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1 Introduction

In this paper, we are concerned with meshfree methods and Generalized Finite Element Methods
(GFEM or XFEM). Meshfree Methods do not use meshes at all ([1],[2],[3]). For example,
Reroducing Kernel Particle Methods(RKPM)([8],[9], [12],[16],[17],[18]), and Reproducing Kernel
Element Methods (RKEM) ([12],[19],[20]) are of this type. On the other hand, GFEM that use
meshes minimally are Partition of Unity Finite Element Method (PUFEM)([22],[33],[35]), h-p
Cloud Method([6]) and Element Free Galerkin Method (EFGM) ([1]).

The uniform RPPM (Reproducing Polynomial Particle Method) , introduced in this paper,
is a meshfree method. The patchwise RPPM, the adaptive RPPM and the RSPM (Reproducing
Singularity Particle Method) of this paper are GFEM, in which PU (partition of unity) func-
tions are essential ingredients and also utilize some background mesh. We call all of these non
conventional FEM simply meshless methods.

Existing local approximation functions for meshfree methods have several difficulties. These
are complicated rational functions and have difficulty dealing with Dirichlet boundary conditions.
For the PU functions that are essential in GFEM, the Shepard PU functions are popular, however
they are intricate rational functions. The piecewise linear FEM mesh (hat functions) are also
widely used PU functions, however, they are not smooth and in general yield singular stiffness
matrices (see, Oh at el [27] for detail).

To alleviate these difficulties of the meshless methods, Oh et al([28]) introduced smooth
reproducing polynomial particle (RPP) shape functions that are piecewise polynomials satisfying
the Kronecker delta property at particles. Moreover, the RPP shape functions can be constructed
to be smooth up to any desired order by either raising polynomial degree or widening its support.
Furthermore, Oh et al ([27]) introduced smooth PU functions with flat-top making it possible
for stiffness matrices to have small condition numbers.

In this paper, we first introduce the uniform RPPM. By the RPP (reproducing polynomial
particle) space, we mean the approximation space spanned by RPP shape functions correspond-
ing to active particles in the computation domain. In order to keep the polynomial reproducing
property at all points in Ω, we need to use those shape functions corresponding to some particles
outside the domain Ω. These particles outside Ω, together with all particles inside Ω are called
active particles. Then, by RPPM, we mean the Galerkin method associated with use of the RPP
space. If we use a translation invariant basic RPP shape function with reproducing property of
order k to construct an RPP space, it is proven that the corresponding RPPM solution has the
convergence of order k whenever the function to be approximated is smooth enough.

Second, we introduce the patchwise arbitrary RPPM. By introducing piecewise polynomial
PU (Partition of Unity) functions with flat-top, we consider RPPM in a patchwise manner. For
this method, we need to construct a background mesh that will be the main parts of the supports
of PU functions. In other words, patchwise RPPM is a PUFEM that uses RPP shape functions
as local approximation functions and uses a piecewise polynomial PU function with flat-top.

Third, we introduce an adaptive patchwise RPPM. This method is based on adaptively
constructing PU functions with flat-top. This adaptive construction of PU functions with flat-
top make it possible to implement a full adaptive approach in the GFEM.
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The rest of this paper is organized as follows: In §2, notations and terminologies are defined.
In §3, we define RPPM and prove an error estimate of this method. In §4, patchwise RPPM is
introduced. An adaptive construction of PU functions as well as the convolution PU functions
for patchwise RPPM are given. In §5, an algorithm for adaptive RPPM is specified. In §6, for
the purpose of comparing the effectiveness of adaptive RPPM with RSP shape function methods
in dealing with singularities, we shortly review the construction of RSP (reproducing singularity
particle) shape functions that produces singular shape functions as well as polynomial shape
functions. In §7, we test RPPM, patchwise RPPM, adaptive RPPM, and RSPM to smooth
problems as well as singular problems (such as the Motz problem). In §8, we present concluding
remarks. Finally, three RPP shape functions that are used for numerical tests are given in the
appendix.

2 Reproducing polynomial particle (RPP) shape functions

Throughout this paper, α, β ∈ Z
d are multi-indices and x = (1x,2 x, .., dx), xj = (1xj ,

2xj , ..,
dxj)

denote points in R
d. However, if there is no confusion, we also use the conventional notation

for the points in R
d or Z

d as x = (x1, x2, · · · , xd) and α = (α1, α2, · · · , αd). We also use the
following notations:

(x− xj)α := (1x− 1xj)
α1 ...(dx− dxj)

αd ,

∂αxu :=
∂|α|u

∂xα11 · · · ∂x
αd
d

, |α| := α1 + α2 + · · ·+ αd.

Let Ω be a domain in R
d. For any non-negative integer m, Cm(Ω) denotes the space of all

functions φ such that φ together with all their derivatives Dαφ of orders |α| ≤ m, are continuous
on Ω. The support of φ is defined by

supp φ = {x ∈ Ω : φ(x) 6= 0}.

In the following, a function φ ∈ Cm(Ω) is said to be a Cm- function.
For an integer k ≥ 0, we also use the usual Sobolev space denoted by Hk(Ω). For u ∈ Hk(Ω),

the norm and the semi-norm, respectively, are

‖u‖k,Ω =







∑

|α|≤k

∫

Ω
|∂αu|2dx







1/2

and |u|k,Ω =







∑

|α|=k

∫

Ω
|∂αu|2dx







1/2

.

A weight function (or window function) is a non-negative continuous function with compact
support and is denoted by w(x). In this paper, we consider the following conical window function:
For x ∈ R,

w(x) =

{

(1− x2)l, |x| ≤ 1,
0, |x| > 1,

(1)
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which is a Cl−1-function. In R
d, the weight function w(x) can be constructed from a one-

dimensional weight function as w(x) =
∏d

i=1w(xi), where x = (x1, · · · , xd).
For adaptively constructing convolution PU functions, we use the normalized window func-

tion defined by

w
(l)
δ (x) = Aw(

x

δ
), (2)

where A = [(2l + 1)!]/[22l−1(l!)2δ] is the constant that makes
∫

R
w
(l)
δ (x)dx = 1.

A family {Uk : k ∈ Λ} of open subsets of R
d is said to be a point finite open covering of

Ω ⊆ R
d if there is M such that any x ∈ Ω lies in at most M of the open sets Uk and Ω ⊆ ⋃k Uk.

For a point finite open covering {Uk : k ∈ Λ} of a domain Ω, suppose there is a family
{φk : k ∈ Λ} of Lipschitz functions on Ω satisfying the following conditions:

1. There is a number C such that ‖φk‖∞,Rd ≤ C for each k.

2. supp (φk) ⊆ Uk, for each k ∈ Λ.

3.
∑

k∈Λ φk(x) = 1 for each x ∈ Ω.

Then {φk : k ∈ Λ} is called a partition of unity (PU) subordinate to the covering {Uk : k ∈
Λ}. The covering sets {Uk} are called patches.

Let Λ be a finite index set and Ω denotes a bounded domain in R
d. Let {xj : j ∈ Λ} be a set

of a finite number of uniformly or non-uniformly spaced points in R
d, that are called particles.

Definition 2.1. Let k be a non-negative integer. Then the functions φj(x) corresponding to the
particles xj , j ∈ Λ are called the RPP(reproducing polynomial particle) shape functions with the
reproducing property of order k (or simply, “of reproducing order k”) if and only if it satisfies
the following condition:

∑

j∈Λ

(xj)
αφj(x) = xα, for x ∈ Ω ⊂ R

d and for 0 ≤ |α| ≤ k. (3)

By applying a similar argument to ([2],[8]), one can easily prove the following: The condition
(3) for the RPP shape functions is equivalent to

∑

j∈Λ

(x− xj)βφj(x) = δ0|β|, for 0 ≤ |β| ≤ k and x ∈ R
d. (4)

The uniformly spaced particles xj and the corresponding shape functions φj(x) are said to
be translation-invariant if xj+l = xj +xl and φj+l(x) = φj(x+xl). Unlike RKP(Reproducing
Kernel Particle) shape functions, we do not use any specific window functions ([28]) for the
construction of translation invariant RPP shape functions. However, for the construction of
convolution partition of unity functions we use the conical window function defined by (1).
Moreover, for patchwise RPP shape functions, we use unbounded RPP shape functions, that
are not translation-invariant, multiplied by the convolution partition of unity functions with
flat-top.
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3 Uniform RPPM

In Oh et al ([28]), we constructed a family of one dimensional reproducing polynomial particle
shape functions φ(x) := φ([a,b];r;k)(x), where [a, b] = the support of φ(x), for integers a < 0 < b,
r = the regularity of φ(x)(that is , φ(x) ∈ Cr(R)), and k = the order of reproducing property.

