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Abstract

We construct spherical CW -complexes whose face structure may be conveniently described using
a system of polyspherical coordinates introduced by Vilenkin, Kuznetsov and Smorodinskii. We
show that these complexes may be constructed by repeated use of CW -suspension, free join, and
edge subdivision. We prove that all CW -spheres constructed this way a have non-negative cd-index
and thus verify Stanley’s famous conjecture. Among the particular examples we find a new class of
partially ordered sets whose order complexes encode the derivative polynomials for secant of even
degree. The geometric constructions presented in this paper generalize CW -complexes introduced
whose flag numbers are suitable to encode systems of orthogonal polynomials.

Introduction

In a recent paper [16] the present author has introduced a sequences of CW -spheres whose ce-indices
may be transformed into sequences of orthogonal polynomials by sending c into x and e into 1. Since
the constructed complexes were shown to be spherically shellable, the resulting non-negativity of the
cd-index implied by Stanley’s result [24, Theorem 2.2] induces a new proof for the fact that the true
interval of orthogonality of any orthogonal polynomial system {Qn(x)}∞n=0, given by a recurrence
formula Qn(x) = νn · x ·Qn−1(x)− (νn − 1) ·Qn−2(x) where νi ≥ 2, is a subset of [−1, 1].

The system of spherical coordinates used in that paper turns out to be the simplest example
of a system of polyspherical coordinates introduced by Vilenkin, Kuznetsov and Smorodinskii [25]
to encode the points of a unit sphere. Each such coordinate system may be described by a rooted
binary tree, where the interior nodes correspond to polyspherical angles and the leaves to rectangular
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coordinates. The spherical coordinate system used in [16] corresponds to the situation when the
subtree of interior nodes (called the “small tree” throughout this paper) is a rooted path.

In Section 2 we describe the generalizations of lunes and hemispheres whose intersections were used
to construct the spherical complexes in [16]. In closest analogy to the situation in [16], the simplest
lunes (called standard lunes in the present work) arise by restricting the polyspherical coordinate at
one fixed interior node to an interval, and each coordinate associated to some node in the subtree to
a fixed number. Most intersections of standard lunes are easily described by combining restrictions,
the only complication arises due to the fact that apparently conflicting restrictions at a node may be
reconciled by fixing a number associated to an ancestor in such a way that the conflicting conditions
become irrelevant. We conclude the section by an explicit description of a new class of polyspherical
complexes generalizing the ones introduced in [16].

The proof of the fact that our constructions yield CW -spheres is contained in Section 3 where we
describe our polyspherical complexes recursively. A rooted binary tree may be recursively built by
attaching one or two rooted trees to a new root. At the level of the associated CW -complexes, these
operations correspond to taking the free join of two spheres, or the suspension of one sphere. The
CW -cell structure on the suspended space is not generated in the way that is usual when suspending
simplicial complexes, but in a more “economical” way, as described by Dold [8, Chapter V, Example
3.10]. (We call this operation CW -suspension.) Finally, subdividing the set of available coordinates
associated to the new root into intervals corresponds in either case to repeated use of edge-subdivisions,
which introduce new vertices on certain edges without changing the poset structure for the higher
dimensional faces.

Our main result is presented in Section 4 where we prove that every polyspherical complex we
constructed has a non-negative cd-index. Unlike the special case presented in [16], it seems to be
extremely hard to find a proof that uses spherical shelling, the main problem being with the spherical
shellability of a CW -complex that arises as the free join of two CW -spheres. Fortunately, the dual
version of a result of Ehrenborg and Fox [11] (based on the work of Ehrenborg and Readdy [12])
provides an immediate proof of the fact that the non-negativity of the cd-index is preserved by the
free join operation. The fact that CW -suspension also preserves the non-negativity of the cd-index
is trivial. Finally, edge-subdivision does not necessarily preserve the non-negativity of the cd-index
(since it involves changing by a multiple of the cd-index of a proper interval in the associated poset).
Fortunately, the face posets of our polyspherical complexes belong to a narrower class of Eulerian
posets: not only their cd-index but the cd-index of every interval of the form [x, 1̂] turns out to be
non-negative. This fact is easily shown by proving that the poset-operations associated to free join,
CW -suspension and edge-subdivision all preserve this stronger cd-positivity property.

Finally, in Section 5 we focus on another special class of polyspherical complexes, that has about
the same “degree of freedom” as the ones studied in [16]: we consider only polyspherical complexes
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associated to strongly binary small trees of spherical angles, with the restriction that the intervals
of angles associated to interior nodes are not subdivided at all. The resulting class is identical to
the class of free joins of subdivided 1-spheres. Using the dual version of the type B quasisymmetric
functions defined by C.-O. Chow [7] we obtain an explicit formula for their flag f -vectors. We show
that substituting x into c and 1 into e in the ce-index of a free join of quadrilaterals yields the derivative
polynomials for secant of even degree. It is for the second time that these polynomials occur in face
enumeration related to some generalization of the Tchebyshev posets introduced in [15], the first
appearance was noted in [17, Section 9]. The appearance of this second, non-isomorphic connection
suggests that the Tchebyshev polynomials of the first and second kind and the derivative polynomials
for tangent and secant may be more intimately related at a combinatorial level than we ever thought.

The purpose of this paper is to present a framework that may serve as a starting point for many
future investigations. It should be expected that whenever we select an appropriate sequence of “spe-
cial” rooted trees, face and flag-enumeration of the associated complexes will result in combinatorially
interesting sequences of polynomials, for which the positivity of the cd-index will have an important
meaning. Finally, since Vilenkin, Kuznetsov and Smorodinskii [25] introduced their coordinates to find
solutions of the multidimensional Laplace equation, connections to the theory of partial differential
equations and physics might arise.

1 Preliminaries

1.1 Graded and Eulerian posets, transformations, flag-enumeration

A partially ordered set P is graded if it has a unique minimum element 0̂, a unique maximum element
1̂, and a rank function ρ. Here ρ(0̂) = 0, and ρ(1̂) is the rank of P . Given a graded poset P of
rank n + 1 and S ⊆ {1, . . . , n}, fS(P ) denotes the number of saturated chains of the S-rank selected
subposet PS = {x ∈ P : ρ(x) ∈ S} ∪ {0̂, 1̂}. We call these saturated chains S-chains and the vector
(fS(P ) : S ⊆ {1, . . . , n}) the flag f-vector of P . The flag f -vector has several equivalent encodings
in the literature, and the preference may depend on the poset operations used, whose effect we want
to describe at the level of flag f -vectors. For example, the direct product P ×Q of a pair of arbitrary
posets is defined as the set {(p, q) : p ∈ P, q ∈ Q} ordered by the relation (p1, q1) ≤ (p2, q2) iff p1 ≤ p2

in P and q1 ≤ q2 in Q. If P and Q are graded then P ×Q is also graded. The connection between the
flag f -vectors of P , Q, and P ×Q is most easily expressed by the flag quasisymmetric function F (P ),
introduced by R. Ehrenborg [10]. For a graded poset P of rank n+ 1, the function F (P ) is given by
the formula

F (P ) =
n∑

k=0

∑
1≤s1<···<sk≤n

f{s1,...,sk}(P ) ·Ms1,s2−s1,...,sk−sk−1,n+1−sk
, (1)
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where the function Ma1,...,ak
is the monomial quasisymmetric function

Ma1,...,ak
=

∑
i1<···<ik

wa1
i1
· · ·wak

ik
.

Equivalently,

F (P ) = lim
m−→∞

∑
b0=x0≤x1≤···≤xm=1

t
ρ(x1)−ρ(x0)
1 t

ρ(x2)−ρ(x1)
2 · · · tρ(xm)−ρ(xm−1)

m .

Ehrenborg has shown [10, Proposition 4.4] that, for this encoding of the flag f -vector, we have

F (P ×Q) = F (P )× F (Q). (2)

A modified version of the the direct product of graded posets is the diamond product P � Q :=
(P \ {0̂P }) × (Q \ {0̂Q}) ∪ {0̂}. This product was studied by Ehrenborg and Readdy [12] and by
Ehrenborg and Fox [11]. The analogue of (2) for the diamond product was recently discovered by
Ehrenborg an Readdy [14]. According to their result, we have

FB(P �Q) = FB(P ) · FB(Q), (3)

where FB(Q) is the type B quasisymmetric function, introduced by C.-O. Chow [7]:

FB(P ) =
∑

b0<x≤b1

sρ(x)−1 · F ([x, 1̂])

= lim
m−→∞

∑
b0<x0≤x1≤···≤xm=1

sρ(x0)−1t
ρ(x1)−ρ(x0)
1 t

ρ(x2)−ρ(x1)
2 · · · tρ(xm)−ρ(xm−1)

m .

Other encodings of the flag f -vector include the flag h-vector (hS(P ) : S ⊆ {1, . . . , n}) (see [24])
and the flag `-vector (`S(P ) : S ⊆ {1, . . . , n}) (see [5]), given by hS(P ) =

∑
T⊆S(−1)|S\T |fT (P ) and

`S(P ) = (−1)n−|S|∑
T⊇[1,n]\S(−1)|T |fT (P ) respectively.

A graded poset is Eulerian if every interval [x, y] of positive rank in it satisfies
∑

x≤z≤y(−1)ρ(z) =
0. All linear relations holding for the flag f -vector of an arbitrary Eulerian poset of rank n were
determined by Bayer and Billera [1]. These linear relations were rephrased by J. Fine as follows (see
Bayer and Klapper [4]). For any S ⊆ {1, . . . , n} define the non-commutative monomial uS = u1 . . . un

by setting

ui =
{
b if i ∈ S,
a if i 6∈ S.

Then the polynomial Ψab(P ) =
∑

S hSuS in non-commuting variables a and b, called the ab-index
of P , is a polynomial of c = a + b and d = ab + ba. This form of Ψab(P ) is called the cd-index of
P and is denoted by Φcd(P ). Equivalently, the Ψa,b(P ) may be calculated as

∑
S fSvS where the

non-commutative polynomial vS = v1 · · · vn is given by

vi =
{
b if i ∈ S,
a− b if i 6∈ S.
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See [24, formula (5)]. Further proofs of the existence of the cd-index may be found in [3], in [13], and
in [24]. It was noted by Stanley [24] that the existence of the cd-index is equivalent to saying that the
ab-index rewritten as a polynomial of c = a+ b and e = a− b involves only even powers of e. It was
observed by Bayer and Hetyei [2] that the coefficients of the resulting ce-index may be computed using
a formula that is analogous to the definition of the flag `-vector. In fact, given a ce-word u1 · · ·un, let
S be the set of positions i satisfying ui = e. Then the coefficient LS(P ) of the ce-word is given by

LS(P ) = (−1)n−|S|
∑

T⊇[1,n]\S

(
−1
2

)|T |
fT (P ). (4)

The fact that the ce-index is a polynomial of c and e2 is equivalent to stating that LS(P ) = 0 unless
S is an even set, that is, a union of disjoint intervals of even cardinality.

