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Abstract

Let a, b be two fixed non-zero constants. A measurable set E ⊂ R
is called a Weyl-Heisenberg frame set for (a, b) if the function g = χE

generates a Weyl-Heisenberg frame for L2(R) under modulates by b and
translates by a, i.e., {eimbtg(t− na)}m,n∈Z is a frame for L2(R). It is an
open question on how to characterize all frame sets for a given pair (a, b)
in general. In the case that a = 2π and b = 1, a result due to Casazza and
Kalton shows that the condition that the set F =

Sk
j=1([0, 2π) + 2njπ)

(where {n1 < n2 < · · · < nk} are integers) is a Weyl-Heisenberg frame
set for (2π, 1) is equivalent to the condition that the polynomial f(z) =Pk

j=1 znj does not have any unit roots in the complex plane. In this
paper, we show that this result can be generalized to a class of more
general measurable sets (called basic support sets) and to set theoretical
functions and continuous functions defined on such sets.

1 Introduction

Let H be a separable complex Hilbert space. Let B(H) denote the algebra of all
bounded linear operators on H. Let N denote the set of natural numbers, and
Z be the set of all integers. A collection of elements{xj : j ∈ } in H is called a
frame (of H) if there exist constants A and B, 0 < A ≤ B < ∞, such that

A‖f‖2 ≤
∑

j∈

|〈f, xj〉|2 ≤ B‖f‖2 (1.1)

for all f ∈ H. The supremum of all such numbers A and the infimum of all
such numbers B are called the frame bounds of the frame and are denoted by
A0 and B0 respectively. A frame is called a tight frame if A0 = B0 and is called
a normalized tight frame if A0 = B0 = 1. Any orthonormal basis in a Hilbert
space is a normalized tight frame. However a normalized tight frame is not
necessarily an orthonormal basis. Frames can be regarded as the generalizations
of orthogonal bases of Hilbert spaces. The concept of frames was introduced a
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long time ago ([14, 19]) and have received much attention recently due to the
development and study of wavelet theory [3, 12, 13, 17]. Among those widely
studied lately are the Weyl-Heisenberg frames (also called Gabor frames). Let
a, b be two fixed positive constants and let Ta, Mb be the translation operator
by a and modulation operator by b respectively, i.e., Taf(t) = f(t − a) and
Mbf(t) = eibtf(t) for any f ∈ L2(R). For a fixed g ∈ L2(R), we say that
(g, a, b) generates a Weyl-Heisenberg frame if {MmbTnag}m,n∈Z forms a frame
for L2(R). We also say that the function g is a mother Weyl-Heisenberg frame
wavelet for (a, b) in this case. Furthermore, a measurable set E ⊂ R is called a
Weyl-Heisenberg frame set for (a, b) if the function g = χE generates a Weyl-
Heisenberg frame for L2(R) under modulates by b and translates by a, i.e.,
{eimbtg(t − na)}m,n∈Z is a frame for L2(R). Characterizing the mother Weyl-
Heisenberg frame wavelets in general is a difficult and open question. In fact,
even in the special case of a = 2π and b = 1, this question remains unsolved.
There are many works related to this subject, for more information please refer
to [2, 7, 8, 9, 10, 11, 15, 18].

In 2002, Casazza and Kalton proved the following theorem [6]:

Theorem 1.1. For fixed integers n1 < n2 < · · · < nk, the set

E = ∪k
j=1

(
[0, 2π) + 2πnj

)
(1.2)

is a Weyl-Heisenberg frame set for (2π, 1) if and only if the polynomial p(z) =∑k
j=1 znj has no unit roots.

This means that characterizing a Weyl-Heisenberg frame set E with the
special form (1.2) is equivalent to the following problem, which was proposed
by Littlewood in 1968 [16]:

Problem 1.2. Classify the integer sets {n1 < n2 < · · · < nk} such that the
polynomial p(z) =

∑
1≤j≤k znj does not have any unit roots.

While it is unfortunate that Theorem 1.1 fails to provide a definite answer to
the characterization problem of Weyl-Heisenberg frame sets since Problem 1.2 is
also an open question (see [4, 5, 6, 16] and the references therein), it does reveal
a deep connection between the two seemingly irrelevant subjects. In this paper,
we will further investigate Weyl-Heisenberg frames defined by set theoretical
functions and continuous functions with restricted domain. In Section 2, we
will introduce some concepts, definitions, preliminary lemmas. In Section 3, we
will state and prove our main theorems. Some examples are given in Section 4.