For any nonnegative integers r and k, adjusting the support [a, b], we can construct a piece-
wise polynomial Cr-RPP shape function with reproducing order k that satisfies the Kronecker
delta property. For numerical examples, three one dimensional C1-RPP shape functions with
polynomial reproducing order k = 2, 4, 6 respectively, are reconstructed in appendix. These one
dimensional RPP functions look like the B-spline functions ([10]). However, they are different
in several aspects. Two major differences are the Kronecker delta property and non positivity
property of RPP shape functions.

In a similar manner to the one dimensional construction of RPP shape function, a direct
application of the equivalent definition (4) to the two dimensional case yield the two dimensional
RPP function that is the product of the one dimensional RPP functions:

φ̂(ξ1, ξ2) := φ([a,b];r;k)(ξ1)× φ([a,b];r;k)(ξ2)

with the reproducing property of order k as follows:
∑

j∈Z2

jαφ̂(ξ − j) = ξα, for 0 ≤ |α| ≤ k and ξ ∈ R
2.

Throughout this section, we consider the scaling functions Tj : R
d −→ R

d, defined by

Tj(ξ) = hξ + hj, where ξ = (ξ1, · · · , ξd), 0 < h < 1.

By an RPP shape function defined on R
d, we mean that the tensor product of d copies of one di-

mensional RPP shape function written as φ̂(ξ) :=
∏d

i=1 φ([ai,bi];r;k)(ξi), with support
∏d

i=1[ai, bi].
Adapting those notations in ([2]), we use the following notations:

φhj (x) := φ̂ ◦ T−1j (x) = φ̂(
x− hj
h

), for x ∈ R
d,

xj := hj, for j ∈ Z
d,

Vk,rΩ,h := span{φhj |Ω : suppφhj ∩ Ω 6= 0}.

Then Vk,rΩ,h is said to be an RPP (approximation) space of Cr-reproducing polynomial shape
functions with reproducing order k associated with h-uniformly distributed particles in Ω.

For example, Fig. 1 is a schematic diagram of uniformly distributed particles xj = hj such
that the support of the corresponding particle shape function φhj has a non-void intersection with
Ω. In Fig.1, the translation invariant particle shape functions have the polynomial reproducing
property of order 4, and hence the support of φhj contains 49 particles in the dotted square shown
in Fig. 1 (note: the support of φ([−3,3];1;4) contains −3,−2,−1, 0, 1, 2, 3). Let us note that the

RPP space Vk,rΩ,h contains some particle shape functions corresponding to the particles that are
outside Ω.
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3.1 Interpolation Error associated with translation invariant RPP shape func-
tions

Let φ̂ be an RPP shape function of reproducing order k defined on R
d, whose support is B0 =

∏d
i=1[ai, bi], where ai < 0 < bi, i = 1, 2, · · · , d.
Assume that û ∈ Hm(Rd) and m > d/2. Then the interpolation of û by the RPP shape

function φ̂ is defined by

Iû(ξ) =
∑

j∈Zd

û(j)φ̂(ξ − j). (5)

Let Pk be the space of all polynomials in R
d of degree ≤ k. Then using the fact that the

basic RPP function φ̂ is able to interpolate each polynomial of degree k exactly, we have

Ip = p, for p ∈ Pk. (6)

For 0 < h < 1, with the following definitions:

x = hξ, u(x) = û(hξ),

φhj = φ̂(
x

h
− j), Bh

j = hB0 + hj,

Ah
j = {l ∈ Z

d : Bh
j ∩Bh

l 6= 0},

we define the interpolation of u associated with the RPP shape function function φhj as follows:

Ihu(x) =
∑

j∈Zd

u(hj)φhj (x). (7)

Theorem 3.1. Suppose φ̂ ∈ Hq(Rd), with smoothness index q ≥ 0, is a translation-invariant
RPP shape function with polynomial reproducing order k. That is, for |α| ≤ k, and ξ ∈ B0,

∑

l∈A0

jαφ̂(ξ − j) = ξα,

where A0 = {l : [B0 + l] ∩B0 6= 0}. Suppose u ∈ Hm(Rd), with m > d/2, satisfies
∑

j∈Zd

‖u‖rj+1,Bh
j
<∞,

where 0 ≤ rj ≤ k. Then for 0 ≤ s ≤ min{q, rj + 1},

‖u− Ihu‖s,Rd ≤ C
∑

j∈Zd

hrj+1−s|u|rj+1,Bh
j

(8)

where C is independent of u and h.
If k′ + 1 = min{m, k + 1}, then

‖u− Ihu‖s,Rd ≤ Chk′+1−s|u|k′+1,Rd , for 0 ≤ s ≤ k′ + 1. (9)
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Proof. (1) Applying the change of variables to the relation of u(x) = û(x/h), we have

h|α|−d/2|u||α|,Bh
j

= |û||α|,Bj
, for |α| ≤ rj + 1. (10)

Since 0 < h < 1, h−d/2 ≥ h1−d/2 ≥ · · · ≥ hs−d/2. Hence, Eqt. (10) implies

hs−d/2‖u‖s,Bh
j
≤ ‖û‖s,Bj

, for s ≤ rj + 1. (11)

(2) Define

f(v̂) = ‖v̂ − Iv̂‖s,Bj
for each v̂ ∈ Hrj+1(Bj),

where s ≤ min{q, rj + 1}. Then since rj ≤ k, f is a continuous linear functional on Hrj+1(Bj)
such that

f(p) = 0 for all p ∈ Prj (Bj),

where Prj (B0) is the set of all polynomials of degree ≤ rj . Therefore, it follows from the Bramble-
Hilbert Lemma (Theorem 4.1.3 [5]) that

‖û− Iû‖s,Bj
≤ C(B0)(‖f‖)|û|rj+1,Bj

, (12)

where ‖f‖ is the operator norm of f .
(3) Now, applying Eqts. (10) and (11) to Eqt. (12), we obtain

hs−d/2‖u− Ihu‖s,Bh
j
≤ C(B0)‖f‖hrj+1−d/2|u|rj+1,Bh

j
,

which implies

‖u− Ihu‖s,Bh
j
≤ C(B0)‖f‖hrj+1−s|u|rj+1,Bh

j
. (13)

(4) Since the support Bh
j of the RPP shape function φhj (x) corresponding to the particle hj

has non-void intersections with at most K number of Bh
l , l 6= j, for a fixed integer K, Eqt. (13)

implies the following inequalities

‖u− Ihu‖s,Rd ≤ C1
∑

j∈Zd

hrj+1−s|u− Ihu|s,Bh
j

≤ C2h
k′+1−s|u|k′+1,Rd .

Remark 3.1. Theorem 3.1 is similar to Theorem 3.4 of [2] in which the basic particle shape
function has the quasi reproducing property. Since our basic RPP shape function has the full
reproducing property, our proof is much shorter. Moreover, the error bound is shaper than that
of [2], in the sense that our error bound is in term of a semi norm |u|k′+1,Ω, whereas their error
bound is in term of the full norm ‖u‖k′+1,Ω.
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Let Ω ⊂ R
d be a bounded domain with Lipschitz-continuous boundary. Suppose u ∈ Cr(Ω).

Then by the Extension lemma([34]), there exist a function w ∈ Cr(Rd) such that

|w|r,Rd ≤ C|u|r,Ω.
Let

Z
d
Ω = {j ∈ Z

d : Bh
j ∩ Ω 6= 0}.

If u ∈ Hm(Ω) for m > d/2, then the interpolation of u associated with RPP function φhj is
defined by

Ihu =
∑

j∈Z
d
Ω

u(xhj )φ
h
j (x).

Note that
Ihp = p for each p ∈ Pk(Ω).

Thus, we have the following theorem

Theorem 3.2. Suppose φ̂ ∈ Cr(Rd) is an RPP function with reproducing order k. Suppose
u ∈ Hm(Ω) and k′ + 1 = min{m, k + 1}. Then for 0 ≤ s ≤ min{r, k′ + 1},

‖u− Ihu‖s,Ω ≤ Chk
′+1−s|u|k′+1,Ω (14)

where C is independent of u and h.

3.2 Reproducing polynomial Particle Methods (RPPM)

Consider a linear elliptic boundary value problem as an example. By a standard way, nonho-
mogeneous essential (Dirichlet) boundary conditions can be rendered homogeneous. Thus, we
will assume essential boundary conditions are homogeneous. The weak formulation is

B(u, v) = F(v) for all v ∈ V. (15)

Here V is a subspace of a Sobolev space. For example, V is a subset of H1(Ω) for an second-order
elliptic problem, whereas it is a subset of H2(Ω) for a fourth-order elliptic problem.

Similarly to RKPM defined in ([12]), by the RPPM, we mean that a Galerkin approximation

method combined with the use of the RPP space Vk,rΩ,h. That is, the RPPM is as follows: find

uRPP ∈ Vk,rΩ,h such that

B(uRPP , v) = F(v) for all v ∈ Vk,rΩ,h. (16)

Applying Theorem 3.2 and the Céa’s Lemma(Theorem 2.4.1 [5]), we have the following error
bound.