Among the equivalent encodings of the flag f -vector, the cd-index is especially important be-
cause Stanley’s conjecture [24, Conjecture 2.1], according to which all terms in the cd-index of any
Gorenstein∗ poset have non-negative coefficients.

The cd-index and the ce-index are most convenient to calculate the flag f -vector of the join P ∗Q
of two Eulerian posets. Stanley [24] defines the join P ∗ Q of two graded posets to be the poset on
(P \ {1̂P }) ∪ (Q \ {0̂Q}) with x ≤ y in P ∗Q if either x ≤ y in P \ {1̂} or x ≤ y in Q \ {0̂} or x ∈ P
and y ∈ Q. Then, by [24, Lemma 1.1] we have

Φcd(P ∗Q) = Φcd(P )Φcd(Q). (5)

Stanley [24] defines the suspension of an Eulerian poset P as P ∗B2, where B2 is the Boolean algebra
of rank 2.

1.2 The Tchebyshev transform of a graded poset

Given a graded poset P , we define its Tchebyshev transform T (P ) as follows: we adjoin a new minimum
element −̂1 < 0̂ to P and we define the set of elements of T (P ) to be {(x, y) : x < y, x, y ∈
{−̂1} ∪ P} ∪ {1̂T (P )}. The order relation is defined as follows: 1̂T (P ) is the maximum element of
T (P ), otherwise we set (x1, y1) < (x2, y2) if either y1 < x2 or x1 = x2 and y1 < y2. The proof that
this transform yields a partially ordered set may be found in [15]. (The definition there is slightly
different, the present form is consistent with the upcoming paper of Ehrenborg and Readdy [14]). It
was shown in [15] that the Tchebyshev transform assigns an Eulerian poset to an Eulerian poset, and
in [17, Theorem 1.10] that the order complex of T (P ) triangulates the order complex of P . (The order
complex 4(P ) of any poset P is the simplicial complex whose faces are the increasing chains of P .)
Ehrenborg and Readdy [14] have shown that the Tchebyshev transform preserves the non-negativity of
the cd-index of an Eulerian poset and the existence of an EL-shelling. Finally, it was observed in [17,
Section 9] that substituting x into c and 1 into e in the ce index of T (Bn), where Bn is the Boolean
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algebra of rank n, yields the polynomial
√

(−1)n · Qn(x ·
√
−1) where Qn(x) is the n-th derivative

polynomial for secant given by
dn

dun
sec(u) = Qn(tanu) secu. (6)

For further information on these polynomials we refer the reader to Hoffman’s papers [18] and [19], the
study of these polynomials goes back to Krichnamachary and Rao [21] and Knuth and Buckholtz [20].

1.3 Free join and suspension of CW -spheres

The posets we consider may be represented as face posets of CW -spheres. We call a poset P with 0̂ a
CW -poset when for all x > 0̂ in P the geometric realization |(0̂, x)| of the order complex of the open
interval (0̂, x) is homeomorphic to a sphere. Bjorner has shown [6] that P is a CW -poset if and only
if it is the face poset P (Ω) of a regular CW -complex Ω. When Ω is a CW -sphere, the poset P1(Ω),
obtained from Ω by adding a unique maximum element 1̂, is Eulerian. Two basic operations of CW -
complexes are of fundamental importance for us: the free join and CW -suspension. The free join X∗Y
of two topological spaces X and Y is the quotient space X × Y × [0, 1]/ ≡ where ≡ is the equivalence
relation whose only nontrivial equivalence classes are {(x, y0, 0) : x ∈ X} and {(x0, y, 0) : y ∈ Y }.
If the topological spaces X and Y are given as CW -complexes, then X ∗ Y may also be given as a
CW -complex. This can be seen in two steps using, for example, the following lemmas from May’s
textbook [22, Chapter 10, Section 2]:

Lemma 1.1 The product X×Y of CW -complexes X and Y is a CW -complex with an n-cell for each
pair consisting of a p-cell of X and a q-cell of Y , where p+ q = n.

Lemma 1.2 If (X,A) is a relative CW -complex then the quotient space X/A is a CW -complex with
one vertex corresponding to A, and one n-cell of each relative n-cell of (X,A).

(We refer the reader to [22] for the definition of a relative CW complex.) Using these lemmas we may
define the free join Ω ∗ Ω′ of two CW -complexes as a CW -complex with the following faces:

(J1) There is a face of dimension p + q + 1 associated to each (σ, τ, (0, 1)) such that σ ∈ Ω has
dimension p ≥ 0 and τ ∈ Ω′ has dimension q ≥ 0.

(J2) There is a face of dimension p associated to each σ ∈ Ω of dimension p. (Induced by the
(σ,Ω′, {0}), representing a set of nontrivial equivalence classes.)

(J3) There is a face of dimension q associated to each τ ∈ Ω′ of dimension q. (Induced by the triple
(Ω, τ, {0}), representing a set of nontrivial equivalence classes.)
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The effect of the free join operation on the face posets of CW -complexes may be thus described using
the dual diamond product P �∗ Q := (P \ {1̂P })× (Q \ {1̂Q}) ∪ {1̂} of posets, recently introduced by
Ehrenborg and Readdy [14].

Corollary 1.3 We have P1(Ω ∗ Ω′) = P1(Ω) �∗ P1(Ω′).

The suspension of a topological space X is usually defined as Susp(X) = X ∗ S0, where S0 is the zero
dimensional sphere. See, for example, Dong [9] or Readdy [23]. Using this definition and the reasoning
above, from a CW -complex Ω we obtain a suspended complex Ω∗S0 that contains Ω as a subcomplex
(from (J2)), two new vertices (from (J3), and a cone over the new vertices (from (J1)). This way of
subdividing the suspension of the underlying space into a new CW -complex is very practical for the
study of simplicial complexes since, using this construction, the suspension of a simplicial complex is
a simplicial complex. We call the CW -complex Ω ∗ S0 the simplicial suspension of Ω.

In the world of CW -complexes, however, there is also a more economical way to create a face
structure on the suspension of the topological space underlying Ω. This possibility is noted by Dold [8,
Chapter V, Example 3.10]. According to this approach, given a topological space X, we may obtain
its suspension by taking the quotient space X × [0, 1]/ ≡ where ≡ is the equivalence relation whose
only nontrivial equivalence classes are {(x, 1) : x ∈ X} and {(x, 0) : x ∈ X}. Using Lemma 1.1 and
Lemma 1.2 we may define the suspension Susp(Ω) of a CW -complex Ω as a CW -complex that has
two vertices, and one r + 1-dimensional face for each r-dimensional face of Ω. Thus we obtain

P1(Susp(Ω)) ∼= B2 ∗ P1(Ω), (7)

i.e., we recover the dual of Stanley’s definition of suspension for posets. Stanley’s terminology is
consistent with the first variant of the suspension operation, since the order complex of P ∗B2 \ {0̂, 1̂}
is the simplicial suspension of the order complex of P . To avoid confusion, we will refer to the
CW -complex Susp(Ω) as the CW -suspension of Ω.

1.4 Polyspherical coordinates

We use polyspherical coordinates introduced by Vilenkin, Kuznetsov and Smorodinskii [25], changing
their notation and language only slightly. Our polyspherical coordinates (θ1, . . . , θn−1) parameterize
the (n − 1)-dimensional unit sphere defined in the n-dimensional Euclidean space by the equation
x2

1 + · · ·+ x2
n = 1.

Recall that a binary tree is a planar rooted tree such that each internal node has at most two
children. The children of each node are distinguished as left or right children. A binary tree is strongly
binary if each internal node has exactly two children.
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Let us fix an arbitrary strongly binary tree with n leaves, which are labeled left to right with the
rectangular coordinates x1, . . . , xn, as shown in Fig. 1. Let us also associate to each internal node an
angle θi (i = 1, . . . , n − 1). We call such a labeled tree a large tree of polyspherical coordinates. For

cos(θ1)

cos(θ4)

cos(θ5) sin(θ5)

sin(θ4)

cos(θ3)
sin(θ3)cos(θ2)

sin(θ1)

sin(θ2)

x4

x6

x5x3

x2x1

θ5

θ4

θ3θ2

θ1

Figure 1: Large tree of polyspherical coordinates for a 5-dimensional sphere

each internal node labeled θi, we label the edge connecting it to its left child with cos(θi) and the
edge connecting it to its right child with sin(θi). We then define the value of each variable xj as the
product of the labels on the edges along the unique path connecting the root with xj . For example,
for the polyspherical coordinates associated to the labeled tree shown in Fig. 1 we set

x1 = cos(θ1) · cos(θ2)
x2 = cos(θ1) · sin(θ2)
x3 = sin(θ1) · cos(θ3) · cos(θ4)
x4 = sin(θ1) · cos(θ3) · sin(θ4) · cos(θ5)
x5 = sin(θ1) · cos(θ3) · sin(θ4) · sin(θ5)
x6 = sin(θ1) · sin(θ3)

As noted in [25, (13)] (see also Remark 3.20), such a parameterization provides a single covering of
the unit sphere if we set the following restrictions on the angles θi:

(L1) If both children of the internal node associated to θi are leaves, we require 0 ≤ θi ≤ 2π.
(L2) If the left child of the node of θi is a leaf but the right child is an internal node, we require

0 ≤ θi ≤ π.
(L3) If the right child of the node of θi is a leaf but the left child is an internal node, we require

−π/2 ≤ θi ≤ π/2.
(L4) If both children of the node of θi are internal nodes, we require 0 ≤ θi ≤ π/2.

