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Abstract

We construct for each n an Eulerian partially ordered set T,, of rank n + 1 whose ce-index
provides a non-commutative generalization of the n-th Tchebyshev polynomial. We show that
the order complex of each T, is shellable, homeomorphic to a sphere, and that its face numbers

minimize the expression max|, < Z?:O(fj—l/fn—l) 270 (z — 1)j‘ among the f-vectors of all

(n — 1)-dimensional simplicial complexes. The duals of the posets constructed have a recursive
structure similar to face lattices of simplices or cubes, offering the study of a new special class of
Eulerian partially ordered sets to test the validity of Stanley’s conjecture on the non-negativity of
the cd-index of all Gorenstein* posets.

Introduction

The object of this paper is the study of a sequence Ty, 71,75, ... of Eulerian partially ordered sets
constructed in such a way that for each n, the ce-index of T, is a non-commutative generalization of
the Tchebyshev polynomial T, (x). We call them Tchebyshev posets. One remarkable property of this
sequence of posets is “self-similarity”: for each atom a of 7,41 the partially ordered set of elements
above a is isomorphic to a copy of T},. Since each Tchebyshev poset may be represented as the face
poset of a CW-complex that is homeomorphic to a ball, at the level of CW-complexes we may state
that any face of a “dual Tchebyshev cell” is a “dual Tchebyshev cell”, in analogy to the statements
“every face of a simplex is a simplex” and “every face of a cube is a cube”. Therefore the same way one
studies simplicial complexes and cubical complexes, it is possible to focus on CW-complexes whose

faces are dual Tchebyshev cells.

The construction that yields our Tchebyshev posets may be defined in greater generality. This

possibility is explored in section 2. Here we define an operator 1" that assigns a partially ordered set
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T(Q) to any given partially ordered set @, by introducing a partial order on its non-singleton intervals.
An interval of @ is considered smaller than another in 7'(Q) if either this holds element-wise, or the
smaller interval is an initial segment of the larger one. The operator is such that a rank function of Q
induces a rank function of 7'(Q)). The operator T' does not assign a graded poset to a graded poset,
but if @ has a unique atom covering a unique minimum element, then 7'(Q) has a unique minimum
element. Moreover, given a locally finite poset () that has a unique minimum element xy covered by
a unique atom yg, every interval of T'(Q) is Eulerian if and only if the same holds for @\ {z¢}. Hence
we may obtain a new, more complex Eulerian poset from any given one by adding a new minimum
element below its minimum element, and applying the operator 1" to it. The partially ordered sets T,
we call Tchebyshev posets are obtained by applying this procedure to the simplest possible Eulerian
posets, i.e., the “ladder” posets which have exactly 2 elements at any given rank between the maximum
and the minimum element. It is a worthy subject of future research, what is the effect of the operator

T on other, more complicated (and not even necessarily Eulerian) posets.

In section 3 we take a closer look at the partially ordered set T, and describe an important labeling
of its cover relations, using only four symbols. This labeling is used to present a shelling of the order

complex of T, in section 5.

In section 2 we describe the order complex of T}, \ {0,1} as a triangulation of the boundary of
the n-dimensional cross-polytope. This description implies that the order complex of T;, \ {6, /1\} is
homeomorphic to a sphere. The triangulation may be realized with “straight” faces, which raises
the open question whether the order complex would also have a line shelling induced by a geometric
picture. It is also worth noting that the order complex of T}, \ {6, T} provides a balanced triangulation

of the boundary complex of the cross-polytope that needs less faces than barycentric subdivision.

The shelling of the order complex of T}, \ {6, T} presented in section 5 allows to describe the cd-
index of T, in section 7 in terms of an “ascent-descent” statistic, in a way that is analogous to Purtill’s
work [19] on the cd-index of the Boolean algebra. The major difference is that while in the case of the
Boolean algebra one needs to sum over permutations, here we sum essentially over all strings of given
length formed by 4 letters. The computation of the cd-index is followed by formulas for the ce-index
and the flag f-vector in section 8. Finally, in section 9 we use a well-known extremal property of
the Tchebyshev polynomials to show an extremal property of the f-vector of the order complex of

T, \ {0,1} among f-vectors all simplicial complexes of the same dimension.

The most interesting possible use of Tchebyshev posets is the verification of Stanley’s conjecture
on the non-negativity of the cd-index of Gorenstein® posets in a new special setting that is genuinely
different from the (partially) known simplicial and cubical cases. An outline of this proposed future

research is presented in section 10.



1 Preliminaries

1.1 Graded partially ordered sets

A partially ordered set P is locally finite if every interval [x,y] C P contains a finite number of elements.
An element y € P covers x € P if y > x and there is no element between x and y. We will use the
notation y > z. A function p : P — Z is a rank function for P if p(y) = p(x)+1 is satisfied whenever
y covers x. A partially ordered set may have more than one rank function, but the restriction of any
rank function to any interval [z,y] C P is unique up to a constant shift. Therefore the rank p(x,y) of
an interval [x,y], defined by p(x,y) = p(y) — p(z) is the same number for any rank function, and it is
equal to the common length of all maximal chains connecting  and y. We say that a finite partially
ordered set is graded when it has a unique minimum element 6, a unique maximum element T, and a
rank function p. In this situation we usually require p(0) = 0 and we call p(1) the rank of the graded
partially ordered set. Given a graded partially ordered set P of rank n+ 1 and a set S C {1,...,n}
we define the S—rank selected subposet of P to be the poset P = {x € P : p(x) € S} U{0,1}. We
denote by fs(P) the number of maximal chains of Pg. Equivalently, fs(P) is the number of chains
71 < -+ < x|9 in P such that {p(z1),...,p(zg))} = 5. The vector (fs(P) : S C{l,...,n}) is called
the flag f-vector of P.

