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Abstract. It has long been conjectured that the crossing numbers of links are
additive under the connected sum of links. This is a difficult problem in knot
theory and has been open for more than 100 years. In fact, we do not even know
that Cr(K1#K2) = Cr(K1) or Cr(K1#K2) = Cr(K2) holds in general, here
K1#K2 is the connected sum of K1 and K2 and Cr(K) stands for the crossing
number of the link K. The best known result to date is the following: if K1

and K2 are any two alternating links, then Cr(K1#K2) = Cr(K1) + Cr(K2),
A less ambitious question asks for what link families the crossing number is
additive. In particular, one wonders if this conjecture holds for the well known
torus knot family. In this paper, we show that there exist a wide class of links
over which the crossing number is additive under the connected sum operation.
We then show that the torus knot family is within that class. Consequently,
we show that

Cr(T1#T2# · · ·#Tm) = Cr(T1) + Cr(T2) + · · ·+ Cr(Tm).

for any m ≥ 2 torus knots T1, T2, ..., Tm. Furthermore, if K1 is a connected
sum of any given number of torus knots and K2 is a non-trivial knot, we prove
that Cr(K1#K2) ≥ Cr(K1) + 3.

1. Introduction

In this paper, we will study an old problem in knot theory, namely the additivity
of the crossing numbers of links under the connected sum operation. The crossing
number of a link is an old concept introduced by mathematicians more than a
century ago. One encounters this number when trying to tabulating knots and
links by using their projections onto a plane. In this section, we will introduce a
few key concepts and discuss the issues and the history around the main problems
we are interested in this paper.

To simplify the matter, we will assume that a link K of µ(K) components
is a piecewise linear or smooth embedding of µ(K) distinct circles in R. When
the link has only one component, i.e., when µ(K) = 1, we also call K a knot in
this case. To visualize a link, we often look at its projection onto certain plane.
If we let D be the projection of the link K, then we may see crossings in D. A
crossing is called a regular crossing if only two strands of D cross at it. Figure 1
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shows a regular crossing and a non-regular crossing where three stands pass through
the same crossing. Two links K1 and K2 are said to be (topologically) equivalent
if there exists a level preserving ambient isotopy H connecting K1 to K2. For a
detailed definition of ambient isotopy, please see [BuZ]. For each regular projection
D of K, we can then count the number of crossings in it. If we take the minimum of
this number over all possible regular projections of K or any (piecewise linear) link
K ′ that is equivalent to K, we obtain an invariant of all knots that are equivalent
to K. This number is called the crossing number of K and is denoted by Cr(K).

understrandm=3 m=2

over strand

Figure 1. Crossings in a projection.

A typical presentation of a link K is by a regular projection D of it onto a plane,
where the strands at each crossing are marked as either an over or an under strand,
as depicted in Figure 1. The projection D with such markings at each crossing is
called a link diagram. The link K, or, more precisely, a link that is equivalent to
K, can always be reconstructed from a link diagram D of K.

A link K is called a composite link if (1) there exists a topological 2-sphere S2

such that K intersects S2 in exactly two points and (2) two nontrivial links are
formed when the two parts of K that are inside and outside S2 are joined by a
simple curve on S2 between the points of K ∩ S2. We say that K is a prime link if
it is not a composite link. A composite link K can be easily constructed from two
nontrivial links K1 and K2 as shown in Figure 2 by cutting the arcs marked with X
and then adding the dashed arcs. We say that K is a connected sum of K1 and K2

in this case and also denote K by K1#K2. One can similarly define the connected
sum of more than two links. However, this definition has a potential problem when
there is more than one component present in either K1 or K2, since there is a
choice on which component to make the connection. So we have to understand
that a choice of has been made when we talk about K1#K2 even though it is not
spelled out explicitly. The following theorem is a classical result in knot theory.
For a proof of it, please refer to [BuZ].

2K1 K

Figure 2. The connected sum K1#K2 of K1 and K2.
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Theorem 1.1. Any nontrivial link K can be decomposed as the connected sum
of some prime links. That is, for any nontrivial link K, there exist prime links
K1, K2, . . ., Kj (j ≥ 1) such that K = K1#K2#...#Kj. Furthermore, this
factorization is unique modulo the order in which the prime factors occur.