Remark 1.4 All edge labels along a path from the root to a leaf will are non-negative, except for the
last label on the edge containing the leaf.
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Using the rule to express the xi’s as products of edge labels, every point of the unit sphere may
be described (albeit not uniquely) by giving only the subtree of internal nodes and the labels θj

associated to them. We call the a rooted tree (T, r) consisting of these internal nodes only a small
tree of polyspherical coordinates. (This small tree is binary, but not necessarily strongly binary.) For

θ2

θ1

θ3

θ4

θ5

Figure 2: Small tree of polyspherical coordinates for a 5-dimensional sphere

example, Fig. 2 represents the small tree associated to the large tree shown in Fig. 1. For small trees,
we may restate the restrictions (L1)–(L4) as follows:

(S1) If the node associated to θi is a leaf in the small tree, we require θi ∈ [0, 2π].
(S2) If the node of θi has only a right child, we require θi ∈ [0, π].
(S3) If the node of θi has only a left child, we require θi ∈ [−π/2, π/2].
(S4) If the node θi has two children, we require θi ∈ [0, π/2].

Any fixed small tree defines a parameterization of the unit sphere with the polyspherical coordinates
associated to the nodes of the small tree. The representation by polyspherical coordinates is not
unique. For example, for the tree in Fig. 2, setting θ2 = 0 or θ2 = 2π yields the same point (x1, . . . , x6).
Similarly, if we set θ3 = π/2, the value of θ4 and θ5 become irrelevant since every xi in the large tree
that is a descendant of θ4 will be a multiple of cos(θ3) = 0. Thus, in analogy to the equivalence
relation introduced in [16], we define the following equivalence relation.

Definition 1.5 We say that the polyspherical vectors (θ1, . . . , θn−1) and (θ′1, . . . , θ
′
n−1) (associated to

the same small tree) are equivalent, if for each j such that θj 6= θ′j at least one of the following holds:

(i) θj (and θ′j) is the label of a leaf in the small tree and θj , θ
′
j ∈ {0, 2π},

(ii) θj (as well as θ′j) labels the right descendant of a node whose labels in both vectors satisfy
θi = θ′i ∈ {0, π},

(iii) θj (as well as θ′j) labels the left descendant of a node whose labels in both vectors satisfy θi =
θ′i ∈ {−π/2, π/2}.
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In other words, if the label of a node is 0 or π then its right descendants are irrelevant, and if the label of
a node is −π/2 or π/2 then its left descendants are irrelevant. Furthermore it does not matter whether
we use the label 0 or 2π (if both options are allowed, this may happen only for leafs in the small tree).
Each equivalence class may be represented by a simplified polyspherical code, where the irrelevant
θi’s are replaced with a dash.1 For example, as illustrated by Fig. 3, the code (π/2,−, π/4, π,−) is
the code of an equivalence class associated to the small tree shown in Fig. 2 It is easy to verify the

−

π

−

π
2

π
4

Figure 3: Illustration of the polyspherical code of a point

following statement (in analogy with [16, Proposition 1.3]):

Proposition 1.6 Given a fixed small tree, two spherical vectors represent the same point on the unit
sphere if and only if they are equivalent, as defined in Definition 1.5.

The internal nodes labeled with “−” in the simplified polyspherical code may be described as follows.

Lemma 1.7 Given a simplified polyspherical code (θ1, . . . , θn−1) encoding the point (x1, . . . , xn), the
label θi is “−” if and only if every xj that is the label of a descendant of θi in the large tree equals
zero.

In fact, if θi is “−”, then some edge along the path from the root to the node of θi is labeled 0, and
this edge label is included in every product that expresses an xj that is a descendant of the node of
θi. Conversely, if θi is not “−” then all edge labels along the path from the root to the node of θi are
nonzero. In that case, at least one of cos(θi) and sin(θi) is nonzero, and the same observation can be
made for any cos(θk) and sin(θk) where θk is the label of any descendant of the node of θi. Thus we
may extend the path starting at the root and ending in the node of θi to a leaf labeled xj in such a
way that the product of the edge labels is not zero.

1The use of dashes is a minor departure from the notation in [16], where stars were used for the same purpose, as well
as to denote a range of values for codes of lunes. We prefer to introduce a separate symbol for irrelevant coordinates,
making thus counting the dimension of a set of points defined by polyspherical coordinates easier.
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In Section 2 we will look at sets of polyspherical vectors given by (almost) independent restrictions
on the polyspherical coordinates θi. This prompts the following definition:

Definition 1.8 A system of polyspherical restrictions is a vector of sets (Θ1, . . . ,Θn−1) such that each
Θi is a subset of the relevant condition (S1)–(S4) applied to the node of Θi. We use (Θ1, . . . ,Θn−1)
to denote the set of simplified polyspherical vectors (θ1, . . . , θn−1) such that each θi is either “−” or
an element of Θi.

As an immediate consequence of Lemma 1.7, and of the polyspherical equivalence, we have the fol-
lowing.

Corollary 1.9 The set encoded by (Θ1, . . . ,Θn−1) does not change if we perform either one of the
following operations:

(i) Given a node, whose label is Θi = ∅, we may replace each Θj that is associated to a descendant
of this node by ∅.

(ii) If the left child of the node labeled Θi is labeled with ∅, we may replace Θi with Θi∩{−π/2, π/2}.
(iii) If the right child of the node labeled Θi is labeled with ∅, we may replace Θi with Θi ∩ {0, π}.
(iv) If the label Θi of a leaf contains one of 0 and 2π, we may replace Θi with Θi ∪ {0, 2π}.

The simplification steps described in Corollary 1.9 may be used only finitely many times. In fact, with
the exception of step (iv) which may be treated separately, at each step some Θi becomes smaller, and
if it was infinite, it becomes finite after being affected for the first time. At the end of the simplification
procedure we end up with a simplified system of polyhedral restrictions satisfying the following:

(P1) The descendant of every node labeled ∅ is labeled ∅.
(P2) Whenever the left child of the node labeled Θi is labeled with ∅, we have Θi ⊆ {−π/2, π/2}.
(P3) Every left descendant of a node labeled with a subset of {−π/2, π/2} is labeled with ∅.
(P4) Whenever the right child of the node labeled Θi is labeled with ∅, we have Θi ⊆ {0, π}.
(P5) Every right descendant of a node labeled with a subset of {0, π} is labeled with ∅.
(P6) If Θi is associated to a leaf, we have either {0, 2π} ⊆ Θi or {0, 2π} ∩Θi = ∅.

Proposition 1.10 If two subsets of the unit sphere may be encoded with different simplified systems
of polyspherical restrictions, then the two sets are different.

Proof: Assume that (Θ1, . . . ,Θn−1) and (Θ′
1, . . . ,Θ

′
n−1) are different simplified systems of polyspher-

ical restrictions. W.l.o.g we may assume that Θ1 and Θ′
1 are associated to the root of the tree. If
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Θ1 6= Θ′
1 then w.l.o.g. we may assume that there is a θ1 ∈ Θ1 \ Θ′

1. Choose such a θ1 and complete
it to a simplified polyspherical code (θ1, . . . , θn−1) satisfying the restrictions given by (Θ1, . . . ,Θn−1).
This is possible if we chose θi to be “−” only if Θi = ∅. Conditions (P1)–(P5) guarantee that no other
coordinate will be forced to be “−” by polyspherical equivalence. The point encoded by the resulting
(θ1, . . . , θn−1) belongs only to the set encoded by (Θ1, . . . ,Θn−1).

If Θ1 = Θ′
1 then we can not have Θ1 = Θ′

1 = ∅ since then both systems are equal to (∅, . . . , ∅) by
(P1). W.l.o.g. the labels in the left subtree of the root differ for (Θ1, . . . ,Θn−1) and (Θ′

1, . . . ,Θ
′
n−1).

In that case Θ1 can not be a subset of {−π/2, π/2} by (P3). Fix a θ1 ∈ Θ1 \{−π/2, π/2} and proceed
choosing the remaining polyspherical coordinates by induction on the size of the tree such that the
encoded point belongs only to the set of one of the systems. (Note that (P6) is needed for the induction
basis.) �

Remark 1.11 Condition (P6) is different from the others in the sense that it addresses only the
special “0/2π ambiguity” associated to the leaves only. We may disregard it, if we are willing to claim
that 0 is “equal” to 2π for our purposes.

Finally, let us note that the spherical coordinates used in [16] are a special case of the polyspherical
coordinates introduced here. In fact, we obtain the spherical coordinates of [16] when θ1, θ2, . . . , θn−1

are labels along a rooted path, such that the root label is θ1 and each subsequent θi is the right child
of its parent.

2 The polyspherical complex C((T, r); m1, . . . ,mn−1)

In this section we construct a generalization of the lune complexes introduced L(m1, . . . ,mn) in [16] to
polyspherical CW -complexes associated to a fixed small tree (T, r). In close analogy to [16, Proposition
2.1] we may introduce a code for certain hemispheres as follows.

Definition 2.1 A labeling (σ1, . . . , σn−1) of (T, r) is a standard hemisphere code if all σi’s are equal
to the symbol ∗ except for one node and all of its descendants, which are labeled with real numbers
subject to the conditions (S1)–(S4).

We use a standard hemisphere code to encode the set of those polyspherical vectors (θ1, . . . , θn−1)
which satisfy θi = σi whenever σi is a real number. Obviously, the nodes that are labeled with a real
number in a standard hemisphere code form a rooted subtree. We call the root of this subtree the
root of the standard hemisphere code.

12



Proposition 2.2 A standard hemisphere code with d copies of the ∗ symbol represents a d-dimensional
hemisphere, i.e., the intersection of an d-dimensional sphere, centered at the origin, with a half-space
whose boundary contains the origin.

Proof: Assume that the label of the root r̃ of the hemisphere code is labeled with σi. Let us denote the
product of all edge labels along the path from the root of the tree to r̃ by x̃i. As noted in Remark 1.4,
we have x̃i ≥ 0. Consider now the subtree (T̃ , r̃) of descendants of the node of σi in the associated
large tree. W.l.o.g. we may assume that the leaves of (T̃ , r̃) are labeled with xj , xj+1, . . . , xk. For each
m ∈ {j, j+1, . . . , k}, let us denote the product of edge labels along the path from r̃ to the leaf labeled
with xm by λm. Then we have

xm = λm · x̃i for m = j, j + 1, . . . , k. (8)

Moreover, since the numbers λm may be considered as rectangular coordinates corresponding to the
polyspherical coordinates associated to the large tree (T̃ , r̃), we have

k∑
m=j

λ2
m = 1.