2 Definitions and Preliminary Lemmas

Definition 2.1. The Zak transform of a function f ∈ L2(R) is defined as

Zf(t, w) =
√

2π
∑

n∈Z
f(t + 2πn)einw, ∀ t, w ∈ [0, 2π). (2.1)
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The above definition of Zak transform is actually slightly different from its
original definition [1]. We have the following lemma.

Lemma 2.2. [1] The Zak transform is a unitary map from L2(R) onto L2(Q),
where Q = [0, 2π)× [0, 2π) and the inner product on L2(Q) is defined by

〈f(t, w), g(t, w)〉 =
1

4π2

∫ 2π

0

∫ 2π

0

f(t, w)g(t, w)dtdw.

This can be easily checked and we leave the proof to our reader.

Lemma 2.3.

Z(MmT2nπg)(t, w) = ei(mt+nw)Zg(t, w), ∀ g ∈ L2(R). (2.2)

Proof. Since MmT2nπg(x) = eimxg(x− 2nπ),

Z(MmT2nπg)(t, w)

=
√

2π
∑

`∈Z
eim(t+2`π)g

(
t + 2(`− n)π

)
ei`w

=
√

2π
∑

`∈Z
eimtg

(
t + 2(`− n)π

)
ei`w

=
√

2π
∑

`∈Z
ei(mt+nw)g

(
t + 2(`− n)π

)
ei`w−inw

=
√

2πei(mt+nw)
∑

`∈Z
g
(
t + 2(`− n)π

)
ei(`−n)w

=
√

2πei(mt+nw)
∑

k∈Z
g(t + 2kπ)eikw

= ei(mt+nw)
√

2π
∑

k∈Z
g(t + 2kπ)eikw

= ei(mt+nw)(Zg)(t, w).

Lemma 2.4. [6] Let E be a measurable subset of [0, 2π), F =
⋃

n∈Z(E + 2nπ)
and g ∈ L2(F ). The following statements are equivalent:
(1) (MmT2nπg)m,n∈Z is a frame for L2(F ) with frame bounds A0, B0.
(2) 0 < A0 = essinf(t,w)∈E×[0,2π)|Zg(t, w)|2 ≤ esssup(t,w)∈E×[0,2π)|Zg(t, w)|2 =
B0 < ∞.

Let E =
⋃m

k=1 Ak, where each Ak = [ak, bk] is a closed interval and Ai∩Aj =
∅ if i 6= j. Let τ2π(x) : R −→ [0, 2π) be the function defined by τ2π(x) =
x− 2π[ x

2π ], where [.] is the integer function. Let us arrange the numbers

0, τ2π(a1), τ2π(b1), · · · , τ2π(am), τ2π(bm), 2π

in the ascending order and write the resulting numbers as 0 = t0 < t1 <
· · · < tj0 = 2π. Then for each 0 ≤ j ≤ j0 − 1 and each k, we have either
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(tj , tj+1) ⊂ τ2π(Ak) or (tj , tj+1)
⋂

τ2π(Ak) = ∅. Based on this observation we
have:

Lemma 2.5. Let {Ai}m
i=1 be a sequence of finite and non-overlapping intervals

and E =
⋃m

i=1 Ai, then there exists a finite sequence of disjoint intervals {Ei}k
i=1

with Ei ⊂ [0, 2π), and an integer sequence {nij}ji

j=1 for each i, such that

E =
k⋃

i=1

Fi, where Fi =
ji⋃

j=1

(Ei + 2πnij).

We will call the set E defined in the above lemma a basic support set, which
is just a finite disjoint union of finite intervals. The sequence {Ei}k

i=1 associated
with the set E will be called the 2π-translation generators of E. Notice that⋃ji

j=1(Ei+2πnij) is simply the pre-image of the function τ2π restricted to E. We
will call the sequence {nij}ji

j=1 the step-widths of the corresponding generator
Ei.

Definition 2.6. Let g ∈ L2(R) be a continuous function and E be a basic
support set. For each ξ ∈ E, the sequence {g(ξ + 2πnij)}ji

j=1 is called a charac-
teristic chain of the function g associated with the set E, where ξ ∈ Ei and Ei,
{nij} are as defined in Lemma 2.5.