Theorem 3.3. Let Vk,rΩ,h be the RPP space pertaining to the RPP function φ̂ ∈ Hr(Rd) with
reproducing order k. Suppose u ∈ Hm(Ω) and k′ + 1 = min{m, k + 1}. Then for 0 ≤ s ≤
min{r, k′ + 1},

‖u− uRPP ‖s,Ω ≤ Chk
′+1−s|u|k′+1,Ω (17)

where C is independent of u and h.
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Figure 1: (Left) Schematic diagrams of Uniformly spaced active particles and Support of each
translation invariant C1-RPP shape function with reproducing order 4. (Right) Diagram of Ω,
Ωδ, and Partition of Ωδ

4 Patchwise uniform RPPM

4.1 Construction of partition of unity functions with flat-top

4.1.1 Convolution PU functions with flat-top

The construction of a partition of unity with simple algebraic structure is the most crucial step
in GFEM. Using PU functions with flat-top leads to well-conditioned stiffness matrices ([27]),
whereas using PU functions with no flat top property (for example, the hat functions) may
end up with ill-conditioned stiffness matrices ([27],[33]). In this section, we briefly review the
convolution PU functions with flat-top (refer to [29], for details).

For simplicity, we denote the coordinates of points of R
2 by x = (x, y) or ξ = (ξ, η). Suppose

Ω ⊂ R
2 is a polygonal domain. In order for the sum of convolution functions in (18) to be 1 on

Ω, the domain is enlarged as follows: Ωδ = {(x, y) ∈ R
2 : dist(Ω, (x, y)) ≤ δ}, as shown in Fig

1(Right). Actually, Ω is enlarged so that for each point p ∈ ∂Ω, p+ [−δ, δ]× [−δ, δ] ⊂ Ωδ.
Now, Ωδ is partitioned into arbitrary quadrangular patches Qj , 1 ≤ j ≤ N, so that each side

of Qj is ≥ 3δ and Ωδ =
⋃N

j=1Qj . Let χQj
be the characteristic function of Qj and

w
(l)
δ×δ(x, y) = w

(l)
δ (x)× w(l)δ (y)

be the two dimensional normalized window function. Then, for all (x, y) ∈ Ω, we have

N
∑

j=1

[

χQj
∗ w(l)δ×δ(x, y)(:=

∫

R2

χQj
(ξ, η)w

(l)
δ×δ(x− ξ, y − η)dξdη)

]

= 1. (18)

Let ψδ
j = χQj

∗ w(l)δ×δ, then {ψδ
j : 1 ≤ j ≤ N} is a partition of unity subordinate to the covering
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{Q∗j : 1 ≤ j ≤ N}, where Q∗j = Qj if Qj ⊂ Ω, and ∂Ω∩Q∗j is an extension of Qj by δ along this
boundary part (see, Fig. 1).

Remark 4.1. We use the enlarged domain Ωδ simply because we want to make the convolution
PU function to be 1 along ∂Ω. Thus, the outside part will play no rolls in patchwise RPPM.
Actually, for l 6= k, Q∗k ∩Q∗l can be a non void set as long as Q∗k ∩Q∗l ∩ Ω = ∅.

In the partition of domain, the patches Q∗k can be triangles, rectangles, non-rectangular
quadrangles, and so on. However, we prefer rectangles because of the facts stated in Lemma 4.1.

One can now see that for each k and any positive real number δ, the convolution shape
function ψδ

k is a piecewise polynomial function with flat-top. Indeed, let

Bδ = [−δ, δ]× [−δ, δ]; P(x,y) = [Bδ + (x, y)] ∩Q∗k,

where Bδ + (x, y) is the δ-box whose center is (x, y). Then we have

ψδ
k(x, y) =

∫

R2

χQδ
k
(ξ, η)w

(l)
δ×δ(x− ξ, y − η)dξdη =

∫

P(x,y)

w
(l)
δ×δ(x− ξ, y − η)dξdη. (19)

Let us note that the integral domain P(x,y) is one of a triangle, a quadrangle, a pentagon, and a
hexagon, as shown in ([29]) when Qk is a general quadrangle. Hence the convolution PU function
is a piecewise polynomial whose support is the δ-framed Qδ

k = {(x, y) : dist(Q∗j , (x, y)) ≤ δ} as
follows:

ψδ
k(x, y) =







1, if [Bδ + (x, y)] ⊂ Qδ
k;

0, if [Bδ + (x, y)] ⊂ R
2\Qδ

k;
r(x, y) > 0, if [Bδ + (x, y)] ∩Qδ

k is a proper subset of Bδ + (x, y).
(20)

The piecewise polynomial r(x, y) can be obtained in a closed form function; however, it is
complicated except when Qk is a rectangle. Thus, in the case where Qk is non rectangular,
r(x, y) can be determined numerically by using the Gaussian quadrature that can yield the
exact integral. Fortran code for r(x, y) can be found in our previous paper ([29]). On the other
hand, in the case where Qk is rectangular, r(x, y) can be written in a simple closed form piecewise
polynomial by using the formula (23) below. It is worth noting that the convolution PU shape

function ψδ
k(x, y) is as smooth as the window function w

(l)
δ , where w

(l)
δ is a Cl−1-function.

In particular, if Qk is a rectangle, the convolution PU function ψδ
k is a simple closed form

piecewise polynomial. In fact, for any positive integer n, Cn−1-two-piece piecewise polynomial
basic PU functions were constructed in ([27]) as follows: For integers n ≥ 1, we define a piecewise
polynomial function by

φ(pp)gn (x) =







φLgn(x) := (1 + x)ngn(x) : x ∈ [−1, 0]
φRgn(x) := (1− x)ngn(−x) : x ∈ [0, 1]

0 : |x| ≥ 1,

(21)
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where gn(x) = a
(n)
0 +a

(n)
1 (−x)+a(n)2 (−x)2+ · · ·+a(n)n−1(−x)n−1 whose coefficients are inductively

constructed by the following recursion formula:

a
(n)
k =























1, if k = 0
k
∑

j=0

a
(n−1)
j , if 0 < k ≤ n− 2,

2(a
(n)
n−2), if k = n− 1.

(22)

Then, a Cn−1-convolution PU function with flat-top whose support is [a− δ, b+ δ] is defined by

ψ
(δ,n−1)
[a,b] (x) =



















φLgn(
x−(a+δ)

2δ ) : x ∈ [a− δ, a+ δ]

1 : x ∈ [a+ δ, b− δ]
φRgn(

x−(b−δ)
2δ ) : x ∈ [b− δ, b+ δ]

0 : x /∈ [a− δ, b+ δ]

(23)

Here, in order to make a PU function with flat-top, we assume δ ≤ (b− a)/3.
If a patch is a rectangle Q = [a, b] × [c, d], then the convolution function χQ ∗ w(n)δ×δ is the

tensor product ψ
(δ,n−1)
[a,b] (x)× ψ(δ,n−1)[c,d] (y). From now on, we denote it by ψ

(δ,δ)
[a,b]×[c,d].

4.1.2 PU functions with flat-top constructed by using varied scaling factors δ

In the previous subsection, the scaling constant δ is fixed. Whereas, in this subsection, the
scaling constants δ vary from one patch to another patch.

In the adaptive approaches, patches in the back ground mesh for patchwise RPPM may be
required to be very small. In such cases, it is not possible for the uniform δ to have the following
conditions: for all patch Q,

(1)‖∇ψδ
Q‖∞ ≤ C∇/dQ; (2)0 < δ ¿ dQ/3,

where dQ = the diameter of the patch Q. Because of Theorem 4.1, these two conditions are
essential for the convergence of patchwise RPPM and for ψδ

Q to have a flat-top (that lead to
well-conditioned stiffness matrices).

Now, we construct partition of unity functions with flat-top with respect to varied scaling
factors δk. For simplicity, using (23), we construct one dimensional PU functions associated
with varied scaling constants. Notice that these PU functions are now no longer convolution PU
functions.

Suppose Ω = [0, 1], and let

dl = 1/2l, δl = dl/3, cl = 1/2l, for l = 1, · · · , n.

11



Then, we have

Ωδ1 = [−δ1, c1] ∪ [c1, 1 + δ1],

Ωδ2 = [−δ2, c2] ∪ [c2, c1] ∪ [c1, 1 + δ1],

· · · = · · ·
Ωδn = [−δn, cn] ∪ [cn−1, cn−2] ∪ · · · ∪ [c2, c1] ∪ [c1, 1 + δ1],

where di = the diameter of the smallest patches in Ωδi , δi = the smallest scaling factor in Ωδi ,
ci = the midpoint of the newly refined patch at the i-th level.

Except patches on both ends, a PU function with flat-top on each patch can be obtained by
applying (23) to left end and the right end of patch with different δ. For example, on Ωδ2 , we
construct a partition of unity as follows:

apply (23) to [c1, 1 + δ1], with δ1 at c1, and δ1 at 1 + δ1;
apply (23) to [c2, c1], with δ1 at c1, and δ2 at c2;
apply (23) to [−δ2, c2], with δ2 at c2, and δ2 at −δ2.