Two equivalent encodings of the flag f-vector are the flag h-vector (hg(P) : S C {1,...,n}) and
the flag l-vector ({s(P) : S C{1,...,n}). They are defined by hg(P) = ZTQS(—I)‘S\T‘]’T(P) and
ls(P) = (=1)" ¥ o s (=D fr(P).

1.2 Eulerian posets

A graded partially ordered set is Fulerian if every interval [z,y] of positive rank in it satisfies
Doe< Zgy(—l)”(z) = 0. All linear relations holding for the flag f-vector of an arbitrary Eulerian poset of
rank n were determined by Bayer and Billera in [2]. These linear relations were rephrased by J. Fine as
follows (see the paper [5] by Bayer and Klapper). For any S C {1,...,n} define the non-commutative
monomial ug = uy ...u, by setting
- — { b %f z €S,
’ a ifigsS
Then the polynomial V,,(P) = > ¢ hsus in non-commuting variables a and b, called the ab-index
of P, is a polynomial of ¢ = a + b and d = ab + ba. This form of W, (P) is called the cd-indez of
P. Further proofs of the existence of the cd-index may be found in [24], in [4], and in [13]. It was
noted by Stanley in [24] that the existence of the cd-index is equivalent to saying that the ab-index
rewritten as a polynomial of ¢ = a + b and e = a — b involves only even powers of e. It was observed

by Bayer and Hetyei in [3] that the coefficients of the resulting ce-index may be computed using a



formula that is analogous to the definition of the /-vector. In fact, given a ce-word uj - - - uy,, let S
be the set of positions ¢ satisfying u; = e. Then the coefficient Lg(P) of the ce-word is given by
Ls(P) = (—1)» ISl 2 oTo[n\S (—%)lTl fr(P). The fact that the ce-index is a polynomial of ¢ and e?
is equivalent to stating that Lg(P) = 0 unless S is an even set, that is, a union of disjoint intervals of

even cardinality.

Following [22] we call a partially ordered set P lower Eulerian if it has a unique minimum element

0, and for every ¢ € P the interval [0,#] is Eulerian.

1.3 Chain-edge labelings

Given a graded poset P of rank n + 1, let M(P) be the set of maximal chains of P, and let £(P) =
{(z,y) : x,y € P,x < y} be the set of cover relations of P. An edge labeling of P is a map
A E(P) — A, into some partially ordered set of labels A. A chain-edge labeling of P is a map
A: M(P) x E(P) — A, into some poset A satisfying the following axiom:

(CE) If two maximal chains C:ﬁzxo <x1 < < Ty < Tl =1 and ¢’ :621‘6 <z <=
Ty, < T = 1 satisfy o; = o for i = 1,2,..., k, then we have A(C, (z;_1,2;)) = A(C', (z_,,2))
fori=1,2,...,k.

In other words, for a chain-edge labeling A : ME(P) — A the value of A\(C, (z,y)) depends only
on z, y and the chain C(p(z)) : 0=29 <21 < -+ < Tpz)—1 = Tp(z), Which is a maximal chain

of the graded poset [0,z]. We call an interval [z,y] enriched by maximal chain r in [0, ] a rooted

interval, and denote it by [z,y],. Every edge labeling A induces a chain-edge labeling A" defined by
N(C,(x,y)) = Az, y).

A chain-edge labeling A : M(P) x E(P) — A has the first atom property (or it is an FA-labeling)

if in every rooted interval [z, y], there is a unique atom a such that
M (C (z,a)) < A\ (CF (z,d"))

for every other atom @’ of [x,y] and every pair (C,C") of maximal chains of [x,y],, containing a and
a’ respectively. We call the atom a the first atom of the rooted interval [x,y], with respect to the
chain-edge labeling. FA-labelings were introduced by Billera and Hetyei in [7]. Every graded partially
ordered set has an FA-labeling. In fact, drawing the poset in the plane and numbering all cover
relations x < y covering z from left to right with 1,2, ..., yields an FA-labeling A : M(P)x&(P) — N
that does not depend on M(P), i.e., it is an edge labeling.

Given an FA-labeling, let ¢ be the operation which assigns to every rooted interval [z, y], its first

atom. Let us fix a maximal chain C : 0 = Tog < T1 < - < Ty < Tpgl = 1. Consider the function



Yo ¢ [1,n] — [1,n] defined by Yc(i) = max{j : x; = ([xi,l,:ﬂj](;(i_l)}. (Here C'(i — 1) is the
saturated chain C'(i — 1) : 0 = g < 1 < ++- < x;—1 in [0,2;_1].) Using the function )¢ we may
associate a family of intervals Zo = {[i,¢(C,4)] : i € [1,n], (C,i) # n+1} to each maximal chain.
Let us enumerate the maximal chains C1, ..., C,, of P in an order that extends the lexicographic order
on their labels. Then a subset {zs : s € S} occurs first in C : O0=a20 <71 < < Tp < Tpal = 1
if and only if S C [1,n] blocks Z¢, that is every I € Z¢ has a nonempty intersection with S. This is

stated in [7, Section 2], as a generalization of the proof of [6, Theorem 2.1].

Intuitively speaking, the meaning of [¢,j] € Z¢ is that there exists a chain ¢’ = 0 <2 <
Tig T < R < Ty < < Tpyy = T that precedes €’ in the enumeration, and provides an
“earlier” path from x;_1 to z;41 in the Hasse diagram of P. Hence every partial chain, not included in
the union of the preceding maximal chains, must contain at least one element whose rank is between

i and j.

CR-labelings are defined as chain-edge labelings for which every rooted interval has a unique
maximal chain whose labels are rising. If this chain is always the first in the lexicographic order, then
it is called a CL-labeling. 1t was shown in [7] that CL-labelings are FA-labelings, and that for such
labelings the minimal elements in every family of intervals Z¢ are singletons. Introducing hg for the
number of maximal chains satisfying Zc = {{s} : s € S}, we obtain the flag h-vector. A CR- or
C'L-labeling that comes from an edge-labeling (and is not depending on the maximal chain) is called

ER- or EL-labeling, respectively.

