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Abstract Trypanosomatid parasites, trypanosoma and lishmania, are the cause of

disease and death in many third world countries. One of the most unusual features of

these organisms is the 3 dimensional organization of their mitochondrial DNA into maxi

and minicircles. In some of these species minicircles are confined into a small volume

and are interlocked forming a gigantic network. How this network was selected dur-

ing evolution and how it is maintained, replicated and segregated is mostly unknown.

Here we investigate the effects of the confinement on the topology of the network. We

investigate a simplified model where randomly oriented minicircles are placed on the

plane with their centers on the vertices of the simple square lattice. For completeness

the formation of networks over a bounded region and over the entire plane was con-

sidered. We analytically show that a finite positive critical percolation density exists

and that the probability of a saturated network forming (meaning all the minicircles

form one unsplittable link) approaches one exponentially as the density increases when

the minicircle field is bounded. We carried out numerical studies to obtain numerical

estimates of these quantities and also to estimate biologically relevant properties of the

network. When these results are considered in the context of the structure of k-DNA

then we find that the formation of the network is an expected result provided that

strand passage enzymes (such as type II topoisomerases) are present. We also provide

estimates for the average and variation of the degree of these networks.
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1 Introduction

Trypanosomes are protozoa that cause fatal diseases in humans, livestock, fishes and

plants. A distinctive feature of these organisms is the organization of their mitochon-

drial DNA into mini- and maxicircles (reviewed in [12]). Minicircles are between 0.5-

2.5kb in size while maxicircles are around 37kb. Both maxicircles and minicircles have

been characterized functionally. Maxicircles contain genes that are used for energy pro-

duction while minicircles contain genes for editing the maxicircle products []. In some

of these organisms minicircles are catenated into a single gigantic network. This net-

work is confined inside the kinetoplast disk (k-disk) where minicircles are positioned

perpendicular to the plane of the k-disk []. Some quantitative estimations exist for C.

Fasciculata. Chen and colleagues estimated that the network is comprised of about

5,000 minicircles and that every minicircle is linked on average to three other minicir-

cles (i.e they have valence 3) [3]. A physical factor that seems to play an important

role in the formation of this network is confinement. For instance during replication

the number of minicircles within the k-disk doubles (from 5, 000 to 10,000) [4] and the

linking number of a single minicircle increases from 3 to 6. Also networks have also

been reported when type II topoisomerases act on DNA relaxed circles in the presence

of condensing agents [3,?]. Here we consider the model proposed by Chen et al. [3] in

which randomly oriented minicircles whose centers are on a planar region. For simplic-

ity we propose here a minicircle network model in which randomly oriented minicircles

are located on the vertices of a simple square lattice. We call this model the square

lattice minicircle model, or SLM model for short.

We use the SLM model to study different aspects of topological complexities of

minicircle networks and investigate how different properties and topological complexity

measures of these networks change as the density of minicircles increases. For example,

the average size of the largest chain of linked minicircles in the network or the average

valence of the network (i.e. the number of minicircles linked to a given minicircle) are

both functions of the minicircle density and have biological relevance. As the density of

minicircles increases we find that many problems here are in fact closely related to those

arising in percolation theory. We define a minicircle field as a bounded square region

of the simple square lattice and say that a minicircle network percolates if there exists

a chain of linked minicircles that spans over from one boundary of the minicircle field

to its opposite boundary (such a linked minicircle chain is then called a percolation

chain). A number Dc is called the critical density of the network if for any density

larger than Dc, there exists a positive constant α such that the minicircle network

will have a probability at least α to percolate no matter how big the minicircle field

is. On the other hand, this percolation probability would go to zero as the size of

the minicircle field grows to infinity, if the density of the minicircles in the network is

less than Dc. We analytically show that a finite positive critical percolation density

exists. Further beyond percolation densities we find saturation. We say that a minicircle

network saturates if all minicircles in the system form one single linked chain (which

in topological terms means an unsplittable link). We show that the probability that

the network saturates approaches one exponentially as the density increases when the

minicircle field is bounded. Numerically, we obtained estimates of the critical and

saturation densities as well as the mean valence of the network.

This paper is organized in the following way. In Section 2, we provide some basic

mathematics background concerning random circles and bond percolation theory. We

also give precise definitions of the SLM model and the density of the minicircles. In
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Section 3, we state and prove our main analytical results. In Section 4, we present

our numerical results with an outline of the numerical approach and methods used.

