshold strategies are
¢=inf{t: By <I} and T =inf{t: B; < L or By > U}, and the corresponding value functions are

(13)  ul(y) = E"

¢
/ e "taBydt + e " bB: + e " x(r) / vL’U(x)V(dac)] ,
0 R

(14)  ob(y) = EO [(e-”cBT+e-”uf<BT>) R (e‘”x(r) [t <dx>) H{BT<I*}].
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Define the constant restart value as

(15) mbU = X(r)/vL’U(x)V(dm).
R

Substituting m™Y into (13) and (14), we have

¢
(16) ul (y) = E%Y / e "aBdt + e " (bB: + m™Y) |,
0

The solution to the value function u’(y) is again standard to compute when 3 2 \/% (% — b) > 0,

Loy Gy Bem WOV fory > T
u (y) - LU *
by +m™", fory < I7,

where I* = ’;;;— \/127§. When a+cr > 0, the solution to (14) is a two-threshold strateqy where L* < I* < U*.

For given pair (L,U) where L < I* < U, rewrite (14) as

mbU, fory < L;
vPY(y) = EOv [(e‘” [CU + uI(U)]) Iip, —uy + e‘”mLU]I{BT:L}] , for L<y<U,
cy +ul (y), fory > U.

In the case L <y < U,

UL’U(y) = [CU + uI(U)} EOY [eiTT]I{B _U}] +mBUEOY [e*”]I{BT:L}] ,
nh((y — )\/>) +mbU sinh((U — y)ﬁ)

= [eU +u' (U m ,
[ ( )} smh((U L)V/2r) sinh((U — L)v/2r)
where sinh(z) = Em*;% , cosh(z) = % Thus we have
mbU, fory < L;
LU\ — I sinh((y—L)v/2r) LU sinh((U—y)v/2r) .
(17) v (y) = [cU—Fu (U)] snh(U—L)v2r) +m Snh((U—L)var)’ for L <y < U,
(¢4 )yt oo I, forv 2.

Continuous differentiability of vi°Y(y) at y = U and y = L yield

a U—I*)V2r _ cosh((U—L)V2r LUcosh U—-U)V2r
(;+C)+ﬂ(*\/§)€ ( ) = [CU+U (U)] Wl‘))\/—)\/iﬂ’ W(*@),
_ I cosh((L—L)\/2r) L,U cosh(U-L)V2r)
0= [CU Tu (U)] sinh((U—L)v/2r) Vor +m sinh((UfL)\/?)( @)

Define fy = f ( + c) the above equations are equivalent to

(18) m5U sinh((U — L)V2r) = y — Be~U—1V2r,
(19) m=U cosh((U — L)V2r) = y/2rU + Be~U=1V2r,

§Note that (b — I +mbU =g

11



From (15) and (17), we have
LU _ LU
m X(r)/Rv (z)v(dx)
= LU a —(z=I")V2r
() { R N (R ) vd)

I sinh((z—L)v/2r) L,U sinh((U—z)v/2r)
+/(L o) ([CU +u' (U)] sinh((U—L)var) T ™ sinh((UfL)\/?)) ’/(d”:)} ’

where

O(L) = /(—oo,L] v(dz), T(U) = /[Um) xv(dx), U) = /[U,oo) e~V y(dx),

-~ . f(L7U>sinh((U—z)\/§)l/(dz) + o f(LTU)sinh((z—L)\/Z)v(dz)
M (L’U) - sinh((U—L)\/?) ’ i (L,U) - sinh((U—L)\/ﬂ)

It is equivalent to

200  mbY [X(lr) — &(L) — M~ (L,U) — cosh((U — L)V2r)M (L, U)| = yv/2r¥(U) + B! VI T(U).

If there exist unique solutions (L*,U*,m"* V") to equations (18), (19) and (20) which satisfy L* < I* =
m* 2 L < U*, then L*,U*, I* provide the thresholds for the optimal strategy where (17) is the value

Bv2r Var
function. Note that if the initial value of the future candidate follows a normal distribution with mean T and

z—x)2
variance & where v(dz) = \/2;?6_( = , then the functions ®(L), ¥ (U),T(U), M~ (L,U), M+(L,U) can be

calculated very efficiently, and numerical solutions for (18), (19) and (20) are not hard to obtain.