If
∑k

j=0 anj z
nj = 0 has zeros on the unit circle T, then the coefficient se-

quence {anj}k
j=0 is called a root sequence of {nj}. For instance, {−2,−1, 1} is a

root sequence for {0, 1, 2} since the polynomial −2−z +z2 has a unit root. But
{−2,−1, 1} is not a root sequence for {0, 1, 3} since the polynomial −2− z + z3

does not have a unit root. Furthermore, the sequence {nj} may contain nega-
tive integers as well, in which case

∑k
j=0 anj z

nj is a Laurent polynomial, but
our results will still hold for such a polynomial.

3 Main Results and their Proofs

We first outline the main results obtained in this paper below. The first theorem
generalizes the result of [6] to step like functions.

Theorem 3.1. Let n0 < n1 < n2 < · · · < nk be k + 1 fixed integers, a0, a1, a2,
· · · , ak be k + 1 given complex numbers and let Fj = [0, 2π) + 2πnj (j = 0, 1,
2, · · · , k), g =

∑k
j=0 ajχFj . The following statements are equivalent:

(1) g is a mother Weyl-Heisenberg frame wavelet for (2π, 1) with frame
bounds A0, B0.

(2) 1
2π A0 = inf |z|=1 |

∑k
j=0 ajz

nj |2 and 1
2π B0 = sup|z|=1 |

∑k
j=0 ajz

nj |2.
(3) For every measurable set E ⊂ [0, 2π) of positive measure, let Ej =

E + 2njπ, j = 0, 1, 2, ..., k, the function gE =
∑k

j=0 ajχEj is a mother
Weyl-Heisenberg frame wavelet of L2(Ω) for (2π, 1) with frame bounds A ≥ A0,
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B ≤ B0, where Ω = ∪n∈Z(E + 2nπ) and A0, B = B0 are the frame bounds for
gE with E = [0, 2π).

Theorem 3.2. Let E ⊂ [0, 2π) be a measurable set of positive measure and
n0 < n1 < n2 < · · · < nk be k + 1 given integers. Let F =

⋃k
j=0(E + 2πnj),

Ω =
⋃

n∈Z(E+2πn). Then for any continuous function g ∈ L2(R), (g ·χF , 2π, 1)
generates a Weyl-Heisenberg frame of L2(Ω) if and only if for any ξ ∈ E,
{g(ξ + 2πnj)} is not a root sequence for {nj} where E is the closure of E. In
particular, if E = [0, 2π), then (g ·χF , 2π, 1) generates a Weyl-Heisenberg frame
of L2(R) if and only if for any ξ ∈ [0, 2π], {g(ξ + 2πnj)} is not a root sequence
for {nj}.

Theorem 3.2 further generalizes Theorem 3.1 to continuous functions.

Theorem 3.3. Let E be a basic support set with generator and step-width pairs
{(Ei, {nij}ji

j=0

)}k
i=0, Ω =

⋃
n∈Z(E + 2nπ) and g ∈ L2(R) be a continuous

function, then (g · χE , 2π, 1) generates a Weyl-Heisenberg frame for L2(Ω) with
frame bounds A0 and B0 if and only if

1
2π

A0 = min
0≤i≤k

inf
ξ∈E,z∈T

|
ji∑

j=0

g(ξ + 2πnij)znij |2

and
1
2π

B0 = max
0≤i≤k

sup
ξ∈E,z∈T

|
ji∑

j=0

g(ξ + 2πnij)znij |2.

In other word, gE = g ·χE is a mother Weyl-Heisenberg frame wavelet of L2(Ω)
for (2π, 1) if and only if no characteristic chains of g associated with E are root
sequences (of the corresponding step-width sequences).

Notice that the special case g = 1 of Theorem 3.3 will relate the charac-
terization of a Weyl-Heisenberg frame set within the basic support sets (which
is more general than the sets considered in [6]) to the classification of corre-
sponding polynomials with unit roots. The result in the following corollary to
Theorem 3.3 is immediate, which can also be obtained from the definition of
mother Weyl-Heisenberg frames directly without difficulty.

Corollary 3.4. If g ∈ L2(R) is a continuous function with a zero characteristic
chain associated with a closed basic support set E, then g · χE is not a mother
Weyl-Heisenberg frame wavelet of L2(Ω) for (2π, 1), where Ω =

⋃
n∈Z(E+2nπ).
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Proof of Theorem 3.1. For all x, y ∈ [0, 2π), we have

Zg(x, y) =
√

2π
∑

n∈Z
g(x + 2nπ)einy

=
√

2π
∑

n∈Z

k∑

j=0

ajχFj (x + 2nπ)einy

=
√

2πχ[0,2π)(x)
k∑

j=0

aje
injy.