We conclude our paper in Section 5 with a brief discussion about implications of our

results for biological systems described above and potential future researches in this

direction.

2 Basic mathematical background

2.1 Random circles and random circle links

Let J and K be two disjoint simple closed curves in R
3. We say that J and K form an

unsplittable link (of two components) if no topological 2-sphere separates them. The

same definition can be extended to the general case where there are n disjoint simple

closed curves in R
3. By this definition, if J and K form an unsplittable link, and S2

is any topological 2-sphere that is disjoint with J ∪ K, then J ∪ K is contained in

one of the two path components of R
3 \ S2. Assign arbitrary orientations to J and K

and consider a plane projection of the link J ∪K. The projection is said to be regular

if the projected arcs can only intersect each other transversely and only two arcs are

involved at each crossing in the projection. At each crossing, we assign a +1 or −1

according to the orientation of the two arcs at the crossing as shown in Figure 1. The

(Gaussian) linking number (or homological linking number) of the curves J and K

(with respect to the assigned orientation) is defined as one-half of the sum of all the

signs on crossings between J and K. It is denoted by ℓ(J, K). It is a well known result

in knot theory that ℓ(J, K) is a topological invariant. That is, if J ′ and K′ are another

pair of disjoint simple closed curves in R
3 such that J ′ ∪K′ is topologically equivalent

to J ∪ K, then ℓ(J, K) = ℓ(J ′, K′). Consequently, if ℓ(J, K) 6= 0, then J ∪ K is an

unsplittable link. Computationally, there is a closed integral formula (called Gaussian

integral) for ℓ(J, K) using the parametric equations of the curves. However, in our case,

there is not need to use the Gaussian integral since we are only dealing with circles

and the linking between two circles can be easily determined as we will show later.

?
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- -

+1 −1

K (or J) K (or J)

J (or K) J (or K)

Fig. 1 Assignment of ±1 at a crossing. The sign for any two edges whose relative position is
as shown in the figure is determined by the right hand rule.

Let us now consider the linking probability of two random (geometric) circles. First,

let us assume that the circles are of unit radius and their centers are fixed. Second,

we will assume that the normal unit vectors of the circles are independent random

variables uniformly distributed on the unit 2-sphere. We will call such a random circle
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a uniform random circle. Let the distance between the two centers of two uniform

random circles be 2r (r > 0) and we would like to compute the probability of the two

circles forming an unsplittable link as a function of r. Let us denote this probability by

pr. It is rather obvious that pr = 0 if r ≥ 1. We have the following lemma in general

regarding pr (due to Diao [5]).

Lemma 1

pr =



1 − r, 0 < r < 1,

0, r ≥ 1.
(1)

Proof Let c1 and c2 be two uniform random circles and let z1 and z2 be the centers of

c1 and c2, respectively. |z1 − z2| = 2r is fixed, where |z1 − z2| is the Euclidean distance

between z1 and z2. Evidently, if r ≥ 1, then c1 and c2 are always unlinked. So assume

that 0 < r < 1. The two unit spheres centered at z1 and z2, respectively, then intersect

at a circle of radius r1 =
√

1 − r2. Call this circle c3 and let z3 be its center. A position

in which c1 and c2 form an unsplittable link is shown in Figure 2.

Fig. 2 The relative positions of two unit random circles of a distance 2r apart.

It is obvious that c1 and c2 are unsplittable if and only if they both intersect c3
in such a way that the intersection points P1, Q1 of c1 with c3 and the intersection

points P2, Q2 of c2 with c3 separate each other as shown in Figure 3.

2

P

Q

P

Q 2

1

1

Fig. 3 P1 and Q1 separate P2 and Q2 on c3.
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Now, let u, v be the normal vectors of c1 and c2, respectively, and let θ, φ be the

smaller angles between u, v and the straight line through z1 and z2, respectively. See

Figure 4. If c1 is to intersect c3 at two points, then sin−1 r < θ ≤ π
2 . θ is also a random

variable and its probability density function is sin θ. A similar discussion also holds for

φ.