All terms introduced here may be found either in the paper of Bjorner and Wachs [9] or in the
work of Billera and Hetyei in [7]. CL-labelings were originally introduced by Bjorner and Wachs in
[8], ER-labelings are called R-labelings in Stanley’s book [23, Section 3.13].

1.4 Simplicial complexes

A simplicial complex A is a family of subsets of a vertex set V' such that every singleton {v} (where
v € V) belongs to A, and A is closed under taking subsets. The elements of A are called faces and
the dimension of a face 0 € A is defined by dim(c) = |o| — 1. The maximal faces are called facets.
The number of i-dimensional faces is usually denoted by f;, and the vector (f_1, fo,..., fq4) is often

called the f-vector of the simplicial complex.

In this paper we will only be concerned with order complexes of partially ordered sets. Given a
partially ordered set P, the vertices of its order complex A(P) are the elements of P, and the faces
are the increasing chains. In other words, a subset {z1,...,z;} of P is defined to be a face if and only
if 21 < -+ < xx. When the partially ordered set P is graded then A(P) is a cone over its maximum

element 1 and its minimum element 6, that is ¢ C P is a face of the order complex if and only if any



of ¢\ {0}, o\ {1}, c U{0}, or 0 U{1} is a face. Because of this, many papers in the literature mean by
the order complex of a graded poset P the order complex of P\ {6, T} In this paper we will always
have to indicate precisely which of the minimum or maximum elements (if any) should be omitted,

since this will depend on the geometric situation.

A simplicial complex is pure, if every facet has the same dimension. A pure simplicial A complex
is shellable if there is an enumeration Fy, Fy, ..., Fy of its facets such that for every k € {2,...,t}
the collection of faces of F} contained in some earlier F; is a pure simplicial complex of dimension
dim A — 1. Equivalently, there exists a unique minimal face R(F}) of Fj such that every face o C Fy,

not contained in any earlier F; contains R(F}).

Given a graded partially ordered set P of rank n + 1, the order complex of P \ {6, /1\} is pure of

dimension n — 1.

Lemma 1.1 If an FA-labeling of a graded poset P satisfies that for every saturated chain C the
minimal elements of the interval system Lo are singletons Ic = {{s} : s € S}, then the enumeration
of the saturated chain in any order that extends the lexicographic order on their labels yields a shelling

of the order complex of P\ {0,1}.

This lemma is straightforward, since it follows directly from the definitions that for every facet C of

the order complex, R(C') is the set of those elements whose rank s satisfies {s} € Z¢.

In particular, as noted in [7], every CL-labeling is an FA-labeling with the above property, and
thus yields a shelling of the order complex.

2 Elementary properties of general Tchebyshev posets

The elementary properties of Tchebyshev posets are most easily proven by introducing a definition

that is more general than what is needed for most of this paper.

Definition 2.1 Given a locally finite partially ordered set @), we define the Tchebyshev poset T(Q)
of Q as follows. Its elements are all ordered pairs (x,y) € Q x Q satisfying v < y, and we set
(w1,y1) < (22,92) when y1 < 2 or x1 = 22 and y1 < yo.

In other words, the elements of T'(Q)) are identifiable with all intervals of @) that are not singletons.
We consider an interval larger than the other if either every element of the larger interval is larger
than every element of the smaller interval or the smaller interval is an “initial segment” of the larger

interval.



Remark 2.2 We extracted this definition from the study of the special Tchebyshev posets T}, whose
properties will be explored in depth in this paper. Without the focus on those posets, the question

naturally arises, would including singletons allow to create similarly interesting partially ordered sets?

Proposition 2.3 T(Q) is a partially ordered set.

Proof: The relation we defined is obviously reflexive. Before proving antisymmetry, let us note that
(z1,91) < (22,92) implies y1 < yp. Thus (21,y1) < (22,92) and (2,92) < (21,91) implies y1 = ¥,
making y; < o impossible, since z2 < ys. Therefore the only way to satisfy (z1,y1) < (z2,y2) is by
x1 = x2 and the relation defined is antisymmetric. Assume (z1,y1) < (z2,y2) and (x2,y2) < (z3,y3).
Then y; < y2 and y2 < y3 imply y1 < y3. By (22,y2) < (x3,y3) either z3 > ys or x3 = x9 holds. In
the first case we have x3 > y2 > y; in the second we have either x3 = o > y; or x3 = 29 = z1 by

(x1,y1) < (z2,y2). Therefore the relation defined is transitive. &

Proposition 2.4 If p: Q — Z is a rank function for Q then setting p(x,y) = p(y) provides a rank
function for T(Q). In fact, the set of elements covering (x,y) € T(Q) is

{(@.9) : y< gy U{(u.9) : y < g}

(Here § denotes an arbitrary element covering y in Q.)

Proof: Consider a cover relation (x1,y1) < (22,y2) in T(Q). By definition we must have y; < yo
and either xg > y; or 9 = x1. If x9 > y; then (y;,x2) is strictly between (z1,y1) and (z2,y2) and
we get a contradiction. Hence we have zo € {x1,y1}. We show that in either case y, must cover
y1 in Q. Given a y strictly between y; and yo we have (z1,y1) < (21,y) < (x2,y2) if 22 = z1, and
(z1,y1) < (y1,y) < (x2,y2) if 9 = y1. This concludes the proof of the fact that only the relations
listed in the statement may be cover relations. On the other hand, given a cover relation y < ¢, the
relations (z,y) < (x,y) and (z,y) < (y, ) are cover relations, since any (x3,y3) strictly between (z,y)

and (z,9y) or (y,y) must satisfy y < y3 < g, which is not possible. <&

Since only those elements of @) occur in an ordered pair (z,y) € T(Q) that are comparable to
at least one other element, we may remove from () all those elements which are incomparable to all
others, without changing T'(Q).