For any links K1 and K2, it is obvious that Cr(K1#K2) ≤ Cr(K1)+Cr(K2). In
light of the strong result in Theorem 1.1, one may be a little surprised that it is still
an open problem whether Cr(K1#K2) = Cr(K1) + Cr(K2) in general. Actually,
we cannot even prove that Cr(K1#K2) ≥ Cr(K1) or Cr(K1#K2) ≥ Cr(K2) for
any K1 and K2. This is one of the biggest puzzling problems in knot theory! A less
ambitious approach to this problem is to find families of links with the property
that the crossing number is additive over the connected sum of links from this
family. A breakthrough in this direction came in the middle 1980’s.

Let K be a link with a given orientation. Let D be a regular projection diagram
of K. The orientation of K will then induce an orientation on D. We say that D is
an alternating diagram if its crossings alternate between over and under strands as
one travels on D following its orientation. See Figure 3. Furthermore, D is called
a reduced projection if there are no crossings as shown in Figure 4 in D. Crossings
like the one shown in Figure 4 can be removed as shown and the result is a link
equivalent to K. If we view D as a graph in which its crossings are the vertices
and the strands are the edges, then a removable crossing corresponds to a vertex
whose removing from the graph will disconnect the graph. A link K with a reduced
alternating projection diagram is called an alternating link.

Figure 3. An alternating projection diagram of the figure 8 knot.

Figure 4. Removable crossings in a projection.

The following significant result was proved by L. Kauffman, K. Murasugi and
M. Thistlethwaite independently around 1986.

Theorem 1.2. [K], [Mu1], [T] An alternating link K with a reduced alternat-
ing projection of n crossings has crossing number Cr(K) = n.
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On the other hand, it can be easily shown that if K1 and K2 are alternating,
then so is K1#K2. More specifically, from the reduced alternating projection D1

of K1 and the reduced alternating projection D2 of K2, we can construct a reduced
alternating projection D of K1#K2 such that D has Cr(K1) + Cr(K2) crossings.
So this immediately leads to

Theorem 1.3. [K], [Mu1], [T] If K1 and K2 are two alternating links, then
Cr(K1#K2) = Cr(K1) + Cr(K2).

One can easily extend this theorem to the case when there are more than two
prime factors in the directed sum. What happens if only one of K1 and K2 is
alternating? Is it true that Cr(K1#K2) ≥ Cr(K1) if K1 is alternating? These
questions remain open.

Motivated by the above work, the author wishes to solve this problem for
another family of knots, namely the torus knots (this problem is posted in [A]).
The torus knots are well known and are among the most studied knots.

A knot is called a torus knot if it has a representation that is realized on a
torus. A torus knot is called a (p, q) torus knot if it wraps around the torus p
times meridionally and q times longitudinally. For a (p, q) torus knot to be a one
component link, it is necessary that p and q are co-prime. Furthermore, A (p, q)
torus knot and a (q, p) torus knot is always equivalent.

So the main goal in this paper is to prove that the crossing number is additive
under the connected sum for the torus knot family. More specifically, we want to
prove that for any m ≥ 2 torus knots T1, T2, ..., Tm, we have

Cr(T1#T2# · · ·#Tm) = Cr(T1) + Cr(T2) + · · ·+ Cr(Tm).

As it turned out, we have proved a stronger result that can be applied to other
knots and links. In the next section, we will introduce some key concepts and
known results that we will need in order to prove our theorems. What happens if
only one of K1 and K2 is a torus knot? Unlike the case of alternating knots, in
this case, we can actually prove that Cr(K1#K2) ≥ Cr(K1) if K1 is a torus knot!
Furthermore, if K2 is a nontrivial link, then we have Cr(K1#K2) ≥ Cr(K1) + 3.

2. Preliminary concepts and results

In this section, we will introduce a few important concepts and some known
results that we will need in the next section. This is mainly for the convenience of
a reader who is not very familiar with knot theory.