Fix P1 and Q1 on c3 first (so θ is also fixed). If φ ≥ θ, then in order that c1
and c2 are unsplittable, P2 can only move on two separated arcs of equal length

2r1 cos−1( r
r1

cot θ), (P2, Q2 are oriented according to the orientation of c3). Simi-

larly, if sin−1 r < φ ≤ θ then P2 can only move along two separated arcs of equal

length 2r1 cos−1( r
r1

cot φ). This leads to the following formula:

P (c1 ∪ c2 is unsplittable)

=

Z π

2

sin−1 r
sin θdθ

n

Z π

2

θ
sin φ · 2

π
cos−1(

r

r1
cot θ)dφ (2)

+

Z θ

sin−1 r
sin φ · 2

π
cos−1(

r

r1
cot φ)dφ

o

.

2rθ φ

vu

z1 z 2

Fig. 4 The relative positions of c1 and c2 in terms of their normal vectors.

By exchanging the integration order in the second integral of the above and ex-

changing the notation of θ and φ, (3) simplifies to

4

π

Z π

2

sin−1 r
sin θ cos−1(

r

r1
cot θ)dθ

Z π

2

θ
sin φdφ

=
4

π

Z π

2

sin−1 r
sin θ cos θ cos−1(

r√
1 − r2

cot θ)dθ. (3)

After letting y = sin2 θ and integrating by parts, the above is simplified into 1− r.

By simply re-scaling, we obtain the following result for a more general setting.

Corollary 1 Let c1 and c2 be two uniform random circles of radius R whose cen-

ters are fixed and are of a distance 2r apart, then the probability pR,r that c1 ∪ c2 is

unsplittable is given by the following formula:

pR,r =



1 − r/R, 0 < r < R,

0, r ≥ R.
(4)
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2.2 A brief introduction of 2d bond percolation theory

Percolation theory was first motivated by physical questions such as the following: if a

liquid is poured on top of a slab made of some porous material, what is the probability

that the liquid will be able to make its way from hole to hole and reach the bottom of

the slab? A simple way to model this question in the 2-dimensional case is to consider

a square lattice of an n × n square (here the coordinates of the lattice points are of

integer values). Each line segment (called a bond) joining two adjacent lattice points

can be in either an “open” state or a “closed” state. The open state means that there

is a hole from one site (represented by a lattice point) to an adjacent site (represented

by an adjacent lattice point) for the liquid to flow through. Each bond is open (i.e. in

the open state) with probability p (so it is in the closed state with probability 1 − p),

and the event that a given bond is open or closed is independent from the events

whether other bonds are open or not. In this model, the above question becomes the

following: for a given p, what is the probability that an open path exists from the top

of the slab (the square lattice region) to the bottom of the slab? The asymptotic case

where the square region become unbounded is of a particular interest. In this case, the

corresponding question is, for the given p, does an infinite open path exist? That is,

is there an infinite length path of lattice points connected by open bonds (this path

is also called an infinite open cluster in the literature)? When such an infinite open

cluster exists, we say that the network percolates. By Kolmogorov’s zero-one law, for

any given p, the probability that the network percolates is either zero or one. This

percolation probability has been shown to be a non-decreasing function of p. It follows

that there must be a critical value of p (denoted by pc) such that the percolation

probability is always 0 if p < pc and the percolation probability is always 1 if p > pc.

For the square lattice bond model, it was shown by Kesten [9] that pc = 1/2. An

immediate consequence of this result is the following: if p > 1/2, then under the 2d

bond percolation model, there exists a positive constant α > 0, such that for a lattice

square of dimension d×d, an open path connecting one side of the square to its opposite

side exists with a probability at least α, regardless the value of d. On the other hand,

if p < 1/2, then as d → ∞, the probability of such an open path exists goes to zero.

Interested reader may refer to [15] for detailed discussions in percolation theory.

2.3 The simple square lattice minicircle network model (SLM model)

For the sake of convenience, we will assume that all minicircles under consideration are

of unit radius. This will not cause the loss of generality in light of Corollary 1. Let a > 0

be a positive number and we will consider the simple square lattice on R
2 such that

each lattice point is of the form (2am, 2an) where m and n are integers. Each lattice

point is used as the center of one (and only one) random minicircle. The normal vectors

of the minicircles are uniformly distributed over the unit sphere and are independent

of each other. Finally, we will consider a rectangle of the form [−d, d] × [−d, d] as the

region where the minicircle network resides (which we will call the minicircle field).

We will only consider the case where d is much larger than 1 (including the limit case

d = ∞). The density of the minicircles in the network is the number of minicircles per

unit square (over the defining rectangular region of the network). It is obvious that

under the SLMa model, the minicircle density of the network is D
.
= 1/4a2 when d
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is large. Figure 15 shows two minicircle networks under the SLM model with different

densities.