Proposition 2.5 Assume that every element of QQ is comparable to at least one other element of Q.
Then T'(Q) has a unique minimum element if and only if Q has a unique minimum element xy covered

by a unique atom yo. In that case the unique minimum element of T(Q) is (xo,yo)-



Proof: The proof of the “if” part is straightforward: if xg is the unique minimum element of ) and

only yo covers xg then any (z,y) € T(Q) satisfies either z = xg or > yo.

Assume now that (z,yo) is the unique minimum element of 7(Q). We claim that zy < x holds
for all x € Q. If x is not a maximum element of @) then there exists an (x,y) € T(Q) for some y € Q.
By (z0,%0) < (x,y), we must either have = > yg > ¢ or © = xg. In either case x > z( holds. If x € Q
is a maximal element of () then there is at least one z € () to which x is comparable, and this  being
maximal we must have z < x. Since z is not maximal, we already know zg < z, implying xy < =x.
Therefore xg is the unique minimum element of ). Observe next that yo must cover zq, since any y
strictly between xg and yo would give rise to (xg,y) < (xo,yo). To conclude the proof observe that

no other atom z covers xg, since such an atom would give rise to an (zo, z) that is incomparable with
(z0,Y0)- <&

Lemma 2.6 Given x1 < y1 < y2 € Q, the interval [(z1,y1), (z1,y2)] C T(Q) is isomorphic to
[y17y2] g Q

In fact, an element (z,y) € T(Q) belongs to [(x1,y1), (z1,y2)] if and only if x = 1 and y € [y1, 2.

Proposition 2.7 Assume that every element of Q is comparable to some other element and that T(Q)
has a unique minimum element (xo,yo). Then every interval of T(Q) is an Eulerian poset if and only

the same holds for every interval of Q \ {zo}.

Proof: The necessity is a consequence of Lemma 2.6, since for any [y1,y2] € @ \ {zo} we have

xo < y1 < yo, thus (zg,y1) and (zg, y2) are the endpoints of an interval in T'(Q) that is isomorphic to
[y1, y2-

To prove sufficiency, again by Lemma 2.6, we may restrict our attention to those [(z1, y1), (x2,y2)] C

T'(Q) which satisfy x; # w2, and verify that for such intervals
Z (=1)P=¥) =
(z7y)€[(zlvy1)u(127y2)]

holds. Recall that, by Proposition 2.4, every (x,y) in the above sum satisfies p(z,y) = p(y) where
p(y) is the rank of y in @, hence we need to show

Z (=1)PW) =0
(z,y)El(@1,91),(22,y2)]
Every element (z,y) € [(z1,y1), (z2,y2)] satisfies exactly one of z = 1, z1 < & < x2, or = 2.

Depending on this condition, we may partition our summands (—l)p(x’y) into three partial sums as

follows:



(i) If z = 21 then (z,y) belongs to [(x1,y1), (z2,y2)] if and only if y; <y < z3. The contribution of
the summands in this first subset is > | §y§x2(_1)p(y)' Since every interval of @) is Eulerian, we

obtain a contribution of (—1)?®1) . §, ... where § is the Kronecker delta function.

(ii) If 1 < z < x9 then x must satisfy y; < x < x9 and y must satisfy x < y < x9. The contribution

of the summands falling into this category is

YooY = Y ()P = (1)) (16, )

y1<z<z2 r<y<zT2 y1<z<z2

(iii) If x = x2 then y must satisfy zo < y < yo. The contribution of the summands in this last subset
s Z$2<y<y2(—1)p(y) = (—1)r(z2)+1,

Summing up the three partial sums yields 0. <&

3 The Tchebyshev posets T,

Consider the partially ordered set P with the elements
-1<1<-22<-3,3<-4,4<"--

Pairs of elements separated with a comma are considered incomparable. This partially ordered set
has a unique minimum element —1, which is covered by the unique atom 1, hence, by Proposition 2.5
the Tchebyshev poset T'(P*) has a unique minimum element (—1,1). Tt is easy to verify that
 fx] =1 ifx #£ 1,
pla) = { 1 ifz=-1
is a rank function for this poset, so Proposition 2.4 implies that T(]P’i) is a graded poset with rank
function p(z,y) = |y| — 1. Every interval (x,y) C P\ {~1} has exactly two elements at each rank

strictly between p(z) and p(y), from which fact it is easy to conclude every interval of P* is Eulerian.

Therefore, by Proposition 2.7, every interval of T(P*) is Eulerian.

We are now in the position to introduce the Tchebyshev posets T}, for each natural number n.

Definition 3.1 The Tchebyshev poset T,, is the interval [(—1,1), —(n+1), —(n+2))] in the generalized
Tchebyshev poset T(PF).

Figure 1 represents the Tchebyshev poset T5. The meaning of the labels on the edges will be explained

in section 5. Let us summarize what we already know about the Tchebyshev poset T}, as a consequence



Figure 1: The Tchebyshev poset T3

of its definition and of our general theory. It has a unique minimum element 0 = (—=1,1), and a unique
maximum element 1 = (—(n+ 1), —(n+2)), it is graded and Eulerian. The elements strictly between
the minimum and the maximum element are pairs of nonzero integers (z,y) such that |z| < |y|,
||, ly| € {1,2,...,n}, with the restriction that for |y| = n + 1 we must have y = n + 1. The relation
(x1,y1) < (z2,y2) holds if |y1| < |y2| and at least one of the following is satisfied:

(i) |z1] <fa2f or
(ii) y1 =22 or

(ili) 1 = @o.