For example, the PU function with flat-top corresponding to the patch [c2, c1] is as follows:

ψ
(δ1,δ2,n−1)
[c2,c1]

(x) =



















φLgn(
x−(c2+δ2)

2δ2
) : x ∈ [c2 − δ2, c2 + δ2]

1 : x ∈ [c2 + δ2, c1 − δ1]
φRgn(

x−(c1−δ1)
2δ1

) : x ∈ [c1 − δ1, c1 + δ1]

0 : x /∈ [c2 − δ2, c1 + δ1]

, (24)

‖∇ψ(δ1,δ2,n−1)[c2,c1]
(x)‖∞ ≈ 1/δ2 = 3/d2,

diam (supp ψ
(δ1,δ2,n−1)
[c2,c1]

) = d2 + δ2 + δ1.

Notice that the PU functions constructed in this way are closed form piecewise polynomials.
Similarly, with varied scaling factors, the two dimensional PU functions with flat-top can be

constructed as follows:

Step 1. Suppose Ω is a polygonal domain. Partition Ω into rectangles and non-rectangular
quadrangles by allowing as small number of non-rectangular quadrangles as possible. That
is, FΩ = Fr ∪ Fq, where Fr and Fq are the collections of rectangular patches and non
rectangular patches, respectively.

Step 2. For a fixed δ0, construct a partition of unity corresponding to a partition FΩ by using
the convolution method of subsection 4.1.1.

Step 3. Suppose we refine Qk = [a1, b1] × [c1, d1] ∈ Fr into four equal rectangles. For the
construction of the PU functions corresponding to four smaller rectangles, we denote the
midpoint of each side and the scaling constants as follows:

a11 = (a1 + b1)/2, c11 = (c1 + d1)/2; 0 < δx1 ≤ (a11 − a1)/3, 0 < δy1 ≤ (c11 − c1)/3.

12
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Figure 2: Schematic diagram of patch mappings from the master patch to physical quadrangular
patches and various ways of planting particles on the patches

And four one-dimensional PU functions is constructed by applying (23), respectively,

to [a11, b1], with δ0 at b1, and δ
x
1 at a11; to [a1, a

1
1], with δ0 at a1, and δ

x
1 at a11;

to [c11, d1], with δ0 at d1, and δ
y
1 at c11; to [c1, c

1
1], with δ0 at c1, and δ

y
1 at c11.

Then
{

ψ
(δx1 ,δ0,n−1)

[a1,a11]
(x), ψ

(δx1 ,δ0,n−1)

[a11,b1]
(x)
}

⊗
{

ψ
(δy1 ,δ0,n−1)

[c1,c11]
(y), ψ

(δy1 ,δ0,n−1)

[c11,d1]
(y)
}

are PU functions on the four smaller patches that are compatible with the existing PU
functions.

It is not difficult to see that newly added PU functions above are compatible with the existing
convolution PU functions constructed for a fixed δ0. Thus, these constructions make it possible
to have a full adaptive approach in patchwise RPPM.

4.2 Reproducing polynomial particle(RPP) shape functions associated with
patch-wise arbitrary distributed particles

4.2A: RPP shape functions with unbounded support Throughout this section, we use
the following notations:

ξj , j = 0, 1, · · · , 2N, denote arbitrary spaced particles in [−1, 1],
ϕ̂j(ξ) := the RPP shape function corresponding to the node ξj ,

φ̂Ext
j := the natural extension of ϕ̂j defined on [−1, 1] onto R,

Q̂ := [−1, 1]× [−1, 1](the reference patch, see, Fig. 2).
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Here the natural extension means that if ϕ̂j(ξ) is not vanishing at one of the end points −1, 1,
the polynomial part containing this end point is extended outside of [−1, 1].

As examples for local approximation functions, we can consider the Lagrange interpolation
polynomials corresponding to arbitrary spaced (2N + 1) particles in [−1, 1]. Suppose

ϕ̂j(ξ) =
2N
∏

i=0,i6=j

(ξ − ξi)
(ξj − ξi)

, ξj = −1 +
j

N
, j = 0, 1, 2, · · · , 2N.

Then φ̂Ext
j , j = 0, 1, · · · , 2N, are the Lagrange interpolation polynomials of degree 2N that are

RPP shape functions with polynomial reproducing property of order 2N on (−∞,∞).Moreover,
these RPP shape functions have the Kronecker delta property: φ̂Ext

j (ξi) = δij . If the function to
be approximated is not smooth near one end point, we wish to plant particles densely near that
end point, instead of using uniformly spaced particles.

For numerical tests of patchwise RPPM in section 7, we use these extended Lagrange inter-
polation polynomials as local approximation functions for the reproducing order 2N = 2, 4, 6,
respectively. Let us note that φ̂Ext

j (ξ) is unstable (function values are too big) whenever ξ is far
outside [−1, 1].

The product of extended shape functions has the following properties.
(1)The product shape function φ̂Ext

j1
(ξ)× φ̂Ext

j2
(η) satisfy the Kronecker delta property on Q̂.

(2) They are RPP functions on R
2. That is,

∑

0≤j1,j2≤N

ξk1j1 η
k2
j2
φ̂Ext
j1 (ξ)φ̂Ext

j2 (η) = ξk1ηk2 , for 0 ≤ k1, k2 ≤ 2N, for all (ξ, η) ∈ R
2. (25)

Let Tk be the standard bilinear mapping from a reference patch Q̂ onto a quadrangular
physical patch Qk (see, Fig. 2). Then, through the patch mappings Tk, the particles in phys-
ical patches are planted as shown in Fig. 2 and the particle shape functions associated with
corresponding particles in Qk are defined by

φ∗ij(x, y) = φ̂ij(T
−1
k (x, y)), where φ̂ij(ξ, η) = ϕ̂Ext

i (ξ)× ϕ̂Ext
j (η),

whose supports are unbounded. Now, the transformed particle shape functions have the poly-
nomial reproducing property with reduced reproducing order N(one half of the original re-
producing order), as stated in the following lemma due to ([29]). Let Λ2N be the index set
{ij : 1 ≤ i, j ≤ 2N + 1}.

Lemma 4.1. Suppose the reproducing property (25) holds for 0 ≤ (k1 + k2) ≤ 2N. Then the
transformed particle shape functions have the following polynomial reproducing property

∑

ij∈Λ2N

xβ1i y
β2
j φ

∗
ij(x, y) = xβ1yβ2 , for 0 ≤ (β1 + β2) ≤ N, (x, y) ∈ R

2.

In particular, if Qk is a rectangle, then the particle shape functions φ∗ij , ij ∈ Λ2N , have a poly-
nomial reproducing order 2N.
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4.2.B: RPP Particle shape functions with compact support

By multiplying the convolution PU function ψ
(δ1,δ2)
k , the RPP function φ∗ij with unbounded

support can now be reduced to a function with compact support as follows: Let

φij(x, y) := [φ∗ij · ψ
(δ1,δ2)
k ](x, y). (26)

Then the reduced particle shape functions, φij(x, y), become a piecewise polynomial RPP shape

functions with polynomial reproducing property of order N with supp(φij) ⊂ supp(ψ(δ1,δ2)k ), for
some k. It was proved in [29] that the particle shape functions capped by the PU function with
flat-top also have the reproducing polynomial property of order N .

Lemma 4.2. For all (x, y) ∈ Ω,

∑

ij∈Λ2N

xβ1i y
β2
j φij(x, y) = xβ1yβ2 , for 0 ≤ (β1 + β2) ≤ N. (27)

4.3 Methods of distributing Particles onto patches of various shapes

In this section, we consider two different ways of planting particles on quadrangles: an inscribed
particle distribution and a circumscribed particle distribution.

Suppose we have N ×N RPP shape functions of reproducing order k that are defined on the
reference patch Q̂ = [−1, 1]×[−1, 1] and the polygonal domain Ωδ is partitioned into quadrangles
Qj for a background mesh. Then, we are able to plant these N × N numbers of particles and
corresponding N×N numbers of RPP shape functions onto physical patches Qj ⊂ Ωδ as follows:

4.3A: Inscribed Particle Distribution
Consider a quadrangle Qj and a similar quadrangle Q̃j (dotted quadrangles in Fig. 3) such

that Q̃j ⊂ Qj . We assume that the vertices of Qj and Q̃j , respectively, are as follows:

(x1, y1), (x2, y2), (x3, y3), (x4, y4);
(x̃1, ỹ1), (x̃2, ỹ2), (x̃3, ỹ3), (x̃4, ỹ4),

which satisfy the following conditions:
{

(xi, yi) = (x̃i, ỹi), if (xi, yi) ∈ ∂Ω,
(x̃i, ỹi) ∈ Qj \Qj , if (xi, yi) /∈ ∂Ω,

(see, Fig. 3). For an Inscribed Particle Distribution, we build N × N particles and the cor-
responding RPP shape functions on each quadrangle Qj via the standard bilinear mapping
Tj : Q̂ −→ Q̃j ⊂ Qj . Then we have the following features:

(1) All particle are inside quadrangles, except those particles on the boundary of Ω as shown
in Fig. 3.