Fig. 5 Networks of minicircles with different densities in the simple square lattice.

Borrowing some terms from the percolation theory, we will say that the minicircle

network (under the SLMa model) percolates if there exists an unsplittable chain of

minicircles that cross the minicircle field from one boundary to its opposite boundary.

For a given minicircle in the network, we will define its valence to be the number of

minicircles that form an unsplittable pair with it directly. On the other hand, a chain

length refers to the number of all minicircles in an unsplittable link of minicircles in

the network.

3 The percolation of uniform random minicircles

First, let us lay out the main tasks that we aim to accomplish in this paper.

1. Determine the critical minicircle density Dc for the minicircle network to per-

colate (since percolation of the network depends on the density of the minicircles).

It is obvious that if the density is too low, the percolation (in fact any linking) will

not occur. In fact, if D ≤ 1/4, then a ≥ 1 and it follows from Lemma 1 that with

probability one none of the minicircle pairs can form an unsplittable link. It is thus

clear Dc ≥ 1/4.

2. Determine the relationship (at least asymptotically) between the minicircle net-

work saturation probability and the density of the minicircles in the network.

3. Determine the mean valence number for each minicircle (that is, the average

number of minicircles that are directly linked to a given minicircle) in terms of the

density D.

The three theorems in this section will give at least some partial answers to the

above questions. The following lemma is needed for the proof of Theorem 1. The proof

of it is a combined exercise of simple geometry and calculus and is left to our reader.
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Lemma 2 Let C1 and C2 be two minicircles whose centers (O1 and O2) are fixed and

are of unit distance. Let b > 0 be a small positive constant. Let Ti (1 ≤ i ≤ 4) be four

minicircles such that the centers P1 and P2 of T1 and T2 are of a distance less than b

from the center of C1, and the centers P3 and P4 of T3 and T4 are of a distance less

than b from the center of C2. Furthermore, the positions of the centers of the Ti’s are

such that the angles ∠P1O1P2 and ∠P3O2P4 bounded away from 0 and π by a positive

small constant c (as shown in Figure 6), then there exists a positive constant β such

that for any given spatial positions of C1 and C2, the probability that C1, C2 and the

Ti’s form a linked chain is at least β.

b P

P

3

4
11

2

C1 C2

O

O2

P

P

Fig. 6 Linking of two minicircles C1 and C2 whose centers are of unit distance through four
minicircles in their neighborhoods: C1 and C2 are shown in the figure, but only the centers of
the other minicircles are shown (marked by solid dots).

Theorem 1 There exists a critical percolation density Dc for the SLMa model. That

is, if D > Dc, then the minicircle network percolates with a positive probability. More

precisely, there exists a positive constant α > 0 such that the probability that there exists

an unsplittable chain of minicircles that cross the minicircle field from one boundary

to its opposite boundary is at least α, regardless the value of d. On the other hand, if

D < Dc, then as d → ∞, the probability of such an unsplittable chain of minicircles

exists goes to zero. Furthermore, 1/4 < Dc < ∞.

Proof We will show the existence of a finite Dc in the second part of the proof. Consider

the SLMa model where a ≥ 1/2. We will compare this model with the standard 2d

bond percolation model discussed in the last section in the following way. Each lattice

point in the SLMa model is considered as a site in the bond percolation model. If

the minicircles centered at two adjacent lattice points form an unsplittable link, then

we say that the bond between the two corresponding sites is open. Since a ≥ 1/2,

minicircles not adjacent to each other will not link. Hence the probability for each

bond to be open is exactly 1− a (the linking probability between the two minicircles).

A naive comparison to the bond percolation model may lead to the conclusion that the

critical density is obtained when 1 − a = 1/2, namely when D = 1. However, under

our model, a bond is open or not is not independent of the whether the bonds around

it is open or not. It is possible that the condition that a particular bond is closed may

increase the chance for its neighboring bond to be open. However, if a is close enough



9

to 1, then (by a continuity argument) it is easy to see that a bond will be closed with

a probability close to 1, regardless whether its neighbors are closed or open. It follows

that we must have Dc > 1/4.