Starting at a regular knot projection D of a link K with a given orientation.
For convenience, let us assume that D is in the xy plane. At each crossing of D,
two strands come in and two strands go out, following the orientation on D induced
by the orientation of K. See the left side of Figure 5.

We then remove the crossing from D and reconnect the strands as shown in
the right side of Figure 5. This operation does not change the orientation of the
other strands of D and it can be repeated until all crossings are removed. This
procedure is called the Seifert’s algorithm and the result of this algorithm is a set
of disjoint topological circles. These circles are called Seifert circles and were first
introduced by H. Schubert [S2]. Since each Seifert circle is a plane curve, we can
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Figure 5. Eliminating a crossing by Seifert’s algorithm.

lift each Seifert circle to a plane with different z-coordinate so that no two of these
Seifert circles share a plane with the same z coordinate. The disks bounded by
these Seifert circles (at different heights) are called Seifert disks. We then attach
a half twisted band to two Seifert disks along their boundary where there was a
removed crossing so that the projection of the boundary of each twisted band to
the xy plane matches with the crossing of the original diagram D. See Figure 6.
The result is a closed surface with K ′ as its boundary and is called the Seifert
surface of K (under the projection D). Of course, K ′ is equivalent to K in this
case. If we let µ(K) be the number of components in K, then the boundary of
this Seifert surface so constructed has exactly µ(K) components (each is a closed
curve). Imagine that the link K is embedded in a space of higher dimension so that
we can attach µ(K) disks to the Seifert surface along its boundary curves (which
are the components of K, of course), then we will obtain a closed surface without
boundary. The genus g of any such closed surface can be calculated using the Euler
characteristic χ: g = 2−χ

2 . In this particular case, the genus of this Seifert surface
is calculated to be g = c+2−s−µ(K)

2 , where c is the number of crossings in D and s
is the number of Seifert circles produced by the Seifert’s algorithm. The genus of
K, denoted by g(K), is then defined to be the minimum genus over the genera of
all possible Seifert surfaces of links that are equivalent to K.

Figure 6. The construction of a Seifert surface.

The following remarkable result is obtained by H. Schubert.

Theorem 2.1. [S1], [S2] For any links K1 and K2, g(K1#K2) = g(K1) +
g(K2).

Next we will define the bridge number of a link. Among quite a few different
ways to define this, we will follow [A]. Let D be a regular projection diagram of
K. An overpass of K is a subarc of K that goes over at least one crossing but
never goes under a crossing according to the diagram D. A maximal overpass is an
overpass that could not be made longer. See Figure 7. The bridge number of D is
the number of maximal passes in D and the bridge number of K, denoted by bg(K),
is the least bridge number of all regular projections of any link that is equivalent to
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K. It is possible that a complicated link (with a large crossing number) may have
a relatively small bridge number.
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Figure 7. An overpass and a maximal overpass.

The following theorem is also due to H. Schubert.

Theorem 2.2. [S1], [S2] For any links K1 and K2, bg(K1#K2) = bg(K1) +
bg(K2).

Another link invariant is the braid index of a link. A braid is a set of n strings
attached to two horizontal bars, one at top and one at bottom, such that the z-
coordinate of each string can only change monotonically. We can close the braid
by attaching n additional strings in a way as shown in Figure 8. A closed braid is
of course also a link. If a closed braid is equivalent to a link K, then it is called a
closed braid representation of K. A classical result of Alexander states that every
link has a closed braid representation. Thus, we can define the braid index of a link
K as the least number of strings needed in a braid representation of K.

Figure 8. A braid and its closure.

The following theorem is proved by J. Birman and W. Menasco in the late
1980’s.

Theorem 2.3. [BM] For any links K1 and K2, br(K1#K2) = br(K1) +
br(K2)− 1.

We need to point out that bg(K) and br(K) are two different link invariants.
Although they are equal for many links, they are not the same in general. However,
it is rather obvious that bg(K) ≤ br(K) in general since a closed braid with n strings
always has n bridges or less.