(2) Partition of the domain Ωδ for a background mesh is arbitrary. That is, the hanging
nodes are allowed in the partition as shown in Fig. 3. However, it is desirable to have patches of
rectangular shape if possible, because the full polynomial reproducing order is preserved under
the rectangular patch mapping Tj(see, Lemma 4.1).
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Figure 3: (Left) Diagram of Inscribed Particles Distribution, the dotted quadrangles indicate
Q̃j ; (Right) Diagram of Circumscribed Particles Distribution

(3) Tracking the particle numbers is simple. However, the particles are redundant along
the edges of quadrangles if Q̃j is close to Qj , whereas the extended particle shape functions
become very sensitive if Q̃j is far inside Qj , unless RPP shape functions are low order piecewise
polynomials. In other words, if an outmost particle qkij of Q̃k is too far inside a quadrangular

patch Qk and the reproducing order of the corresponding RPP shape function φkij = φ∗ij ·ψ
(δ1,δ2)
k

is high (for example ≥ 6), then φ∗ij (extended to outside of patch Qk) is unstable near the

boundary of the support of the PU function ψ
(δ1,δ2)
k (that is, the function values become large).

It is recommended to select Q̃j ⊂ Qj so that dist(Q̃j , Qj) ≤ min{δ1, δ2}.
(4) If the scaling factor δ for the convolution PU function is small enough, all RPP functions

satisfy the Kronecker delta property at the corresponding particles.
(5) It makes easy to implement adaptive approaches in meshfree methods as shown in Fig.

3.
4.3B: Circumscribed Particle Distribution
For Circumscribed Particle Distribution, partition of the domain into quadrangles for the

background mesh is similar to the conventional FEM mesh. That is, the hanging nodes are not
allowed. In a similar manner, we plant N × N particles and the corresponding N × N RPP
shape functions on each quadrangle Qj via the standard bilinear mapping Tj : Q̂ −→ Qj . Then
we have the following advantages as well as disadvantages:

(1) Distribution of particles is well balanced and hence no redundant particles are allowed
(See Fig. 3) whenever particles in the master patch Q̂ are uniformly spaced.

(2) Since those particles along edges of quadrangles are shared by more than two quadrangles,
tracking the particle numbers is as complicated as that of conventional FEM.

(3) Under a similar condition as before, RPP functions satisfy the Kronecker delta property
at the corresponding nodes.

(4) If a particle xij ∈ Qk, k = 1, · · · l, then φI :=
∑l

k=1 ψ
(δ1,δ2)
k · (φ∗ij;k), is a global approxi-

mation function with a global index I. Thus, the band width of the associated stiffness matrix
could be larger than that of inscribed particle distribution.
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4.4 Error estimates for patchwise RPPM

Since a patchwise RPPM is one of PUFEM (Partition of Unity Finite Element Method), we
have the following error estimates due to ([2]). However, the PU functions used in patchwise
RPPM have flat-tops and hence the gradients of the PU functions on flat-top area are zero.

Thus, the following conditions on the PU functions of ([2]):

‖∇ψ(δ
k
1 ,δ

k
2 )

k ‖∞ ≤
C

diam(Qk)
, (28)

can be elaborated in terms of δk1 , δ
k
2 . The proof is the same as that of ([2]). It is important

to observe that the size of the gradient-zero-area of the patch Qk can be used to determine an
optimal choice of the scaling constants δki .

Theorem 4.1. Let Ω be a two-dimensional polygonal domain. Let ψ
(δk1 ,δ

k
2 )

k be a partition of
unity corresponding to a patch Qk, for k = 1, · · · , N ν , such that

ψ
(δk1 ,δ

k
2 )

k = 1 on Qflt
k (= the flat-top zone of the patch Qk). (29)

Let ωk be the support of ψ
(δk1 ,δ

k
2 )

k such that card({i|x ∈ ωi}) ≤M for all x ∈ Ω. Let a collection
of local approximation spaces Vk ⊂ H1(Ω ∩ ωk) be given. Let u ∈ H1(Ω) be the function to be
approximated. Assume that the local approximation spaces Vk have the following approximation
properties: on each patch Ω∩ωk, the function u can be approximated by a function uk ∈ Vk such
that

‖u− uk‖L2(Ω∩ωk) ≤ ε
(0)
k , ‖u− uk‖L2(Ω∩ωunflt

k
)
≤ ε(0)k,unflt, and ‖∇(u− uk)‖L2(Ω∩ωk) ≤ ε

(1)
k

hold for all k, where ωunflt
k = ωk \Qflt

k is the non flat-top part of the support of ψ
(δk1 ,δ

k
2 )

k . Then
the function

uPUM :=
Nν
∑

k=1

ψ
(δk1 ,δ

k
2 )

k uk ∈ V PUM

satisfies the global estimates

‖u− uPUM‖L2(Ω) ≤
√
M

(

Nν
∑

k=1

ε
(0)
k

)1/2

and (30)

‖∇(u− uPUM )‖L2(Ω) ≤
√
2M

(

Nν
∑

k=1

(
C∇
δmk

)2(ε
(0)
k,unflt)

2 + (ε
(1)
k )2

)1/2

, (31)

where δmk = min{δk1 , δk2} and C∇ is independent of δk1 , δ
k
2 , but depends only on the choice the

window function for the convolution PU functions.
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Remark 4.2. (1) By Table 1 of ([27]), the constant C∇ ≤ 5 if the PU function ψ
(δk1 ,δ

k
2 )

k is
Cr-function with r ≤ 3.

(2) If δk is small, Q
flt
k becomes wider and ωunflt

k becomes narrower. Hence, ε
(0)
k,unflt becomes

small. However, if δk is too small, 1/δk dominates the error bound. Thus, an optimal choice of
δk depends on the function to be approximated.

(3) We have not determined an optimal choice of δmk = min{δk1 , δk2} for the general cases.
However, numerical tests of section 7 show that an optimal choice is about (the diameter of Qk)/25
when a background mesh for the patchwise RPPM is uniform.

(4) However, for the simplicity of the presentation of the adaptive RPPM, we choose δk1
and δk2 so that δMk = max{δk1 , δk2} is the one-third of the diameter of patch in the adaptive
constructions of PU functions.

5 Adaptive RPPM

In the conventional FEM, an adaptive mesh refinement is a popular approach to obtain a pre-
assigned accuracy of approximation. The adaptive FEM is well developed ([23]). However,
although some work on adaptive approaches in meshless methods have been done ([7],[31],[32],
and references of these papers), much work should be done on the adaptive meshless methods
for the theoretical development as well as the strategy of implementation.

In this section, we introduce a natural adaptive meshless method to deal with the singularity
problems. The convolution PU functions with flat-top of §4.1.1 and the convolution-like PU
function with flat-top of §4.1.2 makes it possible to implement adaptive approaches in meshless
methods.

In order to apply an adaptive RPPM to Poisson’s equation

−∆u = f in Ω,

we assume the following rules:

(a) ‖Rj‖0, the H0-norm of the residue Rj = f +∆u, is our local error indicator.

(b) We use the method of §4.1.1 (convolution) for the PU functions of non rectangular patches
and use the method of §4.1.2 for the PU functions of rectangular patches.

(c) We use the inscribed particles distribution for planting particles in each patch.

(d) We keep the Kronecker delta property for particles along the boundary where the Dirichlet
boundary condition is imposed. δ0 denotes the scaling constant for the convolution PU
function (§4.1.1).

Algorithm: Adaptive RPPM.

1. Choose a parameter θ with 0 < θ < 1.
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2. Construct a background mesh of a polygonal domain Ω so that

• patches are rectangles, except where non rectangular patches are unavoid-
able;

• one inside angle of each non rectangular patch is the right angle;

• the diameter of each patch is > 3δ0;

• the distance between two adjacent particles in each patch is > δ0, so that
the Kronecker delta property is satisfied at particles on the boundary.

3. Compute Ml = max{‖Rj‖0 : j = 1, · · · , Nl}, where Nl is the number of patches at
the l-th level.

4. For refinement, mark all patches Qk such that ‖Rk‖H0(Qk) ≥ θMl.

5. If a marked patch is a rectangle, divide the marked patch into four equal rect-
angular patches and construct corresponding PU functions with flat-top by
the method of §4.1.2 (non convolution PU function); If a marked patch is not a
rectangle, divide it into rectangles and the possible smallest number of quad-
rangular patches, and then, with adjustment of δ0, construct the corresponding
PU functions with flat-top by the method of §4.1.1 (convolution PU functions).

6. Run patchwise RPPM with these refined patches and the corresponding PU
functions.

7. Repeat above procedure until a desired accuracy is obtained.

In this adaptive algorithm, we observe the following:
(1) In order for the stiffness matrices to be well conditioned, we require the PU functions to

have flat-tops (see [27], for details).
In order to keep the full order of the polynomial reproducing property through the patch

mapping and to have closed form piecewise polynomial PU functions given by (23), we try to
avoid non rectangular patches in a partition of Ω as possible as we can.