We will now show that Dc < ∞. Let us consider the extreme case where a is very

small. For the sake of convenience let us assume that a = 1/m for some positive integer

m. Let each square lattice point with integer coordinates be a site. Let b > 0 be the

constant mentioned in Lemma 2. In our model, two adjacent sites are connected by an

open path if the two corresponding minicircles form an unsplittable link either directly

or through an unsplittable link involving other minicircles. In the b-neighborhoods of

the centers of the two site minicircles, there are an order of O(1/a2) = O(k2) groups

of disjoint minicircles satisfying the conditions given in Lemma 2. Since the spatial

positions of C1 and C2 are fixed, whether one such group forms an unsplittable link

with C1 and C2 is independent of the events that C1 and C2 are linked through other

such groups of minicircles. It follows that the probability that C1 and C2 are not linked

through any such group of minicircles is at most of the order

(1 − β)O(k2) ≤ e−γk2

= e−2γD (5)

for some suitably chosen constant γ > 0. Thus when a is small, C1 and C2 will fall into

the same unsplittable link with a high probability, regardless what happens to other

minicircles at other sites. This translates into a bond percolation model where each

bond is open with a high probability. These probabilities are not identical, but are

independent of each other. It is thus obvious such a system has a higher percolation

probability than a standard bond percolation with p just over 1/2 does. In other word,

when D is big enough, the minicircle network system as we described will have passed

the critical density stage. This concludes that Dc < ∞. In fact, the exponential bound

given in (5) implies that the critical density Dc should not be too large, which will be

confirmed later by our numerical simulations. As our numerical estimation will show

later, the actual critical density is in fact not a big number.

Theorem 2 Assume that an SLMa minicircle network is over a rectangular field of

the form [−d, d] × [−d, d], then the probability for the network to become saturated is

bounded below by 1 − e−γdD, where γd > 0 is a constant depends only on d.

Proof Suppose that we place the minicircles in the network in two stages. In the first

stage, we place minicircles whose centers are of coordinates of the form (4am, 4an)

where m and n are integers. Let us consider the minicircles whose centers are of integer

coordinates. To avoid confusion, we will call these minicircles “site minicircles”. For

two site minicircles whose centers are adjacent in the standard simple square, as we

have shown in the proof of Theorem 1, the probability for them to belong to the

same unsplittable link is at least of the order of 1 − e−2γ′D, where γ′ is a positive

constant that is independent of D and d. Furthermore, the minicircles used to define

the unsplittable link here are not used in the argument for the linkedness of any other

pair of adjacent site minicircles. Let the event that all site minicircles belong to the

same unsplittable link be B. Then it follows that P (B) ≥ 1 − 4d2e−2γ′D, since there

are 4d2 pairs of site minicircles. Assume that event B has happened after we placed

the first round of minicircles (so that they are all fixed). Now we will place the rest of

the minicircles into the network, namely the minicircles whose centers have coordinates

of the form (2a(2m + 1), 2a(2n + 1)). Take any minicircle C, either from this group,

or from the previously placed minicircles, and consider the probability that C and the
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site minicircle C′ that is nearest to it does not fall into the same unsplittable link.

Since there are O(1/a2) minicircles in a small neighborhood of the centers of C and

C′, the same argument used in the proof of Theorem 1 can be used to show that

the probability C and C′ are not in the same unsplittable link is at most e−γ′′D for

some constant γ′′ > 0 that does not depend on D or d. Since all the site minicircles

already belong to the same unsplittable link (remember that we had assumed that

event B has happened), the probability that at least one minicircle does not belong

to this unsplittable link is thus at most (d2/a2)e−γ′′D = 4d2D2e−γ′′D, since there

are at most d2/a2 = 4d2D2 minicircles in the minicircle field. Let A be the event

that all minicircles fall in the same unsplittable link, then we have just shown that

P (A|B) ≥ 1 − 4d2D2e−γ′′D. It follows that

P (A) ≥ P (A ∩ B) = P (A|B)P (B) ≥ (1 − 4d2D2e−γ′′D)(1 − e−2γ′D) ≥ 1 − e−γdD

for some suitably chosen γd > 0 (that would be dependent on d).

In the case of valence, it is apparent that the mean valence of any minicircle is

0 if D ≤ 1/4, and it is 4 − 2√
D

if 1/4 < D < 1/2. Interested reader may try to go

a few steps further in this direction. However, here we are mainly interested in the

asymptotic behavior of the the mean valence when D is relatively large. We have the

following result.