The following result, due to S. Yamada, reveals a very nice relation between
the minimum number of Seifert circles of a link with its braid index.
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Theorem 2.4. [Y] Let K be a link and let s(K) be the minimum number of
Seifert circles over all possible regular projections of links that are equivalent to K.
Then we have s(K) = br(K).

We end this section with the following two theorems about torus knots.

Theorem 2.5. [S2] The bridge number of a (p, q) torus knot is min{p, q}.
Theorem 2.6. [Mu2] Let T (p, q) be a (p, q) torus knot. Then g(T (p, q)) =

1
2 (p− 1)(q − 1) and Cr(T (p, q)) = min{(p− 1)q, q(p− 1)}.

We need to point out that for T (p, q) to be a (p, q) torus knot, p and q must be
both greater than 1 and they have to be co-prime. So one of them has to be odd.
If P < q, then q ≥ 3 and one can check that min{(p − 1)q, q(p − 1)} = (p − 1)q.
Furthermore, T (p, q) and T (q, p) are always equivalent so one needs only study the
case p < q for a torus knot.

3. Main results and their proofs

We are now ready to state and prove our theorems. We will first start with a
definition.

Definition 3.1. The deficiency of a link K, denoted by d(K), is defined by

d(K) = Cr(K) + 2− br(K)− 2g(K)− µ(K),

where µ(K) is the number of components in K.

Theorem 3.2. d(K) ≥ 0 for any link K.

Proof. Let D be a minimum projection of K. Let s be the number of Seifert
circles in D and let g be the genus of the Seifert surface obtained by applying the
Seifert’s algorithm. Recall that

g =
c + 2− s− µ(K)

2
from the last section, where c is the number of crossings in the diagram D. Since
D is a minimum projection by our choice, c = Cr(K). So we have Cr(K) + 2 =
2g+s+µ(K). By the definition of g(K), s(K) and Theorem 2.4 , we have g ≥ g(K),
s ≥ s(K) = br(K). So

Cr(K) + 2 ≥ 2g(K) + s(K) + µ(K) ≥ 2g(K) + br(K) + µ(K).

It follows that d(K) = Cr(K) + 2− 2g(K)− br(K)− µ(K) ≥ 0. ¤

Theorem 3.3. Let K1 and K2 be two links such that d(K1) = d(K2) = 0, then
we have Cr(K1#K2) = Cr(K1) + C(K2) and d(K1#K2) = 0.

Proof. SinceCr(K1#K2) ≤ Cr(K1) + C(K2), we need only to show that
Cr(K1#K2) ≥ Cr(K1)+C(K2). First notice that µ(K1#K2) = µ(K1)+µ(K2)−1.
The condition of the theorem implies that Cr(K1) = 2g(K1) + br(K1) + µ(K1)− 2
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and Cr(K2) = 2g(K2) + br(K2) + µ(K2)− 2. By Theorem 3.2, d(K1#K2) ≥ 0. So
we have

Cr(K1#K2)
≥ 2g(K1#K2) + br(K1#K2) + µ(K1#K2)− 2
= 2 (g(K1) + g(K2)) + (br(K1) + br(K2)− 1) + (µ(K1) + µ(K2)− 1)− 2
= (2g(K1) + br(K1) + µ(K1)− 2) + (2g(K2) + br(K2) + µ(K2)− 2)
= Cr(K1) + Cr(K2).

Furthermore,

d(K1#K2)
= Cr(K1#K2)− 2g(K1#K2)− br(K1#K2)− µ(K1#K2) + 2
= Cr(K1) + Cr(K2)− 2 (g(K1) + g(K2))
− (br(K1) + br(K2)− 1)− (µ(K1) + µ(K2)− 1) + 2
= (Cr(K1)− 2g(K1)− br(K1)− µ(K1) + 2)
+ (Cr(K2)− 2g(K2)− br(K2)− µ(K2) + 2)
= d(K1) + d(K2) = 0.

¤
Corollary 3.4. For any two links K1 and K2, we have Cr(K1#K2) ≥

Cr(K1)− d(K1) + Cr(K2)− d(K2).