4 Future Work

There are many different directions to extend the current model and only a subset is listed below:

e New candidates arrive at random times s1, s1 + So,... where s; are i.i.d. random variables. The arrival
of the new candidate can immediately affect the decision about the current candidate.

Limit the model to finite number of candidates.

e Impose an exponentially distributed final time for all operations.

A random number of candidates arrives simultaneously, but only one candidate will be under consid-
eration.

At any given time, up to a fixed number of candidates can be under consideration.

A Explanation of the Restarting Nature of Main Problem (6)

v(y) = sup EY
(7i,¢:)ES

Co
<~/ e_rtf(Z?)dt + e_rTON(ZSO) + e_TCOK(Z80)> ]I{TO<C0}‘|
To

+ BV |E7n

3

e Gi ) ) )
> (/ e f(Zhdt+ e TIN(ZL) + e‘TQK(Zgi)> Iir<ci)

i=1

gl
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Co
= sup {Ey K/ (Y )dt+ e TTON(Y)) + G_TCOK(YC%)) H{‘m<(0}‘|

(70,¢0) 0
vl op=t > Gi . .
B foss sz_u)oSETloTl > / e f(Y) 063 )t + e TIN(Y 0 67
Ti,Gi) € i=1 T3

+6*T’Ci K(Yé o 07—,11)) H{ﬂ°9T1 <Q00T1}i|:| }

o

(70,¢0)

0

+ EY |ess sup EYo

(Ti001, ,Ci00T,)

+67T(T1+<i09T1 )K(Yé)) H{.,-iong <Giobm, }:| ] }

0 CiofT, ] i
> (/ eI (Y1)t + e Dm0 N (Y )

i=1 1007

Co
= {E [( / eTHF(YO)dt + TN (YD) + e“OK(Yg;)) H{m«o}]

(70,C0) o
o | & Gi ) ) )
+ EY e*’“Tless( szlg)es EYo Z </ e " F(Y)dt + e TN (Y)) + e”K(Yé)) H{n<ci}H }
TisGi i=0 Ti
o

= sup < EY / e YDAt + e TON(YD) + e TOK (YD) | Iirgacoy | + EY [eT T 0(YY)]

(10,60)€S To

Co

= sup £EY / e FY)dt + e TON(YD) + e_TCOK(YC?)) Tiro<cor + e "0 (r) / v(x)v(de)| .

(10,60)ES To R

Acknowledgements

The work of Mingxin Xu is supported by National Science Foundation under the grant SES-0518869. She
would like to thank Isaac Sonin and Steven Shreve for helpful discussions.

References

1]

2]

BREKKE, K. A., B. OKSENDAL (1994): “Optimal switching in an economic activity under uncertainty”,
SIAM Journal on Control and Optimization, 32, 1021-1036.

BRENNAN, M., E. S. SCHWARTZ (1985): “Evaluating natural resource investments”, The Journal of
Business, 58, 135-157.

Dixit, A. (1989): “Entry and exit decisions under uncertainty”, The Journal of Political Economy, 97,
620-638.

Ecami, M., M. Xu (2008): “A continuous-time search model with job switch and jumps”, to appear
in Mathematical Methods of Operations Research.

FrINN, C., J. HECKMAN (1982): “New methods for analyzing structural models of labor force dynam-
ics”, Journal of Econometrics, 18, 115-168.

KARATZAS, 1., S. SHREVE (1998): Methods of mathematical finance, Springer-Verlag.

LippMAN, S., J. McCALL (1976): “The economics of job search: A survey, Part I”, Economic Inquiry,
14, 155-189.

13



[8] OKSENDAL, B. (2003): Stochastic differential equations : an introduction with applications, 6nd Edition,
Springer-Verlag.

[9] PESKIR, B., A. SHIRYAEV (2006): Optimal stopping and free-boundary problems, Birkhaduser Verlag.

[10] SuEPP, L. A., A. SHIRYAEV (1996): “Hiring and firing optimally in a large corporation”, Journal of
Economic Dynamics and Control, 20, 1523-1539.

14