The rank of the element (z,y) is |y| — 1. In particular, the rank of T, is n + 1. The cover relations of

T, are the following:

(i) 0=(-1,1) < (c1,n2),
(i) (2,y) < (z,e(ly| +1)) for |z < [y[ <mn,
(i) (z,y) < (y,n(ly| + 1)) for |z| < [y[ <n, and
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(iv) (cz,—(n+1) < (~(n+1),—(n+2)) = L.

Here ¢ and 7 are signs from the set {—, +}. In particular, every element of rank less than n is covered
by exactly four elements. The cover relations may be naturally labeled by the symbols L™, L™, R™,
R~ as follows. We think of each label as an operator assigning the covering element to the covered

element.

Definition 3.2 Given e,n € {+,—} and (z,y) with 1 < |z| < |y| < n we set

R (z,y) = (z,e(ly[ + 1)) and  L'(z,y) = (y,n(ly| + 1)). (1)

In other words the, operators R® remove the right component, the operators L remove the left com-

ponent of (x,y). The sign € resp. n indicates the sign of the new letter (|y| + 1) introduced.

Using (1), we extend the definition of R and L" to 0= (—=1,1). We extend only L~ and R~ to
elements of the form (xz,£n). We extend only L™ to the coatoms (x,—(n + 1)) which are sent into

T=(=(n+1),—(n+2) by L.
In proving the results of section 5, the following lemmata will be instrumental.

Lemma 3.3 The range of the operators, LY, L™, R", and R~ is pairwise disjoint. In fact, (z,y) # 0
is the image of some L" exactly when |y| = |z| + 1, and it is the image of some R® exactly when

ly| > |x| + 1. Moreover, the sign of any operator whose image is (x,y) is the same as the sign of y.

This lemma is straightforward.

Lemma 3.4 For any x,y € P* satisfying |x| < |y|, we have (z',y") < (x,y) if and only if (2',y') <
(CB, _y)

In fact, if (x,y) is the image of some element under R* then (z, —y) is the image of the same element

under R~ and vice versa. The analogous claim also holds for the operators Lt and L™, so the set of

elements covered by (z,y) and (z, —y) is the same.

Lemma 3.5 If (x,y) belongs to the image of L5180 then (x,y) = [Sign(y) 7sign(z) (', y) is satisfied
for any (2',y') of rank p(x,y) — 2.

In fact, the given assumptions imply |z| = |y| — 1, and

1.8180(y) 1 sign() («',y) = 15ign(y) (', x) = (z,y).

11



Lemma 3.6 For all (z,y) € T, of rank at most (n — 1) the identities L"R*(x,y) = L"L%(z,y),
R°L*(z,y) = R°L™ (z,y), and R°R* (z,y) = R°R™(x,y) hold.

The verification of this lemma is a straightforward substitution into the definitions.

In analogy to Boolean algebras and the face lattice to the cube the duals of the Tchebyshev posets

are “self-similar” in the following sense.

A~

Proposition 3.7 For any n > 1, and any atom (e1,n2) € T, the interval [(1,n2),1] is isomorphic
to Tn—l-

Proof: Without loss of generality we may assume that the atom in question is (—1, —2). An element

(ei,myj) is in [(—1,—2),1] if and only if i > 2 or ¢ = —. In other words, exactly those pairs (¢i,7j) are
above (—1,—2) for which the letters 1 or 2 occur only with negative sign. Hence the elements of the

interval [(—1,—2),1] = [(=1, —2), (=n, —(n + 1))] are open intervals of the partially ordered set
—1<-2<-33<44<---<—-nn<—-(n+1)<—-(n+2)
ordered by the Tchebyshev relations. Consider the map ¢ from the partially ordered set
-1<-2<-33<44<---<——nn<—-(n+1)<—(n+2)
onto the partially ordered set
-1<1<-22<-33<---<—(n—-1),(n—-1)<—n<—-(n+1)
given by the formula
e(i—1) ifi1>2
plei) =1q 1 ifi=2
-1 ifi=1
This map is a bijection, its inverse is given by
e(i+1) ifi>2
o lei) =4 —2 ifi=1,ande =1
-1 ifi=1,and e = —1.

It is easy to verify that ¢ is an isomorphism of partially ordered sets, which induces an isomorphism on
the posets of open intervals, ordered by the Tchebyshev order. Under this isomorphism, the interval
[(—1,-2),(=(n+1),—(n+ 2))] goes into the interval T,,_; = [(—1,1), (—n, —(n + 1))]. <&
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4 The geometric significance of the Tchebyshev poset T,

In this section we show that the saturated chains of T}, provide a triangulation of the boundary of the

n-dimensional cross-polytope. Let eq, ..., e, be the basis vectors of an n-dimensional Euclidean space.
The n-dimensional cross-polytope is the convex hull of the vectors +ey,...,+e,. It has 2n vertices
and 2" facets, each facet being the convex hull of €1 - e1,...,&, - €, for some ¢1,...,¢e, € {1,—1}.

We may use T}, to construct a triangulation of the boundary of the n-dimensional cross-polytope
as follows. Label the vertex ¢;-e; with (g;-i,—(n+1)) € T},. Assuming i < j, label the midpoint of the
edge connecting €; - e; and ¢ - e; with (g; - i,¢; - j). We define the convex hull of a set of labeled points
to be a face in our triangulation if and only if the corresponding set of labels forms an increasing chain

in the Tchebyshev poset T;,. In other words, we consider a geometric realization of the order complex
of T\ {(=1,1),(=(n+1), =(n+2))}).

Theorem 4.1 The geometric realization of the order complex of T, \ {(—1,1),(—(n+ 1), —(n + 2))}

described above provides a triangulation of the boundary of the n-dimensional cross-polytope.