In particular, at least one λm is not zero. W.l.o.g. we may assume λj 6= 0. Then, as a consequence of
(8), we have

x̃i = xj/λj and

xm = λm · xj/λj for m = j + 1, . . . , k. (9)

It is easy to verify that the points on the unit sphere represented by the polyspherical vectors associated
to (σ1, . . . , σn−1) are precisely the the points in the intersection of the unit sphere with the solution
set of the system of linear equations (9) and the half-space given by xj/λj ≥ 0. In fact, one only needs
to note, that not having any restriction on the θt’s associated to the nodes outside the descendants
of θi means that there is no restriction on x1, . . . , xi−1, xj+1, . . . , xn and that x̃i is determined by the
equation

x̃i =
√
x2

j + x2
j+1 + · · ·+ x2

k =
√

1− x2
1 − · · · − x2

i−1 − x2
k+1 − · · · − x2

n.

�

Definition 2.3 We call a set of points on the unit sphere encoded by a standard hemisphere code a
standard hemisphere.

Next we generalize [16, Proposition 2.2].
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Definition 2.4 Consider a code (σ1, . . . , σn−1) associated to the nodes of a small tree, such that each
σj is either a real number, or an interval [α, β], or the ∗ sign. We call such a code a standard lune
code if it satisfies the following conditions:

(i) Exactly one σi is an interval [α, β]. We call the node of this σi the root of the standard lune
code.

(ii) The interval [α, β] is a proper subset of the interval that occurs in the restrictions (S1)–(S4)
applied to the node of σi. Moreover, 0 < β − α < π.

(iii) All descendants of the node of σi are labeled with a real number, subject to the restrictions
(S1)–(S4).

(iv) All other nodes are labeled with ∗.

We use a standard lune code to denote the set of all polyspherical vectors (θ1, . . . , θn−1) satisfying
θi ∈ [α, β], and θj = σj whenever j 6= i and σj 6= ∗. Note that the restriction 0 < β − α < π in
condition (ii) is almost always an automatic consequence of (S1)–(S4). It plays a role only when [α, β]
labels a leaf in the small tree. Then it ensures that the angular region represented by [α, β] is convex.

Proposition 2.5 A standard lune code with d− 1 star signs encodes an d-dimensional closed region,
whose boundary is the union of two spheres obtained by replacing the interval [α, β] with α or β

respectively (thus obtaining standard hemisphere codes).

Proof: Assume that the root r̃ of the code has two children in the small tree, the other cases being
similar but easier. W.l.o.g. the left child of r̃ is labeled with σp and the right child of r̃ is labeled with
σq. Assume also that r̃ is associated to the polyspherical coordinate θi. Let each of x̃i, x̃p, and x̃q be
the product of edge labels along the path from the root of the small tree to r̃, its left child, and its
right child respectively. Then we have

x̃p = cos(θi) · x̃i and x̃q = sin(θi) · x̃i.

In analogy to the first part of the proof of [16, Proposition 2.2], the condition θi ∈ [α, β] is equiv-
alent to stating that the vector (x̃p, x̃q) is on an arc of radius x̃i, with endpoints corresponding to
x̃i(cos(α), sin(α)) and x̃i(cos(β), sin(β)). Thus θi ∈ [α, β] is equivalent to

sin(β − α) · (− sin(α) · x̃p + cos(α) · x̃q) ≥ 0, and
sin(α− β) · (− sin(β) · x̃p + cos(β) · x̃q) ≥ 0.

(10)

Applying the proof of Proposition 2.2 to the descendants of the left and right child of r̃ separately, we
may state that there are rectangular coordinates xp′ and xq′ and nonzero constants λp′ and λq′ such
that

x̃p = xp′/λp′ and x̃q = xq′/λq′
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hold. Here λp′ is the product of the edge labels along the path from the node of xp to the leaf xp′ in
the large tree, and λq′ is defined analogously. Substituting these into (10) we obtain

sin(β − α) ·
(
− sin(α) · xp′/λp′ + cos(α) · xq′/λq′

)
≥ 0, and

sin(α− β) ·
(
− sin(β) · xp′/λp′ + cos(β) · xq′/λq′

)
≥ 0.

(11)

In analogy to the proof of Proposition 2.2, for any rectangular coordinate xs associated to a left
descendant of r̃ in the large tree we have xs = λs · x̃p, which may be rewritten as

xs = λs · xp′/λp′ . (12)

Here λs is the product of the edge labels along the path from the node of x̃p to the leaf of xs. Similarly,
if xt labels a leaf in the large tree that is a right descendant of r̃ then we have

xt = λt · xq′/λq′ . (13)

It is easy to see that the set of polyspherical coordinates encoded by the standard lune code encodes
exactly the set of points of the unit sphere satisfying the system of inequalities (11), together with
all equations of the type (12) and (13). It is also clear that the boundary of this lune is the union of
the two sets where one of the inequalities of (11) is an equality, which corresponds precisely to setting
θi = α or θi = β.

Let us note finally that the other cases are simpler because of the following. If, for example, the
root of the code has no left child in the small tree, then its left child in the large tree is a leaf labeled
with the rectangular coordinate xp. Thus we may replace x̃p and xp′ with xp in the above argument,
set λp′ = 1, and omit all equations of the type (12). The restriction 0 < β − α < π guarantees that
θi ∈ [α, β] is equivalent to (10) even when the root of the code is a leaf of the small tree. �

Definition 2.6 We call a lune defined by a standard lune code a standard lune.

It is worth noting that, in analogy with [16, Corollary 2.2] and the arguments preceding it, each
standard lune is a union of equivalence classes of polyspherical vectors. Thus we may extend the
equivalence relation given in Definition 1.5 to codes of standard lunes as follows.

Proposition 2.7 Two standard lune codes (σ1, . . . , σn−1) and (σ′1, . . . , σ
′
n−1) with the same underlying

tree encode the same standard lune if and only if for each j such that σj 6= σ′j both σj and σ′j are real
numbers and satisfy at least one of the conditions listed in Definition 1.5.

We obtain a simplified code for each standard lune by replacing each irrelevant label by a dash.
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Corollary 2.8 We may identify standard lunes with actual sets of points (lunes) on the unit sphere.

A main difference between the lunes discussed in [16] and the standard lunes introduced here is
that it is that the family of standard lunes is not closed under taking intersections. If, for example,
we consider the small tree in Fig. 2, then the intersection of the standard lune (∗, ∗, [0, π/4], 0, 0)
with the standard lune ([∗, [0, 3π/2], ∗, ∗, ∗) is a closed region which is best described with the code
(∗, [0, 3π/2], [0, π/4], 0, 0), obviously meant to denote the the set of polyspherical vectors defined by
θ1 ∈ [0, π/2], θ2 ∈ [0, 3π/2], θ3 ∈ [0, π/4], and θ4 = θ5 = 0. Note also that the choice of θ4 = 0
makes the value of θ5 irrelevant, thus we may introduce the simplified code (∗, ∗, [0, π/4], 0,−) for the
equivalence classes of spherical vectors belonging to (∗, ∗, [0, π/4], 0, 0), and (∗, [0, 3π/2], [0, π/4], 0,−)
as the simplified code of the intersection region.

Taking the intersection of two standard lunes may involve one more complication: if a node has
two children in the small tree, there may be two lunes with disjoint interval labels at the same node
which have nonempty intersection.

Example 2.9 Consider the small tree in Fig. 2. The intersection of the standard lunes given by
the codes ([0, π/4], ∗, ∗, ∗, ∗) and ([π/2, 3π/4], ∗, ∗, ∗, ∗) is a set which is best described by the code
(−, π/2, ∗, ∗, ∗). In fact, exactly those points of the unit sphere belong to both lunes, for which the
coordinate θ1 is irrelevant (since it can not be chosen to satisfy both θ1 ∈ [0, π/4] and θ1 ∈ [π/2, 3π/4]
simultaneously.) This is the case of precisely those points, whose polyspherical coordinates (θ1, . . . , θ5)
satisfy θ2 = π/2. The set encoded by (−, π/2, ∗, ∗, ∗) may be described as the set{

(x1, . . . , x6) : x1 = x2 = 0,
6∑

i=1

x2
i = 1

}

in rectangular coordinates, and is a 3-dimensional sphere.

Definition 2.10 A canonical region code is a vector (σ1, . . . , σn−1) such that each σi is either a real
number, or an interval [α, β], or the symbol ∗, or the symbol −, subject to the following conditions:

(i) If σi is a real number or an interval, then it is an element or proper subset of the interval in the
relevant restriction (S1)–(S4).

(ii) If σi ∈ {0, π} then every right descendant of the node labeled σi is labeled −.
(iii) If σi ∈ {−π/2, π/2} then every left descendant of the node labeled σi is labeled −.
(iv) σi is − then every descendant of the node labeled σi is labeled −.
(v) If σi is − then the parent of the node labeled σi is either labeled with −, or it is labeled with an

element of {0, π} and the node of σi is the right child, or it is an element of {−π/2, π/2} and
the node of σi is the left child.
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(vi) If σi 6= ∗ and some descendant of its node is ∗ or an interval, then the node of σi has two children
in the small tree, and σi is a real number belonging to {0, π/2}. (Thus either its left or its right
subtree will have all of its nodes labeled with −.)

We use a canonical region code to represent the set of polyspherical vectors (θ1, . . . , θn) subject to the
restrictions θi = σi when σi is a real number, θi ∈ σi when σi is an interval. The canonical region
code (−,−, . . . ,−) encodes the empty set. It is straightforward to note the following:

Proposition 2.11 A canonical region code encodes a union of equivalence classes of polyspherical
vectors, and encodes thus a subset of the unit sphere.

In fact, conditions (ii)–(v) guarantee that we use the dash symbols either to encode the empty set
or to encode precisely those coordinates which are irrelevant by polyspherical equivalence, no matter
how we choose the other coordinates, subject to the restrictions of the code.

Remark 2.12 Obviously, the canonical region code encoding the entire unit sphere is (∗, ∗, . . . , ∗).

Definition 2.13 A canonical region a set of points on the unit sphere encoded by a canonical region
code.

Standard hemispheres and lunes clearly satisfy the definition of a canonical region. To understand
their intersections, we need at least the notion of a canonical region, because of the following:

Proposition 2.14 Every canonical region, except for the entire unit sphere, may be written as an
intersection of finitely many standard hemispheres and standard lunes.