(2) In the construction of a PU function with flat-top on a patch Ql
k, we select the scaling

constants lδki so that 1
min{lδk1 ,

lδk2}
· ε(0)k,unflt becomes sufficiently small (see Theorem 4.1). We have

not determined optimal sizes of lδk1 ,
l δk2 in general except some special cases in section 7.3.

(3) More sophisticated local error indicators are necessary.
An optimal local error indicator in the RPPM framework, the convergence of this algorithm

and optimal choices of scaling constants lδki are under investigation.

6 Reproducing Singularity Particle Methods(RSPM)

In Oh et al ([30]), we constructed the (2N +1)× (2N +1) particle shape functions that generate
the singular functions:

r1/2+l cos((1/2 + l)θ), r1/2+l sin((1/2 + l)θ), for l = 0, 1, · · · , N − 1, (32)

19



as well as the complete polynomials of order N:

xk1yk2 , for 0 ≤ k1 + k2 ≤ N. (33)

These particle shape functions that generate the singularity are said to be the RSP (reproducing
singularity particle) shape functions. The Galerkin approximation that uses the RSP shape
functions for the approximation space is said to be RSPM in this paper.

In ([30]), we tested interpolation errors of the various RSP shape functions. However, we
have not tested the approximablity of RSPM.

In this paper, we test the effectiveness of RSPM and compare it with adaptive RPPM. For
this end, we shortly review theorems proved in [30] that are used for the tests. Consider a
conformal mapping from the z(:= x + iy) plane onto the w(:= ξ + iη) plane. We denote the
polar coordinates of the points in the z-plane and the w-plane by (r, θ) and (r̂, θ̂), respectively.
And the corresponding rectangular coordinates, respectively, are denoted by (x, y) and (ξ, η).

The conformal mapping Tα from the w-plane to the z-plane is defined by

z = Tα(w) = w1/α,

so that

Tα(ξ, η) = (r̂1/α cos((1/α)θ̂), r̂1/α sin((1/α)θ̂)). (34)

We assume that α = n/m is an irreducible rational number with 1 ≤ n < m. Even for the cases
when n > 1, we use α = 1/m for the singular patch mapping Tα.

Next, we construct the particles and the polynomial reproducing particle shape functions on
a reference patch, Q̂ = [0, â]× [0, b̂]. Let

ξi = (
â

2N
)(i− 1), ηj = (

b̂

2N
)(j − 1), 0 ≤ i, j ≤ 2N + 1.

Let fi(ξ) and gj(η) be the Lagrange interpolating polynomials corresponding to the nodes
ξi, and ηj , respectively. The Lagrange interpolating polynomials are simple, but they are not
the best choice because the supports are whole interval.

Let us consider the tensor product of fi(ξ) and gj(η) defined by φ̂ij(ξ, η) = fi(ξ)×gj(η) for the
reproducing polynomial shape functions corresponding to the particles (ξi, ηj) with reproducing
polynomial property of order 2N.

To generate the singular particle shape functions that can deal with the crack singularity,
we choose the conformal patch mapping Tα : Q̂→ QS with α = 1/2. Then,

z = Tα(w) = w2, w = T−1α (z) =
√
z.

Here, we choose a singular zone QS ⊂ Ω that is a rectangle containing a known singularity.
There are no particular rules to choose the size of the singular zone QS . One can choose the
singular zone so that the pollution effect of the crack singularity can be tolerable on the outside
of this zone.
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For, i = 1, 2, · · · , 2N + 1, and j = 1, 2, · · · , 2N + 1, we denote the particles and the corre-
sponding singular shape functions as follows:

Let Tα(ξi, ηj) = (xij , yij), T−1α (rij , θij) = (ξi, ηj), (r̂ij , θ̂ij) = the polar coordinates of (ξi, ηj),
(rij , θij) = the polar coordinates of Tα(ξi, ηj). Then

T−1α :

{

ξi = rij
α cos(αθij)

ηj = rij
α sin(αθij)

; Tα :

{

xij = r̂
1/α
ij cos(θ̂ij/α)

yij = r̂
1/α
ij sin(θ̂ij/α).

(35)

The singular shape functions corresponding to the particles (xij , yij) are

φ∗ij(x, y) = (φ̂Ext
ij ◦ T−1α )(x, y),

where φ̂ij(ξ, η) = fExt
i (ξ)× gExt

j (η).

Henceforth, we simply write φ̂Ext
ij by φ̂ij . Let Λ2N = {kl : 1 ≤ k, l ≤ 2N + 1}. Then we have

the following properties due to ([30]).
(1) For ij, kl ∈ Λ2N , we have

φ̂ij(ξk, ηl) = δikδjl.

(2) For any point (ξ, η) in the w-plane (and hence in T−1α (Qs)), the reference global polyno-
mial shape functions, φ̂ij(ξ, η), (i, j) ∈ Λ2N , have the reproducing polynomial property of order
2N :

∑

ij∈Λ2N

ξk1i η
k2
j φ̂ij(ξ, η) = ξk1ηk2 , for 0 ≤ k1 + k2 ≤ 2N. (36)

Theorem 6.1. ([30]) Suppose the reproducing polynomial particle (RPP) shape functions φ̂ij(ξ, η),
for ij ∈ Λ2N corresponding to the particles (ξi, ηj), ij ∈ Λ2N satisfy the relation (36). Let

φ∗ij(x, y) = φ̂ij(T
−1
α (r, θ)) = φ̂ij(r

α cos(αθ), rα sin(αθ)), where α = 1/2.

Then, we have

(1) The shape functions, φ∗ij(x, y), ij ∈ Λ2N , have the Kronecker delta property:

φ∗ij(xkl, ykl) = δklij .

(2) The shape functions, φ∗ij(x, y), ij ∈ Λ2N , have the polynomial reproducing property of order
N:

xk1yk2 , for 0 ≤ k1 + k2 ≤ N. (37)

(3) The shape functions, φ∗ij(x, y), ij ∈ Λ2N , reproduce the singular functions:

r1/2+l cos(1/2 + l)θ, r1/2+l sin(1/2 + l)θ, l = 0, · · · , (N − 1). (38)
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7 Numerical Results

7.1 Tests for uniform RPPM

For the piecewise polynomial RPP function φ̂, either increasing the degree of its polynomial
pieces or widening its support, we are able to make the RPP function smooth up to any desired
order. However, if the RPP shape function φ̂ has a wider support, the stiffness matrix associated
with corresponding RPP space has a larger bandwidth. On the other hand, letting polynomial
pieces in RPP function to have higher degree requires more function evaluations.

In this section, we test the accuracy of uRPP obtained by RPPM with use of the various
RPP functions of various reproducing order. Throughout this subsection, we assume that

Ω = (−1, 1)× (0, 1), h = 1/2, 1/4, 1/8, 1/16 are the scaling parameter,

Vr,kh,Ω = the RPP space associated with h-uniformly partitioned particles.

In the following examples, we test the effectiveness of RPPM associated with use of translation-
invariant particle shape functions constructed by the tensor product of each of the following
three one dimensional C1-basic RPP functions: φ([−2,2];1;2)(x), φ([−3,3];1;4)(x), and φ([−4,4];1;6)(x),
(that are in appendix). The resulting two dimensional shape functions have the polynomial
reproducing property of order 2, 4, and 6, respectively.

[I] A Smooth problem on a rectangle: Consider Poisson’s equation with homogeneous
Dirichlet boundary conditions

−∆u1 = f1 in Ω, (39)

u1 = 0 along ∂Ω, (40)

where f1 is chosen so that the true solution is u1(x, y) = (x2 − 1)y(y − 1)ex+y.
Then, we have the following features with respect to this example.
(1) Since u1 ∈ C∞(Ω), Theorem 3.3 implies

‖u1 − uRPP
1 ‖1 ≈ O(hk), for any reproducing order k.

Thus, if the errors in energy norm versus the scaling factor h are plotted in log-log scale, they
are approximately straight lines with slopes 2, 4, 6, respectively. The left hand side figure in
Fig. 4 actually supports this theory.

(2) Table 1 shows relative errors in maximum norm as well as energy norm of RPPM ap-
proximate solutions with respect to various RPP approximation spaces. The maximum error in
Table 1 for reproducing order 6 is virtually zero when h = 1/8. Thus, one cannot expect any
more improvement at h = 1/16. It is worthy to note that computation of the stiffness matrix
is simple and easy. In other words, if the coefficients of the function to be approximated are
constants, we only need to calculate the components of RPPM stiffness matrices corresponding
to particles in one copy of the support of φh0(x)× φh0(y)(Fig. 1), since all other components are
the same. Moreover, in this case, numerical integrations for the stiffness matrix are exact, since
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φh0(x) × φh0(y) is a symmetric piecewise polynomial and the coefficients of differential equation
are constants.