Theorem 3 For large values of the density, the mean valence E(V ) of any given

minicircle in the SLMa model is of the order of O(D). More specifically, we have

.9D ≤ E(V ) ≤ 16
3 D when D is large.

Proof Without loss of generality, consider the minicircle with center at the origin. We

only need to consider the minicircles whose centers are within the 2×2 square centered

at the origin, as shown in Figure 7. Since the minicircles outside this square will not

link with the given minicircle.

k=4

2a k=2

Fig. 7 Minicircles to be considered in the mean valence of a given minicircle.
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Consider the lattice points on the 4ak× 4ak square (centered at the origin), where

1 ≤ k ≤ 1/a. The cases of k = 2 and k = 4 are shown in Figure 7. There are exactly 8k

such points, and correspondingly, there are 8k minicircles centered at these vertices.

The distance between any one of these vertices to the origin is at least 2ak. It follows

that the probability of linking between the corresponding minicircle and the minicircle

at the origin is at least 1 − ak, which leads to the following inequality (notice that

E(V ) is simply the summation of linking probabilities between the minicircle at the

origin and all other minicircles):

E(V ) ≤
1/a
X

k=1

8k(1 − ak) =
4

3a2
− 4

3
<

16

3
D.

On the other hand, the distance between any one of these vertices to the origin is at

most 2
√

2ak. So similarly we have

E(V ) ≥
1/a
X

k=1

8k(1 −
√

2ak) > .9D

when a is large enough. Some details in the calculation are left to our reader.

4 Numerical methods and results

4.1 Numerical methods

Lattices of dimension up to 5000×5000 were considered in these simulations. Different

lattice sizes and numbers of iterations are used for different estimations, since some

computations were extremely time consuming. The center of each minicircle is uniquely

placed at a lattice point in the square lattice and a random spatial position of the circle

is selected by choosing its normal vector uniformly over the unit sphere. In our original

definition, the densities of minicircles in the lattice are achieved by varying the distance

(2a) between two adjacent lattice points and using the formula D = 1/4a2. However

in the actual implementation of our algorithms, we instead fixed the distance between

adjacent lattice points (to be of unit length) and achieved the various density levels by

varying the radius of the minicircles in the lattice. The equivalence of this conversion

is seen from Corollary 1. For each radius R (so that 4r2 would be the corresponding

density of the minicircle network), Monte Carlo simulations were performed by gener-

ating independent samples of randomly oriented minicircles. For a given conformation

of minicircles we computed the linking number of first and second nearest neighbors.

Instead of using the Gaussian integral formula to compute the linking number between

each pair of minicircles to determine whether the minicircles are linked, we used the

following much simpler geometric criterion. Given two minicircles C1 and C2 of fixed

radius r centered at P and Q respectively, consider the planes that contain the minicir-

cles, together with the plane that bisects P and Q (so that it goes through the midpoint

O of P and Q and is perpendicular to the line segment PQ). With probability one,

these three planes intersect at a single point x. As illustrated by Figure 8, C1 and C2

form an unsplittable link if and only if R > |Px| = |Qx|. This simplification makes our

computation easier and faster.
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Q

x

P

O

Fig. 8 The relative positions of two minicircles and the bisecting plane of their centers: in the
shown case the radius of the minicircles is less than |Px| = |Qx| and they are clearly unlinked.

4.2 Numerical estimation of Dc

The most important characteristic of the minicircle network (from the point view of

percolation theory) is its critical percolation density. On a large minicircle field, perco-

lating chains occur rarely when the density is below the critical density. However, once

the density is over the critical density, the percolating chains suddenly occur very fre-

quently. This sudden change in the frequencies of percolating chain is a well established

and understood behavior of the critical density. Thus the most important numerical

study of this paper is the estimation of the critical density of the minicircle network

(under the SLM model). The following outlines our approach to this problem.

Consider a finite minicircle network over a square lattice field with a fixed number

of minicircles, say n minicircles. Let M be a fixed state of this minicircle network (so

that the spatial position of every minicircle is fixed), but we will let the density increase,

starting from 1/4. By our earlier discussion, there will be no percolating chain in M

at beginning since no minicircles can link each other. But as we increase the density,

the network may eventually percolate. Let DM be the infimum of all densities with

which M percolates. If M never percolates, let DM = ∞. Notice that M is actually

determined by a set of n unit vectors in R
3 (the spatial position of each minicircle

is determined by its normal vector in our discussion). Thus the set Sn of all states

of minicircle network (of n minicircles) has a measure of (4π)n. We can thus define

Ds(n) =
R

Sn
DMdµ, where µ is the uniform probability measure on Sn. Let us call

Ds(n) the state critical density (of minicircle network of n minicircles). Notice that the

set over which DM = ∞ is a singular set with probability measure zero. We have the

following theorem.