Figure 2 shows the triangulation of the octahedron induced by 75. Invisible edges are indicated with a
dotted line, except for the invisible edge connecting (1,2) with (3, —4), which is completely covered by
visible edges. The fact that the order complex of T3\ {(—1,1), (—4,—5)} is realized as a triangulation
of the boundary of the octahedron is obvious from Figure 2. To prove Theorem 4.1 for an arbitrary

n, observe first that every saturated chain of T}, is of the form
0=(=1,1) < (e11,292) < (22,€33) < -+ (Tn-1,8an) < (T, —(n+ 1)) < (=(n+1),—(n+2)) =1,

and no matter what the elements xo, ..., z, are, if |z;| = j then the sign of z; must be ¢;. Therefore
the correspondingly labeled vertices all belong to the convex hull of €1eq, ..., e,ey,, that is, to the same

facet of the boundary of the cross-polytope. Without loss of generality we may assume
S )

and we only need to show that the geometric realization of all saturated chains satisfying this condition
induce a triangulation of the convex hull of eq,...,e,. Observe finally that the saturated chains
satisfying condition (2) are exactly the saturated chains in the Tchebyshev poset of the chain 0=1<
2<--<n+1<n+2=1. This motivates to introduce the following “unsigned version” of the

Tchebyshev posets.

Definition 4.2 Consider the set of nonnegative integers N ordered by the usual < relation. We define
the unsigned Tchebyshev poset U, to be the interval [(0,1),(n + 1,n + 2)] in the Tchebyshev poset
T(N) of N.

13



Figure 2: The triangulation of the octahedron induced by T3

Figure 3 represents the unsigned Tchebyshev poset Us. Note that we chose our indices in such a
way that the rank of U, becomes n + 1, equal to the rank of T,,. The faces of the octahedron are
2-dimensional, and the unsigned Tchebyshev poset used in their triangulation will be Us. We are
including an illustration of Us here because from this picture a skilled reader will understand how to
graph U, in general. As noted above, the saturated chains satisfying (2) are the ones belonging to the
Tchebyshev poset of 1 < --- < n + 2 which is isomorphic to the Tchebyshev poset of 0 < --- < n+1,
that is, to U,_1. It is sufficient to show that the saturated chains of U,_; induce a triangulation of

the (n — 1)-simplex, and thus we only need to show the following “unsigned version” of Theorem 4.1.

Proposition 4.3 Consider an (n + 1)-dimensional Euclidean space with basis {eo,...,en}, and the
unsigned Tchebyshev poset U,. Let I\, be the convex hull of eg,e1,...,e,. Label the vertex e; of A\,
with (i,n+1), and label the midpoint of the edge connecting e; and ej with (i, j), whenever0 < i < j <mn
holds. Then the convex hulls of points whose labels are the increasing chains in Uy \ {(n+ 1,n +2)}

provide a triangulation of the n-simplex /\,,.

14



Figure 3: The unsigned Tchebyshev poset Us

Proof: We proceed by induction on n. For n = 1 the simplex A\ is the line segment connecting eq
and eq, and U; consist of (0,1) < (0,2),(1,2) < (2,3). The label of e is (0,2), the label of e; is (1,2)
and the label of the midpoint (eg+e1)/2is (0,1). The two saturated chains of U; \ {(2,3)} correspond
to the line segments from ey to (eg + e1)/2 and from (eg + e1)/2 to e;. So in this case we obtain a

(one-dimensional) “triangulation”.

Assume that our proposition holds for some n and consider A,4+1 and Up,+i. The minimum
element (0, 1) is covered by two atoms: (0,2) and (1,2) in U,41. It is easy to see that, in analogy to
Proposition 3.7, the intervals [(0,2), (n+2,n+3)] and [(1,2), (n 4+ 2,n+ 3)] are isomorphic to U,. Let
us also note that to obtain the first interval from U,, we must replace every positive ¢ with i+1 (leaving
0 unchanged) while the second interval is obtained by increasing every i by 1. Hence, by our induction
hypothesis, the increasing chains from [(0,2), (n + 2,7+ 3)] \ {(n + 2,7 + 3)} induce a triangulation
of the convex hull of {eq, e2,...,en41} while the increasing chains from [(1,2), (n + 2,7+ 3)] \ {(n +
2,n + 3)} induce a triangulation of the convex hull of {ej,es,...,e,+1}. By adding (0,1) to any of
these chains we obtain a triangulation of the convex hull of {(eg+e1)/2, eq, €2, ..., en+1} and of {(eg+

e1)/2,e1,€2,...,ent1}. The union of these two simplices is the convex hull of {eg, e1,e2,...,ep41}. <

An important corollary of Theorem 4.1 is the following.

Corollary 4.4 The dual of the partially ordered set T,, is the partially ordered set of a CW complex
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that is homeomorphic to an n-ball.

In fact, consider the triangulation of the boundary of the n-dimensional cross-polytope induced by
T.\{(-1,1),(=(n+1),—(n+2))}. By associating the center of the cross-polytope to (—1,1) we may
easily convince ourselves that T, \ {(—(n+1), —(n+2))} induces a triangulation of the n-dimensional
cross-polytope. Associate to each (¢i,nj) € T, \ {(—(n+1),—(n+ 2))} the convex hull of all vertices
represented by some (g'i’,7'j’) > (gi,nj). Thus we associate the entire cross-polytope to (—1,1), the
union of some 2"~2 facets of its boundary to each (1,72), and so on, a vertex to each (gi, —(n + 1)).
It is easy to verify that the convex hulls associated to the elements of T, \ {(—(n + 1), —(n + 2))}
form the nonempty faces of a C'W-complex, ordered by reverse inclusion. Since they arose as unions

of faces from the triangulation of a polytope, the resulting C'W-complex is homeomorphic to a ball.

Definition 4.5 An n-dimensional dual Tchebyshev cell is a CW -complex whose partially ordered set

of faces is isomorphic to the dual of T,.
Repeated use of Proposition 3.7 yields the following.
Corollary 4.6 Every face of a dual Tchebyshev cell is a dual Tchebyshev cell.