Proof: The statement may be shown by induction on the number of nodes with two children whose
label θi is a real number from {0, π/2π}. Given such a node, either all its left descendants or all its
right descendants are labeled with “−”. W.l.o.g we may assume σi = 0 and then all right descendants
have label “−”. Replace now all labels with ∗ except for the labels of the right descendants of the
node of σi, and fill in real numbers as the labels of the right descendants of the node of σi. No matter
how we perform this, we obtain the code of a standard hemisphere. Take the intersection of two such
hemispheres such that the label of the right child of the node associated to σi is different in the two
hemispheres. The simplified code of the intersection of the two hemisphere must then have a label
“−” on the right child of the node of σi, and all of its descendants, forcing σi = 0. Thus the original
canonical region may be represented as the intersection of these two hemispheres and a canonical
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region whose code is obtained by replacing σi with ∗ and the label of all of the right descendants of
the node of σi with ∗.

Applying this argument finitely many times we obtain that every canonical region is the intersection
of a finite number of standard hemispheres and a canonical region in which the descendant of every
node not labeled with ∗ has a real numbers or − as its label. In other words, the nodes whose label is an
interval form an antichain in the tree order. Using this observation it is easy to write the region as an
intersection of standard lunes (each associated to one of the interval labels) and standard hemispheres
(associated to those nodes labeled with a real number, whose parent is labeled with ∗). �

We will not need to generalize the notion of a canonical region any further, because of the following.

Proposition 2.15 The intersection of any two canonical regions may be written as a union of canon-
ical regions.

Proof: Note that a canonical region is a set given by a system of polyspherical restrictions. The
restrictions are almost given in simplified form: replacing each ∗ with the appropriate interval [γ, δ]
from conditions (S1)–(S4), replacing each real number σi with the singleton {σi}, replacing each dash
with ∅, the resulting sets satisfy (P1)–(P5), only (P6) may be not satisfied. In fact, comparing the
definition of a simplified system with Definition 2.10 (P1) follows from (iv), (P2) and (P4) follow from
(v), (P3) follows from (iii), and (P5) follows from (ii).

Assume that we are given two canonical regions, the first with code (σ′1, . . . , σ
′
n−1) and the second

with code (σ′′1 , . . . , σ
′′
n−1), and that the systems of polyspherical restrictions obtained for our canonical

regions in the way described above are (Θ′
1, . . . ,Θ

′
n−1) and (Θ′′

1, . . . ,Θ
′′
n−1), respectively. The inter-

section of the two regions may obviously be described by (Θ′
1 ∩ Θ′′

1, . . . ,Θ
′
n−1 ∩ Θ′′

n−1). This system
is not necessarily simplified. However, if we take two sets such that each is empty, a singleton, or an
interval, the same holds also for their intersection.

Most simplification steps described in Corollary 1.9 take a system of intervals, singletons and empty
sets into a system of sets of the same types. Let us avoid performing the transformations of the type
(iv) since they will not yield a simpler code in our current setting. (We included it only to have the
uniqueness result stated in Proposition 1.10.) Thus we ensure that each leaf remains labeled with an
interval, a singleton, or the empty set. A set different from singletons, intervals and the empty set
may only arise when we perform a simplification of the type (ii) or (iii). In these cases we may obtain
the two-element set {−π/2, π/2} or the two-element set {0, π} as the restriction for an internal node.
Let us perform the simplification steps (i)–(iii) as many times as we can, and assume that at the end
we are left with the system of polyspherical restrictions (Θ1, . . . ,Θn−1) such that Θi1 ,Θi2 , . . . ,Θim

are two element sets, and all other Θi’s are singletons, intervals, or ∅. Clearly the set encoded by
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(Θ1, . . . ,Θn−1) is the union of the 2m sets obtained by replacing each Θik with one of its singleton
subsets, in all possible ways. (This union is not necessarily disjoint, because of the possibility of using
“−” as the value of a θik in the polyspherical coordinates associated to one of these sets.) Therefore
it is sufficient to show that each such set encodes a polyspherical region.

Let us fix thus one of these components of the intersection, and its system of polyspherical restric-
tions. It is obvious, that even after having shrunk the Θik ’s, none of the steps (i)–(iii) described in
Corollary 1.9 may be performed again. We may translate the restrictions back into canonical region
code as follows: replace each ∅ with a dash, each singleton with its only element, and each interval
that may be taken equivalently to be the interval [γ, δ] from the appropriate restriction (S1)–(S4) with
∗. Let us denote the resulting code by (σ1, . . . , σn−1). This code evidently satisfies conditions (i), (ii),
(iii), (iv), and (v) of Definition 2.10, since the system of polyspherical restrictions we used to generate
it satisfies (P1)–(P5). We only need to verify that condition (vi) is satisfied. Assume σi 6= ∗ for the
label of some node, and that this node has a descendant whose label σj is ∗ or an interval. Then, at
least one of σ′i and σ′′i is not ∗, w.l.o.g. we have σ′i 6= ∗. Since σ′j is associated to a set that contains
the set associated to σj , we must also have that σ′j is ∗ or an interval. By condition (vi), applied to
(σ′1, . . . , σ

′
n−1), we obtain that σ′i a real number from {0, π/2}. Since σi represents a subset of the set

represented by σ′i we must have that σi is also a real number from {0, π/2}. (If σi is “−” then we get
that σj must also be “−”, a contradiction.) �

Now we are in the position to define a CW -complex associated to each (rooted) tree whose elements
are labeled with positive integers subject to one restriction:

Definition 2.16 We call a rooted tree (T, r) whose nodes are labeled with positive integers such that
the label on each leaf is at least two a loopless complex code.

Given such a loopless complex code, consider the family C((T, r);m1, . . . ,mn−1) consisting of the
empty set, and of all canonical regions whose code is subject to the following conditions:

(C1) No leaf is labeled with ∗.
(C2) Each node labeled with a real number has either an ancestor whose label is an interval, or an

ancestor labeled with σi = ∗ for which the corresponding mi is equal to 1.
(C3) If σi is a real number and the relevant one of the conditions (S1)–(S4) requires θi ∈ [γ, δ], then

we have
σi = γ + t · δ − γ

mi
for some t ∈ {0, 1, . . . ,mi}.

(C4) If σi is an interval and the relevant one of the conditions (S1)–(S4) requires θi ∈ [γ, δ], then we
have

[α, β] =
[
γ + t · δ − γ

mi
, γ + (t+ 1) · δ − γ

mi

]
for some t ∈ {0, 1, . . . ,mi − 1}.
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In other words, for each node we consider the interval [γ, δ] that occurs in the relevant one of the
conditions (S1)–(S4), and we subdivide the interval into mi congruent parts, where mi is the positive
integer associated to the node in the loopless complex code. We allow only the resulting subdividing
points and the intervals connecting two consecutive subdividing point to occur in the code of a region
included in C((T, r);m1, . . . ,mn−1). In the special case when some mi = 1, the corresponding interval
[γ, δ] is not subdivided at all, so we may use only one of the real numbers α, β or the symbol ∗
as a label. This special case is not allowed for leafs. This extra restriction ensures that every edge
(one-dimensional region) connects two vertices (zero-dimensional regions) in the family.

Example 2.17 Consider the loopless complex code represented in Fig. 4. Write the polyspherical
vectors (θ1, θ2, θ3) in such a way that θ1 is the label of the root, θ2 the label of its left child, and θ3 is
the label of its right child. The family of regions C((T, r); 1, 2, 2) has
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Figure 4: A loopless complex code

four vertices: (0, 0,−), (0, π,−), (π/2,−, 0), and (π/2,−, π);
eight edges: (0, [0, π],−), (0, [π, 2π],−), (π/2,−, [0, π]), (π/2,−[π, 2π]),

(∗, 0, 0) , (∗, 0, π), (∗, π, 0), and (∗, π, π);
eight 2-faces: (∗, [0, π], 0), (∗, [0, π], π), (∗, [π, 2π], 0), (∗, [π, 2π], π),

(∗, 0, [0, π]), (∗, 0, [π, 2π]), (∗, π, [0, π]), and (∗, π, [π, 2π]);
four 3-faces: (∗, [0, π], [0, π]), (∗, [0, π], [π, 2π]), (∗, [π, 2π], [0, π]), and (∗, [π, 2π], [π, 2π]).

The vertices and edges of C((T, r); 1, 2, 2) are shown in Fig. 5. The use of the word face is justified
by the fact that the boundary of each r-dimensional canonical region in the family is the union of
some (r − 1)-dimensional faces, and that we obtain in deed a CW -complex, as it is stated below.

Theorem 2.18 Given a loopless code associated to a small tree (T, r), C((T, r);m1, . . . ,mn−1) is a
CW -complex, homeomorphic to an (n− 1)-sphere.

We postpone the proof of this theorem till the end of Section 3, in which we describe family of regions
C((T, r);m1, . . . ,mn−1) recursively.
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(0, [0, π],−) (π
2
,−, π)

(0, 0,−)

Figure 5: Vertices and edges of C((T, r); 1, 2, 2)

3 A recursive description of the polyspherical complexes

We may describe any binary tree (T, r) having at least two nodes as a composite of at most two smaller
binary trees as follows. Let r1 and r2 be the children of the root, and Ti the subtree of descendants of
ri (where i = 1, 2 but only at least one of the ri’s needs to exist). Knowing which of the trees (Ti, ri)
exist, and their structure, the tree (T, r) may be uniquely reconstructed. The same reduction may
be also performed if each node of these tree has a positive integer associated to it. In this section
we describe the structure of a polyspherical C((T, r);m1, . . . ,mn−1) complex in terms of the smaller
polyspherical complexes associated to the subtrees of the children of the root in its small tree. We
show that the arising operations assign the face poset of a CW -sphere to face posets of CW -spheres.
This way, by the end of the section, we will have a proof of Theorem 2.18, by induction on dimension.

Consider a family of canonical regions C((T, r);m1, . . . ,mn−1). Without loss of generality we may
assume that m1 is associated to the root. At this point we are not assuming that this family of
canonical regions would represent the faces of a CW -sphere (nor that the elements of the family,
ordered by inclusion, form a graded poset). We introduce P1(C((T, r);m1, . . . ,mn−1)) to denote the
poset obtained by taking the elements of C((T, r);m1, . . . ,mn−1), ordered by inclusion, and add a new
unique maximum element 1̂, which we associate to the canonical region (∗, . . . , ∗), i.e., the set of all
points on the unit sphere. (Obviously the empty set, hose code is (−, . . . ,−) is the unique minimum
element in this poset.)

There are only two fundamentally different situations: when the root has only one child, or when
the root has two children. Consider first the case when the root r has only one right child r′ with
subtree T ′.
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Recall Stanley’s definition of the suspension of a poset, and observe that this definition may be
extended without change to any pair of posets (P,Q) such that both posets have a unique maximum
element (1̂P and 1̂Q, respectively) and a unique minimum element (0̂P and 0̂Q, respectively).