Corollary 3.5. Let K1, K2, ..., Km be any m ≥ 2 links such that d(K1) =
d(K2) = · · · = d(Km) = 0, then we have

Cr(K1#K2# · · ·#Km) = Cr(K1) + Cr(K2) + · · ·+ Cr(Km)

and
d(K1#K2# · · ·#Km) = 0.

The proof of these two corollaries are straight forward and are left to the reader.

Theorem 3.6. Let T (p, q) be a torus knot, then d(T (p, q)) = 0.

Proof. Recall that T (p, q) and T (q, p) are equivalent. So without loss of gener-
ality, we may assume that p < q. By Theorems 2.5 and 2.6, we have bg(T (p, q)) = p,
g(T (p, q)) = 1

2 (p− 1)(q − 1) and Cr(T (p, q)) = (p− 1)q. Thus

d(T (p, q)) = Cr(T (p, q))− 2g(T (p, q))− br(T (p, q)) + 1
≤ Cr(T (p, q))− 2g(T (p, q))− bg(T (p, q)) + 1
= (p− 1)q − (p− 1)(q − 1)− p + 1 = 0.

Therefore, d(T (p, q)) = 0 since d(T (p, q)) ≥ 0 by Theorem 3.2. ¤
Combining Theorem 3.6 with Corollary 3.5, we reach the main goal of this

paper:

Theorem 3.7. Let T1, T2, ..., Tm be any m ≥ 2 torus knots, then

Cr(T1#T2# · · ·#Tm) = Cr(T1) + Cr(T2) + · · ·+ Cr(Tm).

Let us now turn our attention to the case when we only know that one of K1,
K2 is of zero deficiency. By Corollary 3.4, we have
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Theorem 3.8. If d(K1) = 0, then we have Cr(K1#K2) = Cr(K1)+Cr(K2)−
d(K2). In particular, if K1 is a torus knot and K2 is a non-trivial knot, then
Cr(K1#K2) ≥ Cr(K1) + 3.

Proof. If K2 is a nontrivial knot, then µ(K2) = 1, g(K2) ≥ 1 and br(K2) ≥ 2,
so Cr(K1#K2) ≥ Cr(K1) + 3 in general for any zero deficiency link K1 and any
nontrivial knot K2. ¤

Corollary 3.4 is useful in that once we know the deficiency of a link, then we
know at least how much it will contribute to the crossing number of a composite
link in which it is a factor. For example, as we will show at the end of the next
section, we have d(62) = 1 and d(75) = 1. So we immediately have Cr(62#75) ≥
6 + 7− 1− 1 = 11.

4. Further discussions.

It is, of course, tempting for us to hope that all links are of zero deficiency.
If that were the case, we would have solved the additivity problem of the crossing
number. Unfortunately, this is not the case. H. Morton proved that there exist
knots for which the minimal genus Seifert surface cannot be obtained by applying
Seifert’s algorithm to any projection of the knot. Let K be such a knot and let D
be a minimum projection K. As before, let s be the number of Seifert circles in
D, g be the genus of the Seifert surface obtained from D by applying the Seifert
algorithm. Then g > g(K) since this Seifert surface is not a minimal genus Seifert
surface by the choice of K. So Cr(K) = 2g + s − 1 > 2g(K) + br(K) − 1 and
d(K) > 0. It would be very interesting to know what knots are of zero deficiency.
For small alternating knots, this turns out to be rather easy to check due to the
following two theorems. The second theorem involves the HOMFLY polynomial of
a link (which is also an invariant of the link). Please refer to [LM] for a detailed
discussion of the polynomial.

Theorem 4.1. [G] The minimal genus Seifert surface is obtained when Seifert’s
algorithm is applied to an alternating projection of a link.

Theorem 4.2. [FW], [Mu2] Let K be a link and let PK(`, m) be its HOMFLY
polynomial. Let E be the highest exponent of PK(`, m) in the variable ` and let e be
the lowest exponent of PK(`, m) in the variable `. Then we have br(K) ≥ E−e

2 + 1.