Thus

ess inf
(x,y)∈[0,2π)2

|Zg(x, y)|2

= 2πess inf
y∈[0,2π)

|
k∑

j=0

aje
injy|2

= 2πess inf
z∈T

|
k∑

j=0

ajz
nj |2

and

ess sup
(x,y)∈[0,2π)2

|Zg(x, y)|2

= 2πess sup
y∈[0,2π)

|
k∑

j=0

aje
injy|2

= 2πess sup
z∈T

|
k∑

j=0

ajz
nj |2,

where T is the unit circle. By Lemma 2.4, it follows that A0 and B0 are the
frame bounds of g if and only if 1

2π A0 = inf |z|=1 |
∑k

j=0 ajz
nj |2 and 1

2π B0 =

sup|z|=1 |
∑k

j=0 ajz
nj |2. This proves the equivalence of (1) and (2). The special

case of E = [0, 2π) in (3) implies (1). By (1), (g, 2π, 1) generates a Weyl-
Heisenberg frame for L2(R) with frame bounds A, B. Let P be the orthogonal
projection of

L2(R) → L2(Ω)

defined by
Pf = f |Ω = f · χΩ.

Then

P (EmT2nπg) = P
(
eimtg(t− 2nπ)

)

=
(
eimtg(t− 2nπ)

) · χΩ

= eimtgE(t− 2nπ) = EmT2nπgE .
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So gE =
∑k

j=0 ajχEj is a mother Weyl-Heisenberg frame for L2(Ω) with frame
bounds A ≥ A0, B ≤ B0.

Proof of Theorem 3.2. Since g is continuous on R, gF = g · χF is continuous
on F and it follows that ZgF (x, y) is continuous on E × [0, 2π). So there exist
0 < A ≤ B such that

A = ess inf
(x,y)∈E×[0,2π)

|Zg(x, y)|2 ≤ ess sup
(x,y)∈E×[0,2π)

|Zg(x, y)|2 = B

if and only if

0 < A = inf
x∈E, z∈T

|
√

2π

k∑

j=0

g(x + 2πnj)znj |2

and

B = sup
x∈E, z∈T

|
√

2π

k∑

j=0

g(x + 2πnj)znj |2

by Lemma 2.4. The result of the Theorem then follows since A and B are
actually attained on the set E × T when g is continuous.

Proof of Theorem 3.3. By the definition of basic support sets, we have E =⋃k
i=1 Fi, where

Fi =
ji⋃

j=1

(Ei + 2nijπ)

and the Ei’s are disjoint intervals in [0, 2π). Let Mi =
⋃

n∈Z(Ei + 2nπ), then
Mi

⋂
Mj = φ for any i 6= j,

Ω =
⋃

n∈Z
(E + 2nπ) =

k⋃

i=1

Mi

and

L2(Ω) =
k⊕

i=1

L2(Mi).

It is easy to see that g is a mother Weyl-Heisenberg frame wavelet of L2(Ω)
if and only if for each i, g · χFi is a mother Weyl-Heisenberg frame wavelet of
L2(Mi). By Theorem 3.2, g · χFi is a mother Weyl-Heisenberg frame wavelet
of L2(Mi) if and only if no characteristic chains of g associated with Fi are
root sequences (of their corresponding step-width sequences). We leave it to
our reader to check that

A0 = 2π · min
0≤i≤k

inf
ξ∈E,z∈T

|
ji∑

j=0

g(ξ + 2πnij)znij |2
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and

B0 = 2π · max
0≤i≤k

sup
ξ∈E,z∈T

|
ji∑

j=0

g(ξ + 2πnij)znij |2

are the frame bounds of g · χE in case that A0 > 0 (hence g · χE is a mother
Weyl-Heisenberg frame wavelet of L2(Ω)).

4 Examples

Example 4.1. The set [3π, 7π) is a Weyl-Heisenberg frame set: We have E1 =
[0, π), E2 = [π, 2π), n11 = 2, n12 = 3, n21 = 1, n22 = 2 since

[3π, 7π) =
(
E1 + 4π

) ∪ (
E1 + 6π

) ∪ (
E2 + 2π

) ∪ (
E2 + 4π

)
.

Furthermore, the corresponding polynomials 2 + 3z and 1 + 2z have no unit
roots.

Example 4.2. The set

(
5
2
π,

7
2
π] ∪ (4π,

11
2

π] =
(
(0,

1
2
π] + 4π

) ∪ (
(
1
2
π,

3
2
π] + 2π

) ∪ (
(
1
2
π,

3
2
π] + 4π

)

is a WH-frame set since E1 = (0, 1
2π], E2 = ( 1

2π, 3
2π], n11 = 2, n21 = 1, n22 = 2

and the polynomials 2 and 1 + 2z have no unit roots.