[II] A Singular problem on a rectangle: Consider Poisson’s equation containing a jump
boundary data singularity at (0, 0) as follows:

−∆u2 = f2 in Ω = (−1, 1)× (0, 1), (41)

∂u2
∂n

= 0 along ΓN (the positive x-axis), (42)

u2 = 0 along ∂Ω \ ΓN . (43)

Here f2 is the negative Laplacian of the true solution

u2(r, θ) = (1− x2) cos(πy/2)
[

r1/2 cos(θ/2)
]

.

From this singularity problem, we observe the following:
(1) Since u2 ∈ H1.5−ε(Ω) for a small positive number ε, Theorem 3.3 implies that

‖u2 − uRPP
2 ‖1 ≈ O(h1/2−ε).

(2) In other words, in the presence of a singularity, RPPM using RPP shape functions even
with a very high reproducing order is not able to yield such a fast convergence like those in
the above smooth problem. Relative errors in energy norm and maximum norm are given on
the right hand side column of Table 1. The right hand side figure of Fig. 4 demonstrates the
slopes of three lines are about 1/2 when relative errors in energy norm versus the scaling factor
h are plotted in log-log scales. In other words, these test results also support the theory in error
analysis stated in Theorem 3.3.

7.2 Tests for Patchwise RPPM

In order to see the effectiveness of patchwise RPPM, we test the following problem on the
L-shaped domain shown in Fig. 5.

[III] A Smooth problem on a L-shape domain: Consider Poisson’s equation with mixed
boundary conditions

−∆u3 = f3 in Ω(L-shaped domain shown in Fig. 5),

∂u3
∂n

= 0 along ΓN = (−2/3, 2/3)× {0},
u3 = 0 along ΓD = ∂Ω \ ΓN .

where ΓN = j → k → o → a of the L-shape domain in Fig. 5. ΓD = ∂Ω \ ΓN . Here we choose
f3 so that the true solution is given by u3(x, y) = cos(πx) cos(πy/2).
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Table 1: Relative Errors of RPP solutions of ∆u = f obtained by V r,kh,Ω for r = 1 and k = 2, 4, 6

Smooth Problem (−∆u1 = f1) Singular Problem (−∆u2 = f2)

h Max Norm Energy Norm Max Norm Energy Norm

Vr,kh,Ω for r = 1 and reproducing order k = 2

1/2 4.54E-02 1.30E-01 2.307E-01 2.896E-01

1/4 7.60E-03 4.16E-02 1.608E-01 2.032E-01

1/8 1.06E-03 1.16E-02 1.471E-01 1.430E-01

Vr,kh,Ω for r = 1 and reproducing order k = 4

1/2 1.41E-03 5.20E-03 2.037E-01 2.778E-01

1/4 2.28E-04 1.09E-03 1.609E-01 2.095E-01

1/8 8.49E-06 9.43E-05 1.467E-01 1.471E-01

Vr,kh,Ω for r = 1 and reproducing order k = 6

1/2 4.41E-05 2.19E-04 2.233E-01 2.747E-01

1/4 2.75E-06 1.67E-05 1.615E-01 2.125E-01

1/8 4.69E-08 5.28E-07 1.465E-01 1.494E-01
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Figure 4: (Left) Three convergence profiles of RPPM for Poisson’s equation are compared with
straight lines having slope 2, 4, 6, respectively. (Right) The convergence history of RPPM
solutions of singular problem with respect to using RPP spaces of reproducing order 2, 4, 6,
respectively
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Table 2: Result by patchwise RPPM on the smooth problem on L-shape domain

C1-convol PU C2-convol PU
Max Norm Energy Norm Max Norm Energy Norm

RPP order = 2 2.27E-02 8.08E-02 2.28E-02 8.08E-02

RPP order = 4 1.67E-04 9.18E-04 1.66E-04 1.08E-03

RPP order = 6 3.92E-06 3.34E-04 6.03E-07 8.02E-05

Table 2 shows that patchwise RPPM can effectively handle the elliptic boundary value prob-
lems even on non convex domain.

This example shows that patchwise RPPM can handle the problems not only on a convex
domain, but also on a non convex domain. However, if the given problem has Neuman boundary
condition along o → a and Dirichlet boundary condition along o → k (see Fig. 5), then it is
hard to impose two mixed boundary condition correctly even if RPP shape functions satisfy the
Kronecker delta property along the boundary particles. This is because supports of all RPP
shape function associated particles in the patch Q1 have non void intersection with the patch
Q5 in Fig. 5. We need to investigate this case more carefully. These difficulties do not occur
when we have the same type of boundary conditions along two sides of the corner or when the
jump boundary conditions occur on a convex domain.

7.3 Tests for Adaptive patchwise RPPM

The convolution PU functions with flat-top make it possible to have any polygonal patches for
background mesh in patchwise RPPM, however it uses a fixed scale constant δ. Thus, it is not
proper to apply for the background meshes of the full-blown adaptive meshless methods. The
following one-dimensional example and Table 3 show that our adaptive RPPM with adaptively
selected scale constants δi is effective for full-blown adaptive meshless methods.

[IV] One Dimensional Singular problem: For simplicity, we test the adaptive algorithm
to the one dimensional singularity problem:

−d
2u4
dx2

(x) = f4(x) in Ω = (0, 1), (44)

whose true solution is u4(x) = x1.1 − x.
For adaptive RPPM, with δi of Table 3, the domain Ω = [0, 1] is successively refined toward

the origin as follows:

Level-1: Q11 = [0, 1/2], Q12 = [1/2, 1] with corresponding PU functions ψ
(δ1,δ1)
2 , ψ

(δ1,δ1)
1 , respectively;

Level-2: Q23 = [0, 1/22], Q22 = [1/22, 1/2], Q21 = [1/2, 1], with corresponding PU functions ψ
(δ2,δ2)
3 ,

ψ
(δ2,δ2)
2 , ψ

(δ2,δ1)
1 , respectively;

25



Table 3: Test of Adaptive patchwise RPPM to the one-dim problem. δi indicate the scale
constants used for the PU functions with flat-top. “dof” stands for the degree of freedom

level δ1 δ2 δ3 δ4 δ5 dof ‖R.err‖L2 ‖R.err‖eng
level-1 0.16 8 7.50E-4 5.36E-3

level-2 0.16 0.083 13 3.50E-4 3.52E-3

level-3 0.16 0.083 0.042 18 1.42E-4 2.31E-3

level-4 0.16 0.083 0.042 0.021 23 5.02E-5 1.52E-3

level-5 0.16 0.083 0.042 0.021 0.01 28 2.34E-5 9.94E-4

δ6 δ7 δ8 δ9 δ10
level-6 5.0E-3 33 8.42E-6 6.52E-4

level-7 5.0E-3 2.6E-3 38 2.80E-6 4.27E-4

level-8 5.0E-3 2.6E-3 1.3E-3 43 1.02E-6 2.80E-4

level-9 5.0E-3 2.6E-3 1.3E-3 6.5E-4 48 1.03E-6 1.83E-4

level-10 5.0E-3 2.6E-3 1.3E-3 6.5E-4 3.2E-4 53 1.03E-6 1.20E-4

Level-3: Q34 = [0, 1/23], Q33 = [1/23, 1/22], Q32 = [1/22, 1/2], Q31 = [1/2, 1] with corresponding PU

functions ψ
(δ3,δ3)
4 , ψ

(δ3,δ3)
3 , ψ

(δ3,δ2)
2 , ψ

(δ2,δ1)
1 , respectively;

Level-4 through Level-10 are similar.

For this test, the reference patch is Q̂ = [−1, 1] with equally spaced five particles. The cor-
responding particle shape functions are the five Lagrange interpolation polynomials of degree
four. The PU functions with flat-top corresponding to each patch in the computation domain
are C2-piecewise polynomial of degree two constructed by using (24). Since the true solution
is smooth around the right end of the domain, the errors on this region are almost zero as the
singularity influence rising at the left end of the domain is diminished by the adaptive process.

Now we consider the following bench marking problem with jump boundary data singularity
at (0, 0).

[V] Two dimensional Singular problem (The Motz Problem): Let us consider the
Laplace equation with the following data:

−∆u5 = 0 in Ω = (−1, 1)× (0, 1), (45)

u5 =

{

500 on Γ1,
0 on Γ2,

(46)

∂u5
∂n

= 0 on ∂Ω \ Γ1 ∪ Γ2, (47)

Γ1 = {(1, y) : 0 ≤ y ≤ 1},
Γ2 = {(x, 0) : −1 ≤ x ≤ 0},
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In ([14],[21]), an effort is made to give an extremely accurate solution to the Motz problem for
use as benchmarks such as in this study. Solutions of the form

u5(r, θ) =
34
∑

l=0

blr
l+1/2 cos(l + 1/2)θ (48)

are found by requiring the boundary conditions along x = −1, x = 1, and y = 1 to be satisfied
in the sense of least squares. It is claimed that the maximum error on x = 1 is 5.47E−09. The
coefficients bl can be found in ([14]). Thus, we compare this highly accurate solution with our
RSPM solution and with adaptive RPPM solution.