In fact, the above inequality is sharp for all prime knots up to 10 crossings with
only five exceptions. These exceptions are 942, 949, 10132, 10150 and 10156. See [A].
Thus, c = Cr(K) and g = g(K) when we look at a reduced alternating projection
of K. Furthermore, if K has crossing number less than or equal to 10, we can
use the HOMFLY polynomial to find the braid index. So the remaining question
is whether s = br(K) when we count the number of Seifert circles in the reduced
alternating projection of K. Let us look at a few examples starting at the simplest
knot, the trefoil. Well, the trefoil is the (2, 3) torus knot, so it has zero deficiency.
Next comes the only knot with 4 crossings, namely the figure 8 knot 41 as shown
in Figure 3. Applying the HOMFLY polynomial and the Seifert’s algorithm, we
obtain br(41) = 3 and g(41) = 1. So d(41) = 0 as well. But we quickly run into
knots with positive deficiencies. Here is the calculation result of all prime knots up
to seven crossings.
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d(31) = 0
d(41) = 0
d(51) = 0 d(52) = 1
d(61) = 1 d(62) = 1 d(63) = 0
d(71) = 0 d(72) = 1 d(73) = 1 d(74) = 3 d(75) = 1 d(76) = 0 d(77) = 1

Next, we want to show another family of knots {Mn} that are of zero deficiency.
The Conway symbol of Mn is (3, 3, . . . , 3︸ ︷︷ ︸

n

, 2) (n ≥ 2) and an alternating projection

of it is shown in Figure 9. It is a member of a special family of knots called the
Montesinos knots.

(2,n+2)

(1 2) (1 3) (1 4) (1, n+1)

(1, n+2) (2 3)

(1 2) (1 3) (1 4)
(1, n+1)

(2, n+2)

(n, n+1)(3 4)

Figure 9. The knot Mn.

This knot family {Mn} is used in [DET] to show that there exists a family of
prime knots whose ropelengths (the minimum length of a unit thickness rope which
can be used to tie the knot) grow linearly with respect to the crossing numbers
of the knots. There are two important points here. The first is that the bridge
number of Mn is simply n + 1 (see [DET] for a proof of this). So its braid index
is at least n + 1, i.e., br(Mn) ≥ n + 1. Since Mn is an alternating knot and the
diagram shown in Figure 9 is reduced, we see that Cr(Mn) = 3n + 2. The second
point is that there are n+1 Seifert circles when we apply Seifert’s algorithm to the
projection in Figure 9. So s(Mn) = br(Mn) ≤ n+1. It follows that br(Mn) = n+1.
By Theorem 4.1, g(Mn) can be calculated using the Seifert surface obtained from
the diagram in Figure 9. That is,

g(Mn) =
Cr(Mn)− br(Mn) + 1

2
=

3n + 2− n− 1 + 1
2

= n + 1.

So d(Mn) = 0. This example can, of course, be generalized to other similar Mon-
tesinos knots.

Next, let us look at an interesting result due to Y. Ohyama.

Theorem 4.3. [Y] Cr(K) ≥ 2(br(K)− 1) for any link K.
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Notice that this inequality is not sharp for any torus knot and in fact is not
sharp for most knots. However, it does not involve g(K), so it leads us to the
following theorem which gives a necessary condition for a zero deficiency link.

Theorem 4.4. If K is a zero deficiency link, that is, Cr(K) = 2g(K)+br(K)+
µ(K)− 2, then we must have 2g(K) + µ(K) ≥ br(K). In particular, if K is a zero
deficiency knot, then we must have 2g(K) + 1 ≥ br(K). In particular, all genus 1
knots with braid index greater than or equal to 4 are of positive deficiency.

This theorem provides us a tool to spot the links that are not of zero deficiency.
More specifically, if a link satisfies the condition 2g(K)+1 < br(K), then d(K) > 0.

Finally, we point out that the fact d(K1) > 0 or/and d(K2) > 0 does not imply
d(K1#K2) > 0 since we do not know in this case if Cr(K1#K2) = Cr(K1)+Cr(K2)
in general. Similarly, the fact that d(K1#K2) = 0 does not imply d(K1) = 0 and/or
d(K2) = 0 either.
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