To conclude this section let us note that for a graded poset P, the order complex of P\ {6, T}
is balanced, that is the dimension of the complex plus one color suffices to color the vertices of the
complex in such a way that no face contains two vertices of the same color. In fact, the rank function
may be used to assign colors. Hence the Tchebyshev poset T;, induces a balanced triangulation of the
n-dimensional cross-polytope, using less simplices than barycentric subdivision, the “usual way” to
create a balanced triangulation. On Figure 2 we used white circles to denote those midpoints of edges
whose color should be 2, while the remaining midpoints of edges should have color 3 and the vertices
of the octahedron should have color 1. For more information on balanced simplicial complexes see
Stanley’s book [21] or his paper [20].

5 A shelling of the order complex of T, \ {0,1}

The fact that the order complex of T}, \ {6, /1\} may be geometrically realized as a triangulation of the
boundary of a convex polyhedron suggests that this order complex may be shellable. After all, the first
shelling was originally introduced as an enumeration of the facets of convex polytope by Bruggeser
and Mani in [11]. In this section we introduce an F'A-labeling for T}, that has the additional property

that for each saturated chain C' the minimal elements of the associated family of intervals Z¢ of each

16



saturated chain C'is a collection of singletons. Hence, by Lemma 1.1 we obtain that the order complex
of T, \ {0,1} is shellable.

Every element of T, below coatom-level is covered by at most 4 elements, and our labeling \ assigns
to each edge a label from the totally ordered set 1 < 2 < 3 < 4. Using the operators introduced in
Definition 3.2 every element covering (z,y) € T, may be written in exactly one of the following four
forms: R~ (z,y), R"(z,y), L™ (z,y), and LT (x,y). Using this information we define our labeling as

follows.

Definition 5.1 (i) If the sign of y is positive, we set
M@, y), R (z,9)) =1, M(z,y), R (2,9)) =2, M(2,), L™ (2,9)) = 3, M(2,y), L7 (2,y)) = 4.
(i1) If the sign of y as well as the sign of x is negative, we set
Mz, y), L™ (2,y) = 1, M(=,9), B (z,9)) =2, M(@,y), LT (2,y)) = 3, M(z,9), R (z,9)) = 4
(iii) If the sign of y is negative but the sign of x is positive, we set

Mz, y), L™ (2,y) = 1, M(=,9), LT (2,9)) =2, M(z,), R (z,y)) =3, M(z,9), R (z,9)) = 4

If the rank of (x,y) is n — 1 then only L™ (z,y) and R~ (z,y) exist, if (x,y) is a coatom then only
L~ (z,y) exists. Note that the labeling A is an edge-labeling, that is, it does not depend on a choice

of a maximal chain containing the edge.

Theorem 5.2 The FA-labeling introduced in Definition 5.1 has the property that if we enumerate
the saturated chains of T, in any order extending the lexicographic order on their labels, the minimal

intervals in the associated interval system Lo are singletons.

The poset T3 is represented on Figure 1 in such a way that for most (z,y) the labeling A numbers the
edges covering (z,y) from left to right, in increasing order. The only three exceptions are: (1,2), for
which the order of labels is 3,4,1,2; (2,3) and (1, 3), both of which are covered by two edges, labeled
from left to right by 2, 1, in this order. It is very important to note that there is no “rising chain” in
the interval [(—1,—2), (3, —4)], hence our labeling is not a CR-labeling.

We prove Theorem 5.2 by establishing the validity of a sequence of lemmata. In each of the
following lemmata we consider the labeling A given in Definition 5.1, an arbitrary saturated chain
C:0< (x1,11) < -+ < (Tp,yn) < 1, and we assume that [i, 7] is an arbitrary minimal interval of
Zc. We will be done with the proof of Theorem 5.2 once we have shown that ¢ = j must hold. By
definition, the fact that [i, j] belongs to Z¢ implies that there is an “earlier” saturated chain

~ ~

C:0 =< (z1,y1) <+ < (@i, 1) < (@, 91) < - < (2),95) < (T, y401) < (T, yn) < 1
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differing from C exactly at the ranks belonging to [7, j].

Lemma 5.3 Under our assumptions either i = j, or (zj4+1,Yj+1) = LSign(yiH)(:rj,yj) holds. In the
latter case we must also have (Tpy1,ypr1) = RIENWEt) (zp, 9) fori+1 <k < j.

Proof: Assume first that (z;41,yj41) = RSign(yHl)(:cj, y;j) holds. Then, by Lemma 3.3, we must also
have that the element (xj41,¥y;41) covering (m;, y;) must be of the form

(jt1,Yj+1) = RSign(yHl)(x;, y;). Since the operators R* and R~ do not change the first coordinate,
r_
L=
y; = —y;. Now we may use Lemma 3.4 to conclude from (2_;,y;_1) < (2},y}) that (2_1,y; ;) <

xj = a%; = x4 follows. This also implies that the only way for (z;,y;) to be different from (27, y}) is

(xj,y;j). But then, unless i = j, the saturated chain

~ ~

Cl 10 < (1’1791) <= (xi—lvyi—l) = (.ﬁU;,y;) <= (x_/j—by;—l) = (x]7yj) < (xnvyn) <1

which is “earlier” than C, demonstrates the fact that [i,j — 1] belongs to Z¢, in contradiction with

the minimality of [i, j]. This contradiction is avoided only if i = j.