Theorem 4 If limn→∞ Ds(n) = Ds exists and limn→∞ V 2
n = 0, where V 2

n =
R

Sn
D2

Mdµ−
(
R

DMdµ)2, then Ds = Dc. More precisely, with a given density of D > Ds, there ex-

ists α > 0 such that the percolation probability for any minicircle network of size d× d

is at least α. On the other hand, if D < Ds, then as d → ∞, the percolation probability

of a minicircle network of size d × d goes to zero.

Proof If D > Ds, then there exists N > 0 such that Ds(n) ≤ Ds +(D−Ds)/2 = D− ǫ

(where ǫ = (D − Ds)/2 > 0) for all n ≥ N . Let S′
n be the subset of Sn containing all
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elements M with DM < D. Then we have D(µ(Sn)−µ(S′
n))/µ(Sn) <

R

Sn\S′

n

DMdµ <

Ds(n) < D − ǫ, that is, 1 − µ(S′
n)/µ(Sn) < 1 − ǫ/D, or µ(S′

n)/µ(Sn) > ǫ/D. But the

left side is exactly the probability measure of S′
n, where each element percolates under

density D (since DM < D for each element in S′
n). The percolation probability αn

for each 1 ≤ n < N is a positive number, thus α = min{α1, ..., αN−1, ǫ/D} of these

probabilities and ǫ/D satisfies the requirement of the number α in the statement of

the theorem. On the other hand, if D < Ds, then let ǫ = (Ds −D)/2 > 0. Again, there

exists N > 0 such that Ds(n) > D+ǫ for any n ≥ N . By definition, if |DM−Ds(n)| < ǫ,

then DM > Ds(n) − ǫ > D and the minicircle state M does not percolate at density

D. Hence the percolation probability is at most P (|DM − Ds(n)| ≥ ǫ) ≤ V 2
n /ǫ2 → 0

by Chebyshev’s inequality.

The above theorem thus allows us to estimate Dc in the following way. For n =

1000 × 1000 up to 5000 × 5000, we estimate Ds(n) using large samples of randomly

selected minicircle network formations (here our sample size is 1000 for each n). For

each such formation we obtain DM by increasing the radius of the minicircles until the

first percolating chain occurs. We then obtain Ds(n) by averaging the DM so obtained.

We also compute the sample standard deviation. The result is illustrated in Figure 9.
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Fig. 9 Numerical results for the estimation of Dc.

We estimate that Dc ≈ 2.62. The simulation data strongly support the assumptions

in Theorem 4, namely that limn→∞ Ds(n) = Ds exists and limn→∞ V 2
n = 0, even

though we only did this for five values of n.
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4.3 Numerical studies of the typical network behaviors near the percolation critical

density

It is well known from percolation theory that certain characteristics of the minicircle

network would go through rapid phase changes when the its density go through the

critical density. Our numerical studies in this subsection will show a few changes like

this. The data shown in Figure 10 is derived from one single formation of minicircles

over a field of dimension 1000×1000. The figure shows how the length of the maximum

chain of linked minicircles increases as density increases. Even for just one single for-

mation, an abrupt change is clearly demonstrated around the estimated critical density

2.62.
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Fig. 10 The length of the largest linked chain as a function of density from a single formation
of minicircles over a field of dimension 1000 × 1000.

Next we looked at the chain length distribution of a minicircle network at its

percolation point. The data shown in Figure 11 is again derived from a single formation

of minicircle network over a field of dimension 5000×5000. A linear power law pattern

is clear from the figure.

Lastly, we studied the percolation probability as a function of the density. A clear

abrupt change behavior in the percolation probability of the network is again observed.

See Figure 12.

4.4 Numerical results concerning the valence of a minicircle in the network

Figure 13 shows the expected valence of a minicircle as a function of the density.

Notice that this result is in accordance with the analytical result outlined in Theorem
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Fig. 11 Power law followed by the distribution of chain lengths at percolation.
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Fig. 12 The percolation probability distribution for the lattice of dimension 1000×1000 based
on 1000 iterations. .