In the two-dimensional cases, our PU functions with flat-top for adaptive RPPM are piece-
wise polynomials, however each PU function consists of nine different polynomial pieces. Hence,
for highly accurate (exact if problems have constant coefficients) integrals, each integral domain
is divided into nine regions with 2δi width of varying δi. Because of this complexity of numerical
integration, a full-blown adaptive RPPM for a two-dimensional example is not discussed in this
paper. General adaptive RPPM for higher dimensional problems along with optimal local error
indicator will be discussed in a forth coming paper.

In the Motz Problem, we apply adaptive RPPM with C2-convolution PU functions with flat-
top. In this case, the scale constant δ should be fixed, and hence we can proceed only in limited
steps in the adaptive procedure.

In Table 4, one can compare the approximate solutions obtained by adaptive RPPM with
those obtained by patchwise uniform RPPM to see the effectiveness of adaptive RPPM over
patchwise uniform RPPM. Adaptively refined patches for the results in Table 4 is shown in Fig.
5. For the calculation in Table 4, the reference patch has 25 particles associated with tensor
product of Lagrange interpolation polynomials of degree four.

In the uniform RPPM results of Table 4, we observe that the optimal scaling constants δ
and the diameter of uniform patches have the following relations:

‖ψ(δ,δ)Qk
‖∞ ≈

1

δ
= 25(

1

h
), h = diameter of Qk. (49)

If the nature of a singularity like the jump data singularity (45)-(45) was known, we would
have used RSP(reproducing singularity particle) shape functions that surely yield a highly ac-
curate approximate solution. However, neither the nature of singularity nor location of the
singularity in the solution domain is known, we may use an adaptive RPPM.

7.4 Tests for RSPM (Reproducing Singularity Particle Methods)

We test RSPM on the Motz problem. Since the structure of singularity is known, RSPM is more
effective than adaptive RPPM.

RSPM is a Galerkin approximation method associated with the use of RSP shape functions
on the patches contain singularities and with the use of RPP shape functions on other patches for
local approximation functions. Thus, RSPM in the meshfree methods is similar to the Method
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Table 4: Results by Adaptive RPPM and those by uniform patchwise RPPM

The Motz Problem

Adaptive RPPM Uniform RPPM

No. of Particl δ ‖Rel. err‖eng No. of Particl δ ‖Rel. err‖eng
200 (level-I) 2.0E-2 1.1E-2 200(h = 1/2) 2.0E-2 1.067E-2

350 (level-II) 9.7E-3 5.3E-3 450(h = 1/3) 1.3E-2 8.930E-3

500 (level-III) 4.8E-3 2.4E-3 800(h = 1/4) 1.0E-2 7.820E-3

650 (level-IV) 2.3E-3 6.6E-4

800 (level-V) 1.1E-3 5.7E-4
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Figure 5: (Left) Background mesh for Patchwise RPPM. (Right) Background mesh of Adaptive
RPPM for the Motz problem
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Table 5: MAM in p-FEM (Mapping technique in FEM) and RSP in GFEM (Mapping technique
in GFEM)

the Motz Problem

Method of Auxiliary Mapping Reproducing Singularity Particle

p-deg dof ‖Abs. err‖∞ ‖R. err‖eng RPP particl δ ‖Abs. err‖∞ ‖R. err‖eng
2 21 4.98E-0 5.02E-2 2 54 0.3 1.53E-0 1.54E-2

4 67 1.44E-1 2.70E-3 4 150 0.3 1.62E-2 3.17E-4

6 145 6.76E-3 1.39E-4 6 294 0.26 8.46E-4 2.40E-5

8 255 2.16E-4 7.37E-6 8 486 0.15 8.26E-5 7.23E-7

 p−FEM mesh

(0.8, 0) (1, 0)

(1, 1)

(−1, 0) (0, 0)

(−1, 1) (1, 1)(−1, 1)

(−1, 0) (1, 0)

Background mesh for RSPM

(−0.3, 0) (0.3, 0)

(−1, 0.5) (1, 0.5)

(−0.49, 0) (0.49,0)

Figure 6: (Left) Mesh for p-FEM; (Right) Background mesh for RSPM. The particles corre-
sponding to RSP shape functions are planted inside the dotted curves via the patch mapping
z = w2 : [0, 0.7]× [0, 0.7] −→ [−1, 1]× [0, 1].

of Auxiliary Mapping (MAM) ([4], [21], [26], [25]) in the framework of p-version FEM. Thus,
we expect that using RSP shape functions in patchwise arbitrary RPPM has a similar effect to
using MAM in the p-version FEM in dealing with the singularities.

However, the approximation functions for RSPM are highly smooth except at the singularity
point, whereas the bases functions for p-FEM are C0 functions.

For this test for RSPM, we use C2-convolution PU function with flat-top and with the scaling
constant δ = 0.1. The background mesh for RSPM consists of six rectangles as shown in Fig. 6.
In Table 5, the errors of computed solutions by RSPM are compared with those errors (parts of
Table A.II of [21]) of FEM solutions obtained by using MAM. From this table, one can conclude
that the two results are almost the same.
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8 Concluding remarks

We have completely analyzed the uniform RPPM. However, it has limitations in applying for
more practical problems such as problems on non convex domains. Patchwise RPPM is more
flexible in dealing with problems on domains with complex boundaries. To obtain an approxi-
mate solution satisfying the preassigned accuracy, we suggest adaptive RPPM. The PU functions
with flat-top yields the well-conditioned stiffness matrices, and the PU functions play a crucial
role in both patchwise RPPM and adaptive RPPM. Using the convolution PU functions with
flat-top whose gradient is small in the maximum norm do not always yield the improved results.
As the scaling constants δ is getting small, the flat-top area is increasing and the gradient of the
PU function in the maximum norm is also increasing.

Our algorithm of adaptive approach in GFEM has virtually limitations. However, the PU
functions constructed adaptively are piecewise polynomials and hence integral domain may be
divided into several sub-domains for accurate numerical integration. In such case, it requires a
lengthy computing time. Moreover, since the support of approximation functions are overlapping
on each patch, the local error indicators are fundamentally different from the common (disjoint)
element wise error estimators in the FEM.

Whenever the nature of a singularity is known, we prefer to use RSPM associated with the
reproducing singularity particle (RSP) shape functions introduced in Oh et al ([30]).

A 1D RPP functions

1. C1-RPP shape function φ([−2,2];1;2) of reproducing order 2.

φ([−2,2];1;2)(x) =























1
2(x+ 2)2(x+ 1) ∈ [−2,−1],
−12(x+ 1)(3x2 + 2x− 2) ∈ [−1, 0],
1
2(x− 1)(3x2 − 2x− 2) ∈ [0, 1],
−12(x− 2)2(x− 1) ∈ [1, 2],
0 ∈ R \ [−2, 2]

2. C1-RPP function of reproducing order 4.

φ([−3,3];1;4)(x) =







































1
120x(2 + x)(3 + x)2(7 + x) x ∈ [−3,−2],
− 1
24(1 + x)(2 + x)(−24− 3x+ 6x2 + x3) x ∈ [−2,−1],

1
12(1 + x)(12− 12x− 15x2 + 2x3 + x4) x ∈ [−1, 0],
− 1
12(−1 + x)(12 + 12x− 15x2 − 2x3 + x4) x ∈ [0, 1],

1
24(−2 + x)(−1 + x)(24− 3x− 6x2 + x3) x ∈ [1, 2],
− 1
120(−7 + x)(−3 + x)2(−2 + x)x x ∈ [2, 3],

0 x ∈ R \ [−3, 3]
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3. C1-RPP function of reproducing order 6.

φ([−4,4];1;6)(x) =






















































1
5040(3 + x)(4 + x)2(168 + 187x+ 95x2 + 17x3 + x4) x ∈ [−4,−3],
− 1
720(2 + x)(3 + x)(60− 2x+ 105x2 + 73x3 + 15x4 + x5) x ∈ [−3,−2],
1
240(1 + x)(2 + x)(228− 14x− 57x2 + 13x3 + 9x4 + x5) x ∈ [−2,−1],
− 1
144(1 + x)(−144 + 144x+ 160x2 − 39x3 − 17x4 + 3x5 + x6) x ∈ [−1, 0],
1
144(−1 + x)(−144− 144x+ 160x2 + 39x3 − 17x4 − 3x5 + x6) x ∈ [0, 1],
− 1
240(−2 + x)(−1 + x)(−228− 14x+ 57x2 + 13x3 − 9x4 + x5) x ∈ [1, 2],
1
720(−3 + x)(−2 + x)(−60− 2x− 105x2 + 73x3 − 15x4 + x5) x ∈ [2, 3],
− 1
5040(−4 + x)2(−3 + x)(168− 187x+ 95x2 − 17x3 + x4) x ∈ [3, 4],

0 x ∈ R \ [−4, 4]
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