Definition 3.1 Given any poset P with a unique minimum element 0̂P and a unique maximum ele-
ment 1̂P we define the dual suspension of P as the join B2 ∗ P .

Lemma 3.2 If m1 = 1 and the root r has only a right child r′ then P1(C((T, r); 1,m2, . . . ,mn−1)) is
the dual suspension of P1(C((T ′, r′);m2, . . . ,mn−1)).

Proof: Since the root has only a right child, condition (S2) is applicable, and the label σ1 of the root
in the code (σ1, . . . , σn−1) of any canonical region in C((T, r); 1,m2, . . . ,mn−1)) is either 0, or π, or ∗.
If σ1 is 0 or π then all other coordinates become irrelevant. In other words, C((T, r); 1,m2, . . . ,mn−1))
has two vertices whose simplified codes are (0,−, . . . ,−) and (π,−, . . . ,−). Any other canonical region
in C((T, r); 1,m2, . . . ,mn−1)) has a code beginning with σ1 = ∗. These will have dimension at least
one, and contain both vertices. The inclusion relations among these regions will depend only on the
coordinates σ2, . . . , σn−1 and thus replicate the poset structure of P1(C((T ′, r′);m2, . . . ,mn−1)) \ {∅}.
Note finally that the unique maximum element (∗, . . . , ∗) of C((T, r);m2, . . . ,mn−1)) (with n−2 copies
of ∗) goes into the the unique maximum element (∗, . . . , ∗) of C((T, r); 1,m2, . . . ,mn−1)) (with n− 1
copies of ∗), when we prepend σ1 = ∗ to its code. �

The relevant part of the proof of Theorem 2.18 may be completed using the following observation:

Proposition 3.3 Assume that Ω is an (n − 2)-dimensional CW -sphere, whose faces subdivide the
unit sphere {(x2, . . . , xn) : x2

2 + · · · + x2
n−1 = 1}. Then the CW -suspension Ω′ = Susp(Ω) may be

realized as a CW -complex subdividing the unit sphere {(x1, . . . , xn) : x2
1 + · · ·+x2

n−1 = 1}, as follows:

(i) Ω′ has two vertices: (1, 0, . . . , 0) and (−1, 0, . . . , 0).
(ii) Each τ ∈ Ω induces a face

{(cos(θ1), sin(θ1) · x2, . . . , sin(θ1) · xn−1) : 0 ≤ θ1 ≤ π, (x2, . . . , xn−1) ∈ τ}

in Ω′. Conversely, all faces of positive dimension in Ω′ are of the above form.

Proof: By definition, Susp(Ω) ∼= Ω × [0, 1]/≡, where the only nontrivial equivalence classes are
{(x, 1) : x ∈ X} and {(x, 0) : x ∈ X}. Using a linear homeomorphism, we may replace the interval
[0, 1] with the interval [0, π]. Consider now the continuous map

φ : Sn−2 × [0, π] −→ Sn−1

((x1, . . . , xn−1), θ1) 7→ (cos(θ1), sin(θ1) · x2, . . . , sin(θ1) · xn−1).
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The only nontrivial equivalence classes in the kernel of this map are

{((x1, . . . , xn−1), 0) : } = φ−1(1, 0, . . . , 0) and

{((x1, . . . , xn−1), π) : } = φ−1(−1, 0, . . . , 0).

It is easy to show that the continuous map φ establishes a homeomorphism between Ω′ and Ω×[0, π]/ ≡.
The details are left to the reader. �

As a consequence of (7) we obtain:

Corollary 3.4 Under the conditions of Proposition 3.3 we have P1(Ω′) = B2 ∗ P1(Ω).

To describe what happens for m1 > 1 we need to introduce the notion of the m-fold edge subdivision.
Consider an edge e in a CW complex (or an element of rank two in a graded poset). Assume that e
connects (contains) the vertices (elements of rank one) u and v. Introduce now m − 1 new vertices
(elements of rank 1) u1, u2, . . . , um−1. Denote u by u0 and v by um. Remove e and introduce m new
edges (elements of rank 2) e1, . . . , em such that

(E1) ei connects (contains) ui−1 and ui for i = 1, 2, . . . ,m.
(E2) a face (element) f contains (is larger than) any of the ei’s in the new CW -complex (Eulerian

poset) if and only if it contains e in the original complex (poset).

Obviously subdividing an edge into m parts does not change the homeomorphy type of the CW -
complex, and it is very easy to show that subdividing an element of rank 2 in an Eulerian poset
preserves the Eulerian property.

Definition 3.5 Given a graded poset P we denote the poset obtained by applying m-fold edge subdi-
vision to all of its elements of rank 2 by Em(P ).

Theorem 3.6 Assume that the root r in the small tree associated to C((T, r);m1,m2, . . . ,mn−1) has
only a right child r′. Then

P1(C((T, r);m1,m2, . . . ,mn−1)) ∼= Em1(B2 ∗ P1(C((T ′, r′);m2, . . . ,mn−1))).

Here T ′ is the subtree of descendants of r′.

Proof: By Lemma 3.2 there is nothing left to prove when m1 = 1. Let us compare now the poset
P1 = P1(C((T, r); 1,m2, . . . ,mn−1)) with P2 := P1(C((T, r);m1,m2, . . . ,mn−1)). The restrictions on
the code (σ1, . . . , σn−1) are almost the same, except for the following:
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- In P2, setting σ1 = ∗ forces that either all other σi’s are ∗, or at least one of them must be an
interval. Thus, when we construct P2 from P1, we must remove all those faces (σ1, . . . , σn−1) for
which σ1 = ∗ and all other σi’s are real numbers. These are precisely the edges (rank 2 faces)
in P1.

- Only in P2 are σ1 ∈ {π/m1, 2π/m1, . . . , (m1 − 1)π/m1} and
σ1 ∈ {[0, π/m1], [π/m1, 2π/m1], . . . , [(m1 − 1)π/m1, π]} possible. Given such a choice, all other
σi’s must be real numbers, so we are adding (m1 − 1) new vertices and m1 new edges for
each removed edge (∗, σ2, . . . , σn−1). It is straightforward, that adding these vertices and edges
happens exactly according to the rules of edge-subdivision.

Therefore we obtain P2 from P1 by subdividing every edge of P1 into m1 edges. �

The case when C((T, r);m1, . . . ,mn−1) is such that the root has only a left child is completely anal-
ogous. Thus we also have the following variant of Lemma 3.2, Proposition 3.3, Corollary 3.4, and
Theorem 3.6.

Lemma 3.7 If m1 = 1 and the root r has only a left child r′ then P1(C((T, r); 1,m2, . . . ,mn−1)) is
the dual suspension of P1(C((T ′, r′);m2, . . . ,mn−1)).

Proposition 3.8 Assume that Ω is an (n − 2)-dimensional CW -sphere, whose faces subdivide the
unit sphere {(x1, . . . , xn−2) : x2

1 + · · · + x2
n−2 = 1}. Then the CW -suspension Ω′ = Susp(Ω) may be

realized as a CW -complex subdividing the unit sphere {(x1, . . . , xn) : x2
1 + · · ·+x2

n−1 = 1}, as follows:

(i) Ω′ has two vertices: (0, . . . , 0,−1) and (0, . . . , 0, 1).
(ii) Each τ ∈ Ω induces a face

{(cos(θ1) · x1, . . . , cos(θ1) · xn−2, sin(θ1)) : −π/2 ≤ θ1 ≤ π/2, (x1, . . . , xn−2) ∈ τ} .

in Ω′. Conversely, all faces of positive dimension in Ω′ are of the above form.

Corollary 3.9 Under the conditions of Proposition 3.8 we have P1(Ω′) = B2 ∗ P1(Ω).

Theorem 3.10 Assume that the root r in the small tree associated to a C((T, r);m1,m2, . . . ,mn−1)
has only a left child r′. Then

P1(C((T, r);m1,m2, . . . ,mn−1)) ∼= Em1(B2 ∗ P1(C((T ′, r′);m2, . . . ,mn−1))).

Here T ′ is the subtree of descendants of r′.
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Consider finally the case when the root r associated to C((T, r);m1, . . . ,mn−1) has two children: a
left child r1 and a right child r2. Let us denote the subtree of descendants of ri by Ti (i = 1, 2).
Assume again that m1 is associated to the root. Without loss of generality we may also assume that
m2, . . . ,mk are associated to the nodes in T1 and mk+1, . . . ,mn−1 are associated to the nodes of T2.
Again we discuss first the case m1 = 1 separately.

Lemma 3.11 Under the conditions listed above, the face poset P (C((T, r); 1,m2, . . . ,mn−1)) is the
direct product of the posets P (C((T1, r1);m1, . . . ,mk)) and P (C((T2, r2);mk+1, . . . ,mn−1)). (Note that
we are not adding the unique maximum element to either of these posets.)

Proof: Since the root has two children, condition (S4) is applicable, and the label σ1 of the root in
the code (σ1, . . . , σn−1) of any element of C((T, r); 1,m2, . . . ,mn−1)) is either 0, or π/2, or ∗. If σ1 is
π/2 then all coordinates associated to T1 become irrelevant. Thus each element with code (σ2, . . . , σk)
of P (C((T1, r1);m1, . . . ,mk)) gives rise to an element with code (π/2, σ2, . . . , σk,−, . . . ,−)
in P (C((T, r); 1,m2, . . . ,mn−1)), and the inclusion relations are obviously preserved under this em-
bedding. Similarly, each region from P (C((T1, r1);mk+1, . . . ,mn−1)) gives rise to an element of
P (C((T, r); 1,m2, . . . ,mn−1)) whose first coordinate is 0 (and whose first mk coordinates are “−”).

Any other canonical region in C((T, r); 1,m2, . . . ,mn−1)) has a code beginning with σ1 = ∗. These
may be described by a pair of nonempty regions, the first taken from P (C((T1, r1);m1, . . . ,mk)) \
{(−, . . . ,−)}, the second taken from P (C((T1, r1);mk+1, . . . ,mn−1)) \ {(−, . . . ,−)}. The verification
of the partial order is straightforward and left to the reader. �

We may translate Lemma 3.11 into a statement about graded posets as follows.

Corollary 3.12 Under the conditions listed above, we have

P1(C((T, r); 1,m2, . . . ,mn−1)) ∼= P1(C((T1, r1);m1, . . . ,mk)) �∗ P1(C((T2, r2);mk+1, . . . ,mn−1)).