Example 4.3. On the unit circle of complex plane,

|4 + 3z + 2z3| = |2 + 3z2 + 4z3|.
The roots of p(z) = 4+3z+2z3 are: r1 = 0.4398+1.4423i, r2 = 0.4398−1.4423i,
r3 = −0.8796. So p(z) doesn’t have unit zeros on the complex plane. It follows
that the set functions

g1(ξ) = 4χ[0,2π) + 3χ[2π,4π) + 2χ[6π,8π)

and
g2(ξ) = 2χ[0,2π) + 3χ[4π,6π) + 4χ[6π,8π)

are both mother Weyl-Heisenberg frame wavelets for (2π, 1) with the same frame
bounds.

Example 4.4. Similarly, using the fact that |1−2z +3z3−5z5| = |−5+3z2−
2z4 + z5| on the unit circle and that p(z) = 1− 2z +3z3− 5z5 doesn’t have unit
zeros, we see that the following set functions

g3(ξ) = χ[0,2π) − 2χ[2π,4π) + 3χ[6π,8π) − 5χ[10π,12π)

and
g4(ξ) = −5χ[0,2π) + 3χ[4π,6π) − 2χ[8π,10π) + χ[10π,12π)

are both mother Weyl-Heisenberg frame wavelets for (2π, 1) with the same frame
bounds.
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Example 4.5. The function f(t) = sin t is not a mother Weyl-Heisenberg frame
wavelet of L2(R) for (2π, 1) on any basic support set E (in fact any measurable
set) since for any set E such that R = ∪n∈Z(E + 2nπ), E must contain a
subsequence of {kπ}k∈Z. Consequently, the function sin t will always have a zero
characteristic chain associated with the set E. However, if E is a WH-frame
set such that E is disjoint from {kπ}k∈Z, then sin t · χE is a mother WH-frame
wavelet of L2(Ω) for (2π, 1) where Ω = ∪n∈Z(E + 2nπ) since any characteristic
chain of sin t associated with E is a constant sequence. This example can be
generalized to other 2π-periodic functions. In particular, given any continuous
2π-periodic function g(t) that is bounded away from 0 and a WH-frame set E,
g · χE is a mother WH-frame wavelet of L2(R) for (2π, 1). For instance, the
function

g(t) =
{ | sin(t)| if t ∈ [π

6 , 5π
6 ) + kπ, ∀k ∈ Z,

1
2 otherwise.

is a mother Weyl-Heisenberg frame wavelet of L2(R) for (2π, 1) when it is re-
stricted to the set E = [3π, 7π). See Figure 1 below.

0

0.2

0.4

0.6

0.8

1

y

10 12 14 16 18 20

x

Figure 1: A continuous periodic function bounded away from 0 on a WH-frame
set.

Example 4.6. Show that the following function g(t) (see Figure 2) is a mother
Weyl-Heisenberg frame wavelet of L2(R) for (2π, 1) when it is restricted to the
set E = [0, 2π) ∪ [4π, 6π) ∪ [8π, 10π). Notice that the set E is not a WH-frame
set. The function g(t) is defined piecewisely by
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–4

–2

2

4

5 10 15 20 25 30

x

Figure 2: A continuous non-periodic function that is not bounded away from
0 which defines a mother Weyl-Heisenberg frame wavelet of L2(R) for (2π, 1)
when it is restricted to a set that is not a WH-frame set.

g(t) =





0 t < 0,
sin(2t)/2 t ∈ [0, 2π),
sin( 16

7 (t− 2π)) t ∈ [2π, 15
4 π),

2(sin t + cos t), t ∈ [ 154 π, 27
4 π),

−4 sin( 6
5 (t− 27

4 π)), t ∈ [ 274 π, 8π),
4 t ≥ 8π.

In this case, E1 = [0, 2π) and n11 = 0, n12 = 2, n13 = 4 since E = E1∪ (E1 +2 ·
2π)∪(E1+4·2π). So for any given t ∈ E1, the corresponding characteristic chain
of g(t) with respect to E is {sin(2t)/2, 2(sin t+cos t), 4}. It is not a root sequence
of {0, 2, 4} since sin(2t)/2 + 2(sin t + cos t)z2 + 4z4 = (sin t + 2z2)(cos t + 2z2)
apparently have no unit zeros for any given t.
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