3. Because we only used small values of D (up to 4), the maximum valence is bounded

above by 8. It follows that there is no need for us to use a large field. So for this study
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we only used a field of dimension 100×100 with 100 iterations. Notice though in doing

so we actually have a total of 106 minicircles in our sample.

1.0 1.5 2.0 2.5 3.0 3.5

0.
0

0.
5

1.
0

1.
5

2.
0

2.
5

3.
0

                 

density

av
er

ag
e 

de
gr

ee

Fig. 13 Expected value and distribution of the valence for a minicircle.

We also computed the probability distribution of different valence values as a func-

tion of the density. For a randomly selected minicircle from the network, the probability

that it has a valence at least i is denoted by pi. Figure 14 shows the distributions of

pi for 1 ≤ i ≤ 8. These data are again obtained using a minicircle field of dimension

100 × 100 with 100 iterations. As the data show, by the time the density crosses 2.62,

the probability that a randomly selected minicircle will have a valence at least one with

a probability nearly 0.9, but the probability that it has a valence 3 is still relatively

small (about .3). But at density 10, most minicircles will have a valence at least 5,

meaning that most minicircles are directly linked with minicircles that are not their

immediate neighbors (since there are only four of them).

4.5 Numerical results on saturation

Our last numerical study was aimed at estimating the density needed to reach satu-

ration in a minicircle field. As in the analytical study above, saturation density is the

density at which all minicircles are linked to a single chain. Figure 15 shows the prob-

ability of reaching 95% and 99% saturation as a function of density. We found that at

density of 3.13 there was probability one of reachign saturation at the 95% level while

a density of 3.86 was needed to reach 99% saturation with probability 1. We observed

however that reaching 100% saturation was a much slower process most likely due to

isolated minicircles (on the boundary) whose relative position to the other minicircles

makes the linking an extremely rare event.
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Fig. 14 Cumulative distribution of pi for i = 1 to 8.
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Fig. 15 Probability of reaching 95% and 99% saturation as a function of density

5 Conclusions

Motivated by the formation of DNA structural networks we have here investigated

the formation of minicircle networks on the simple square lattice (SLM model). In

particular we have investigated how the topological complexity of the network changes

with minicircle density. We have rigorously shown the existence of a critical density

and used computer simulations to estimate its value. We find that percolation occurs

at a relatively low density value (D ≈ 2.62). As expected from percolation phenomena
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we observe a rapid change on the size of the largest chain and a distinct distribution of

chain lengths. We have also studied the mean valence of the network as a function of the

network minicircle density and found a linear behavior for densities close to the critical

density. We have also estimated the variance of the valence by finding the distribution

of valences at each density. Although our model restricts the position of the center of

the minicircles to lattice points, our main results (theoretical and numerical) should

still hold (at the price of some accuracy in the numerical case) if the centers of the

minicircles are perturbed within a small neighborhood of the lattice point.

First our results show that the formation of a network is a natural event driven

by the high density of minicircles in a confined volume and in the present of (type II)

topoisomerases. This result is further supported by Theorem 2 that states that the

probability of formation of a network in a finite domain increases exponentially to 1

with the density of minicircles. Therefore one could conjecture that confined minicircles

in the presence of type II topoisomerases would have a high probability of being linked.

Interestingly such a phenomenon has been reported. Kreuzer and Cozzarelli showed

that minicircles condensed with spermidine and in the presence of gyrase form networks

[10]. Second figure 14 suggests that the valence distribution is rather heterogeneous.

This is in high contrast with current models for kDNA structure. This finding would

suggest that either current estimations of the kDNA structure can be improved or

that other biological factors may be at play to avoid such random entanglement[3].

Furthermore, our studies also show that the probability for a minicircle to have a large

valence grows as the density increases, suggesting that linking among minicircles that

are not immediate neighbors is highly likely when the density is high. Finally Figure

13 suggests that valence grows linearly with density. This supports the idea initially

proposed by Englund and colleagues to explain the structure of the kinetoplast network

after replication. When trypanosomes replicate the number of minicircles doubles, while

still confined in a small volume. It has also been observed that the valence of the

network doubles suggesting a linear behavior dependence of the valence on the density

of minicircles [4]. In the future we will further investigate the formation of networks

in the two biological systems described above. It is also interesting to understand

the dependence of our numerical results on the selected lattice therefore we aim at

investigating other lattices (such as the honeycomb and the triangular lattice).
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