In analogy to Proposition 3.3 we have the following:

Proposition 3.13 Assume that the (k − 1)-dimensional CW -sphere Ω1 subdivides the sphere

{(x1, . . . , xk) : x2
1 + · · ·+ x2

k = 1}.

and that the (n− k − 1)-dimensional CW -sphere Ω2 subdivides the sphere

{(xk+1, . . . , xn) : x2
k+1 + · · ·+ x2

n = 1}.

Then the free join Ω1 ∗Ω2 may be realized as a CW -complex Ω, subdividing the sphere {(x1, . . . , xn) :
x2

1 + · · ·+ x2
n−1 = 1}, as follows:

25



(i) Embed each face of Ω1 into the n-dimensional space by adding xk+1 = · · · = xn = 0 to the
coordinates of each of its elements.

(ii) Embed each face of Ω2 into the n-dimensional space by adding x1 = · · · = xk = 0 to the
coordinates of each of its elements.

(iii) For each ordered pair of nonempty faces (τ1, τ2) ∈ (Ω1 \ {∅})× (Ω2 \ {∅}) we introduce the face
consisting of all vectors (cos(θ1) · x1, . . . , cos(θ1) · xk, sin(θ1) · xk+1, . . . , sin(θ1) · xn) such that
0 ≤ θ1 ≤ π/2, (x1, . . . , xk) ∈ τ1 and (xk+1, . . . , xn) ∈ τ2.

Proof: The proof is analogous to the proof of Proposition 3.3, and the details are left to the reader.
The free join is defined as a quotient space of Ω1×Ω2× [0, 1], and we may use a linear homeomorphism
to replace [0, 1] with [0, π/2]. The continuous map that replaces the role of the map φ used in the proof
of Proposition 3.3 is ψ : Sk−1 × Sn−k−1 × [0, π/2] −→ Sn−1, sending ((x1, . . . , xk), (y1, . . . , yn−k), θ1)
into (cos(θ1) · x1, . . . , cos(θ1) · xk, sin(θ1) · y1, . . . , sin(θ1) · yn−k). �

Remark 3.14 The connection of the map ψ above to taking the free join is well-known. Dold uses it
in [8, Chapter IV, second item in Exercise 4.10] to define the join of a map f : Sm → Sm with a map
g : Sn → Sn to obtain a map f ∗ g : Sn+m+1 → Sn+m+1. Using Dold’s language, the map ψ is the free
join of the identity map of Sm with the identity map of Sn.

As a consequence of Corollary 1.3 we obtain:

Corollary 3.15 Under the conditions of Proposition 3.13 we have P1(Ω) = P1(Ω1) �∗ P1(Ω2) or,
equivalently, P (Ω) = P (Ω1)× P (Ω2)

Finally, to state the analogue of Theorem 3.6, we need the following analogues of the operator Em.

Definition 3.16 Assume that the posets P and Q have a unique minimum element and a rank func-
tion. We define their m-fold edge-subdivided direct product P ×mQ as the poset obtained from P ×Q
by applying m-fold edge subdivision to all elements of the form (p, q) ∈ P ×Q such that both p and q
have rank 1.

Theorem 3.17 Assume that the root r in the small tree associated to C((T, r);m1, . . . ,mn−1) has
two children: a left child r1 and a right child r2. Let us denote the subtree of descendants of ri by Ti

(i = 1, 2). Assume that m1 is associated to the root, m2, . . . ,mk are associated to the nodes in T1, and
mk+1, . . . ,mn−1 are associated to the nodes of T2. Then P (C((T, r);m1,m2, . . . ,mn−1)) is isomorphic
to P (C((T1, r1);m2, . . . ,mk))×m1 P (C((T2, r2);mk+1, . . . ,mn−1)).
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The proof is similar to the proof of Theorem 3.6, and therefore omitted. In analogy to the rephrasing
of Lemma 3.11 in Corollary 3.12, we may rephrase Theorem 3.17 to the graded posets by using m-fold
edge-subdivided dual diamond products.

Definition 3.18 The m-fold edge-subdivided dual diamond product P �∗mQ of the graded posets P and
Q is obtained from P �∗Q by applying m-fold edge subdivision to all elements of the form (p, q) ∈ P×Q
such that both p and q have rank 1.

Corollary 3.19 Assuming the same conditions as in Theorem 3.17 we have

P1(C((T, r);m1,m2, . . . ,mn−1)) ∼= P1(C((T1, r1);m2, . . . ,mk)) �∗m1
P1(C((T2, r2);mk+1, . . . ,mn−1)).

As noted at the beginning of this section, we may prove Theorem 2.18 by induction, using all Lemmas,
Propositions, and Theorems of this section. The basis for this induction is the case when the tree T
has only one vertex, the root r, in which case we require m1 ≥ 2. The resulting complex C({r}, r;m1)
is a circle, subdivided into m1 arcs.

Remark 3.20 Using the geometrical picture underlying Propositions 3.3, 3.8, and 3.13 it is possible
to prove that the restrictions (L1)–(L4) on spherical coordinates provide in deed a single covering of
the unit sphere. (This is stated in [25] without proof.)

4 Non-negativity of the cd-index

Since the polyspherical CW -complexes C((T, r);m1,m2, . . . ,mn−1) are CW -spheres, according to
Stanley’s conjecture [24, Conjecture 2.1], each face poset P1(C((T, r);m1,m2, . . . ,mn−1)) should have
a non-negative cd-index. In this section we prove that Stanley’s conjecture is in fact valid for this
class of Gorenstein∗ Eulerian posets:

Theorem 4.1 The cd-index of any poset P1(C((T, r);m1,m2, . . . ,mn−1)) associated to a loopless
complex code is non-negative.

We prove Theorem 4.1 by using the recursive structure of our polyspherical complexes described in
Section 3. We are done once we prove that the poset-operations used to build our face posets stay
inside a class of Eulerian posets that contains only Eulerian posets whose cd-index is non-negative.
An appropriate class for this purpose may be defined as follows:

Definition 4.2 We say that an Eulerian poset P is upwards cd-positive if, for every x ∈ P \ {1̂}, the
interval [x, 1̂] has a non-negative cd-index.
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As noted at the end of Section 3, the “fundamental building blocks” to construct polyspherical com-
plexes recursively are circles, subdivided into m1 ≥ 2 arcs. It is well-known that the cd-index of
the face poset of an m-gon is c2 + (m − 2)d, each interval above a vertex has cd-index c, and each
interval above an edge has cd-index 1. Thus P1(C({r}, r;m1)) is upwards cd-positive. Therefore it
suffices to show that the class of upwards cd-positive Eulerian posets is closed under dual suspension,
edge-subdivision, and taking the dual diamond product.

Proposition 4.3 If P is an upwards cd-positive Eulerian poset, then so is B2 ∗ P .

Proof: For any x ∈ B2 ∗ P \ {0̂}, the interval [x, 1̂] of B2 ∗ P is isomorphic to a similar interval of P .
Thus the only interesting case is when x = 0̂. Then, by (5) we have

Φcd(B2 ∗ P ) = Φcd(B2) · Φcd(P ) = c · Φcd(P ).

and so the non-negativity of the cd-index is preserved. �

The next part would be the most difficult without knowing a deep result by Ehrenborg and Fox [11]
on the “mixing operator” introduced by Ehrenborg and Readdy [12].

Proposition 4.4 If the Eulerian posets P and Q are upwards cd-positive, then so is P �∗ Q.

Proof: Given any (x, y) ∈ P �∗Q\{1̂}, the interval [(x, y), 1̂] isomorphic to the dual diamond product
of the interval [x, 1̂P ] ⊆ P with the interval [y, 1̂Q] ⊆ Q. Hence it suffices to show that the dual
diamond product preserves the non-negativity of the cd-index of its arguments. This was shown, in
dual form, for the diamond product, by Ehrenborg and Fox in [11, Proposition 7.4]. Since the effect
of taking the dual of an Eulerian poset on the cd-index is only reversing the order of letters in each
cd-word (without changing the non-negativity of the coefficients), our proposition is an immediate
consequence of the Ehrenborg-Fox result. �

The last ingredient of the proof of Theorem 4.1 is showing that subdividing any edge assigns an
upwards cd-positive Eulerian poset to an upwards cd-positive Eulerian poset. Since an m-fold edge
subdivision may obviously be achieved by applying 2-fold edge-subdivision m-times, it is sufficient to
show the following.

Proposition 4.5 Assume that P is an upwards cd-positive Eulerian poset of rank n + 1, and that
e ∈ P is an element of rank two. Let Q be the Eulerian poset obtained from P by applying 2-fold
edge-subdivision to e. Then Q is also upwards cd-positive.
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Proof: Assume that e is above the rank one elements u and v. By the definition of 2-fold edge
subdivision we introduce one new element u1 of rank one, and we introduce the notation u0 := u,
u2 := v. We replace e with 2 elements e1 and e2 such that e1 covers u0 and u1, and e2 covers u1 and u2.
Elements of rank higher than 2 are larger than either of e1, e2 in Q if and only if they are larger than
e in P . As a consequence, given any x ∈ Q of rank at least 2, the interval [x, 1̂Q] ⊂ Q is isomorphic
to (in fact, identified with) the interval [x, 1̂P ] ⊂ P . Consider now the case when x ∈ Q has rank 1.
If x 6∈ {u0, u1, u2} then the same elements are above x in both posets, so [x, 1̂Q] ⊂ Q is still the same
as [x, 1̂P ] ⊂ P . The interval [u0, 1̂Q] ⊂ Q is isomorphic to the interval [u, 1̂P ] ⊂ P , the isomorphism is
given by replacing e1 with e. Similarly [u2, 1̂Q] ⊂ Q is isomorphic to [v, 1̂P ] ⊂ P (via replacing e2 with
e.) The interval [u1, 1̂Q] has two elements (e1 and e2) covering u1, and the elements of rank at least
three above u1 form a poset that is isomorphic to [e, 1̂P ] \ {e}. Thus we have [u1, 1̂Q] ∼= B2 ∗ [e, 1̂P ]
and, by (5), Φcd([u1, 1̂Q]) = c · Φcd([e, 1̂P ]) holds.

Therefore we only need to verify that Q itself has a positive cd-index. For that purpose, let us
compare each entry fS(Q) with the corresponding fS(P ) in the flag f -vector. We distinguish four
cases, depending on the intersection S ∩ {1, 2}.

Case 1: S ∩ {1, 2} = ∅.
In this case fS(Q) = fS(P ), since the elements of rank three and higher are the same in both posets.

Case 2: S ∩ {1, 2} = {1}.
In this case we may match to every S-chain in P the same S-chain in Q. (If the rank one element is
u or v in P then we use the identifications u0 = u and u2 = v.) Precisely those S-chains in Q remain
unmatched whose rank one element is u1. Any element of rank three or higher above u1 in Q is also
above e in P , thus the number of such S-chains is fS\{1,2}−2([e, 1̂P ]).

Case 3: S ∩ {1, 2} = {2}.
Similarly to Case 2, we may match every S-chain in P to some S-chain in Q by leaving almost all
element unchanged, and replacing e ∈ P (if it belongs to the S-chain) with e1. Precisely those S-
chains in Q remain unmatched whose rank two element is e2. The number of such S-chains is again
fS\{1,2}−2([e, 1̂P ]).

Case 4: S ∩ {1, 2} = {1, 2}.
Let us match every S-chain x1 < x2 < · · · < x|S| to an S-chain y1 < y2 < · · · < y|S| in Q using the
following rules:

– For i ≥ 3 we set yi := xi. (We leave the elements of rank 3 and higher unchanged.)
– For i = 1 we also set y1 := x1 (keeping in mind u0 = u and u1 = v).
– If x2 6= e we set y2 := x2.
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– If x2 = e then x1 is either u or v. We set

y2 :=
{
e1 if x1 = u,
e2 if x1 = v.

Precisely those S-chains in Q remain unmatched whose rank one element is u1. For these chains, the
rank two element is e1 or e2, the number of such chains is 2 · fS\{1,2}−2([e, 1̂P ]).

To summarize, we have obtained the following formula:

fS(Q)− fS(P ) =


0 if |S ∩ {1, 2}| = 0,
fS\{1,2}−2([e, 1̂P ]) if |S ∩ {1, 2}| = 1,
2 · fS\{1,2}−2([e, 1̂P ]) if |S ∩ {1, 2}| = 2.

Using Stanley’s formula [24, (5)] connecting the flag f -vector and the ab index we obtain that

Ψab(Q)−Ψab(P ) = ((a− b)(a− b) + b(a− b) + (a− b)b+ 2b2) ·Ψab([e, 1̂P ]).

Rewriting the above equation in cd-form yields

Φcd(Q)−Ψcd(P ) = d · Φcd([e, 1̂P ]).

and so the non-negativity of the coefficients in Φcd(Q) follows from the upwards cd-positivity of P . �

5 Strongly binary small trees

With our current knowledge of the encodings of the flag f -vector of an Eulerian poset, finding an
explicit general formula for the flag f -vector of an arbitrary polyspherical complex seems difficult.
Keeping in mind the recursive structure of these complexes, the cd-index (or a closely related encoding,
like the ce-index) seems to be most suitable to describe the effect of taking a CW -suspension, and the
dual of the type B quasisymmetric function (to be defined below) is the best candidate to handle a free
join. (In either case, performing the appropriate edge subdivisions complicates the picture further.)
Considering the fact that transforming these two encodings into each other is difficult, one would
expect the existence of a more easily palatable theory for those classes of polyspherical complexes
where only one of the free join and CW -suspension occurs. In terms of the underlying small trees this
means focusing on rooted paths or strongly binary small trees.

The complexes whose associated small tree is a path are described in [16]. From now on, let us
focus on the other extreme situation: the case when all underlying small trees are strongly binary.
We would like to build sequences of codes, in analogy to the situation presented in [16]. It should be
noted instantly that for a strongly binary small tree, the induced large tree has an even number of
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spheres, so this time we will build sequences of odd-dimensional spheres only. A further complication
arises by the fact that this time there are more degrees of freedom: if the small tree is a rooted path,
we only need to know the sequence of numbers associated to the nodes in the code along that path,
while in the case of strongly binary trees, trees of different shapes may be built. Fortunately we can
reduce the situation to about the same degree of complexity by making one further restriction: we
require that the number mi associated to any interior node in the small tree has to be 1. Then the
shape of the tree becomes irrelevant, because of the following:

Lemma 5.1 Consider a loopless code ((T, r);m1,m2, . . . ,m2n−1)) such that the underlying small tree
(T, r), is strongly binary. Assume that mn+1, . . . ,m2n−1 are associated to the interior nodes and that
these numbers are equal to 1. Then we have

P1(C((T, r);m1,m2, . . . ,m2n−1)) ∼= P1(C({r}, r;m1)) �∗ P1(C({r}, r;m2)) �∗ · · · �∗ P1(C({r}, r;mn))
∼= P1(C({r}, r;m1) ∗ C({r}, r;m2) ∗ · · · ∗ C({r}, r;mn)).

The proof is straightforward by repeated use of Corollary 3.19. Note that, the dual diamond product
and the free join operations are associative and commutative on posets and CW -complexes, respec-
tively. (On the other hand, the operation �∗m is not associative for m > 1.)

The computation of the flag f -vector of such a poset is possible using dual type B quasisymmetric
functions, given dually to C.-O. Chow’s definition in [7] as follows.

Definition 5.2 We define the dual type B quasisymmetric function F ∗
B(P ) by

F ∗
B(P ) =

∑
b0≤x<b1

F ([0̂, x]) · sρ(b1)−ρ(x)−1

= lim
m−→∞

∑
b0≤x1≤···≤xm<1

sρ(b1)−ρ(xm)−1 · tρ(x1)−ρ(x0)
1 t

ρ(x2)−ρ(x1)
2 · · · tρ(xm)−ρ(xm−1)

m .

In analogy to (1), for a graded poset P of rank n+ 1 we have

F ∗
B(P ) =

n∑
k=1

∑
1≤s1<···<sk≤n

f{s1,...,sk}(P ) · sn−skMs1,s2−s1,...,sk−sk−1
, (14)

where Ms1,s2−s1,...,sk−sk−1
is the appropriate monomial quasisymmetric function of the variables t1,

t2,. . . . Dually to (3) (due to Ehrenborg and Readdy [14]), we have that

F ∗
B(P �∗ Q) = F ∗

B(P ) · F ∗
B(Q) (15)

holds for any pair of graded posets. Hence we only need to compute the dual type B quasisymmetric
function of P1(C({r}, r;m)), i.e., of the augmented face poset of an m-gon. Due to self-duality, we have
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FB(P1(C({r}, r;m))) = F ∗
B(P1(C({r}, r;m))), the distinction between FB and F ∗

B becomes important
only once we start taking dual diamond products. Direct substitution into Definition 5.2 yields the
formula

F ∗
B(P1(C({r}, r;m))) = m ·

∑
i

t2i + 2 ·m · s ·
∑
i<j

ti · tj +m · s ·
∑

i

ti + s2, i.e.,

F ∗
B(P1(C({r}, r;m))) = m ·

(∑
i

ti +
s

2

)2

−
(m

4
− 1
)
· s2. (16)

Corollary 5.3 Under the assumptions of Lemma 5.1 we have

F ∗
B(P1(C((T, r);m1,m2, . . . ,m2n−1))) =

n∏
j=1

mj ·

(∑
i

ti +
s

2

)2

−
(mj

4
− 1
)
· s2
 .

Using (15) and (16), it will be worthwhile to explore the following analogue of the theory built in [16].
Consider the sequence P1 := P1(C({r}, r;m1)), P2 := P1(C({r}, r;m1)) �∗ P1(C({r}, r;m2)), . . . ,
Pn := P1(C({r}, r;m1)) �∗ · · · �∗ P1(C({r}, r;mn)) where mi ≥ 2 for each i. For all n, let pn(x) be
the polynomial

∑
j fj(4(Pn \ {0̂, 1̂})) · ((x− 1)/2)j where the numbers fj are the entries of the (non-

flag) f -vector of the order complex. It is possible to obtain a recursion formula from (15) and (16)
which allows expressing pn+1(x) as a combination of pn(x), p′n(x), and p′′n(x). What needs further
investigation, what can be said about sequences of polynomials given by such recursions. They do not
seem to have an easy connection to the theory of orthogonal polynomials, but the possible examples
include at least one important and well-studied sequence of polynomials, as it is shown below.

Consider the special case when m1 = . . . = mn = 4. What motivates this substitution is that for
this all terms (mj/4− 1)s2 vanish from all factors in Corollary 5.3, and we obtain the following.

Proposition 5.4 Let us denote the the n-th dual diamond power of P1(C({r}, r; 4)) by Qn. Then we
have

F ∗
B(Qn) =

(
2 ·
∑

i

ti + s

)2n

=
2k∑

k=0

(
2n
k

)
s2n−k

(
2 ·
∑

i

ti

)k

.

As a consequence of (14) and Proposition 5.4, f{s1...,sk}(Qn) is equal to the the coefficient of s2n−sk ·
ts1
1 t

s2−s1
2 · · · tsk−sk−1

k in (2 ·
∑

i ti + s)2n. Thus we have

f{s1...,sk}(Qn) =
(

2n
sk

)
· 2sk ·

(
sk

s1, s2 − s1, . . . , sk − sk−1

)
. (17)

This number is easily seen to be equal to the entry f{s1...,sk}(T (B2n)) where T (B2n) is the Tchebyshev
transform of the Boolean algebra of rank 2n. Therefore, just like in [17, Section 9], we obtain the
following.
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Proposition 5.5 Substituting x into c and 1 into e in the ce-index of Qn yields (−1)nQ2n(x ·
√
−1),

where Q2n(x) the 2n-th derivative polynomial for secant.

Remark 5.6 Another way to see why C({r}, r; 4) is “special” is the following. Among all posets
of the form P1(C({r}, r;m)), only P1(C({r}, r; 4)) is the Tchebyshev transform of a poset of rank
2, namely it is the Tchebyshev transform of B2, the only Eulerian poset of rank 2. Ehrenborg and
Readdy have shown [14] that for any graded posets P and Q, T (P ×Q) has the same flag f -vector as
T (P ) �∗ T (Q). This result implies Proposition 5.5 since the n-th direct power B2 is B2n, the Boolean
algebra of rank 2n. This approach also provides a hint, how to “fill in” the “missing” odd degree
derivative polynomials. Namely, C({r}, r; 4) is also the second diamond power of B2. Thus, a natural
way to extend our special class of polyspherical complexes is by allowing to take the dual diamond
product with B2.
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