From now on we may assume (zj41,y;11) = L5825+ (z;,y,). Let k be the smallest integer
satisfying k > i 4+ 1 and (2g41, ypr1) = LS8kt (25, 9). For this k we have

(Tht1, Yrt1) = LS80 (k) [SIg(ks) (Th—1, Y1)

by Lemma 3.5. Hence the saturated chain
Cy:0 < (w1,41) <+ < (wi1,im1) < (5, 97) <+ < (Th1, Y1) < LSIgn(I’““)(ﬂé‘kq,yzq) <
< (Tt 1y Y1) < = (@) < 1

which is “earlier” than C demonstrates [i, k] € Z¢. By the minimality of [i,j] we must have k = j,

therefore every (xp41,yg+1) for i +1 < k < j must be in the image of some R-operator. <

Lemma 5.4 Under our assumptions j < i+ 1 holds.

Proof: Assume, by way of contradiction, j > i+2. In this case, by Lemma 5.3, we have (j41,y;j41) =
L8N+ (25, y5) and (21, ykr1) = RSB+ (24 yp) for i +1 < k < j. As a consequence of
(2j4+1,Yj41) = LO8RW+) (2, y;) we must have

Tj+1 = Yj (3)
We claim that in this situation y;;1, yit2,...,yj—1 must all have negative sign. In the contrary event,
let m be the smallest integer satisfying sign(y,,) = + and i + 2 < m < j — 1. Consider the saturated

chain

~ ~

C3:0< (wlayl) << (l‘mflaymfl) < (xma _ym) < ($m+1>ym+1) <= ($nyyn) < L
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This is a saturated chain by Lemma 3.4, and because of
(xm_,’_l’ ym+1) — RSlgn(merl)(l‘m, ym) — RSlgn(merl)(xm’ _ym)

Since y,,, is positive, either we have (T, ym) = R (Tm-1,Ym-1) oF (Tm,Ym) = LT (Tm—1,Ym—1)-
In the first case (y, —Ym) = R (Tm—1,Ym-1), in the second (Tm,ym) = L™ (Tm-1,Ym—1). Since
in our labeling the label of ((z,y), R~ (z,y)) is always less than the label of ((z,y), R (z,y)) and
the analogous statement holds also for the operators L~ and L%, the chain Cs defined above is
“earlier” than C, and demonstrates [m, m] € Z¢, in contradiction with the minimality of [7, j]. This
contradiction proves that w;y1,%it2,...,¥y;—1 must have negative sign. In particular, the sign of 1;_1

is negative. Consider now the saturated chain

~ ~

Cy:0 =< (z1,91) < < (251, 95-1) < (Yj-1,95) < (@jr1,Y541) <0 < (Tn,yn) < 1.
This is a saturated chain since (y;_1,y;) = L5i8n(y; )(x;_1,yj_1) obviously holds, and we also have
(2j41,yj41) = L38O+ (y; 1 yi) by (3). Since y;_1 is negative, the label of
(@j—1,9j-1)s (Yj—1,95)) = ((90;‘71,yjfl)’LSlgn(yj)(xjfbyjA))

is less than the label of

(i1, yj-1), (25, 97)) = (wj—1,yj-1), RIS (2,1, y;_1)).

Therefore Cy is “earlier” than C, and [j, j] belongs to Z¢, in contradiction with the minimality of [é, j].
This contradiction may only be avoided if 7 <7+ 1. <O

The last part of the proof of Lemma 5.4 also allows to observe the following.
Lemma 5.5 Ifj > i then j =i+ 1 and y; has positive sign.

Proof: The fact that j = i + 1 is a direct consequence of Lemma 5.4. Assume that y; has negative
sign. If (@41, yis1) = RS8MWit1) (2, 1) then we may reach a contradiction similar to the one in the

last part of the proof of Lemma 5.4 by considering the saturated chain

C5:0 =< (z1,51) <+ = (T %) =< ¥irYir1) < (Tig2, Yir2) <+ < (TnyYn) < 1
which is earlier than C' and demonstrates [i + 1,7 + 1] € Z¢, a contradiction with the minimality
of [i,j] = [i,i + 1]. Hence we may assume (zji1,yir1) = LS8Wit1)(z; 1;). Since y; is negative,
either (x;,y;) = R™(xi—1,¥i—1) or (x;,y;) = L™ (xj—1,yi—1) holds. Let (z},y;) be that element of
{R™(zi-1,Yi-1), L™ (zi—1,yi—1)}, which is different from (z;,y;). Consider the saturated chain

~ ~

Co:0=(z1,51) <+ < (wim1,¥im1) < (27, y)) < (Tix1,Yit1) < < (@n,yn) < 1
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The fact that (z7,y)) is less than (41, yi1+1) follows from the fact that LSign(yi“)(acf,yf)) belongs
to {LSign(yiH)R_ (Tiz1,Yi-1), LSign(y”l)L_(xi,l,yi,l)}, a singleton by Lemma 3.6, and so it is also
equal to (j11,Yi11) = LSign(yiH)(azi,yi)) which belongs to the same singleton. No matter what the
signs of z;_1 and y;—1 are, one of ((z;—1,vyi—1), L™ (zi—1,yi—1)) and ((x;—1,yi—1), R~ (xi—1,¥i—1)) has
label 1. That cover relation can not be ((z;—1,¥i—1), (zi,v:)) since otherwise [i, j| € Z¢ is not possible.
Hence Cg is an “earlier” saturated chain than C, demonstrating [i,i] € Zo. We have reached again a

contradiction with the minimality of [z, j]. <&

Lemma 5.6 Under our assumptions only j = i is possible.

Proof: Assume by way of contradiction that j > ¢ holds. By Lemma 5.5, we then must have j =i+ 1

and the sign of y; is positive. Moreover, by Lemma 5.3, we must have
(@iva, Yiva) = LIS (21 ).

From here on we distinguish two cases, depending on whether (z;+1,%i+1) is in the image of some

L-operator or of some R-operator.

Assume first that (;11,¥;+1) is in the image of an L-operator, then by Lemma 3.3, we must have

(Tit1,Yir1) = LSign(yi“)(xi, ;). In this case consider the saturated chain

~ ~

Cr:0 < (x1,91) < -+ < (4, 55) < R (2 4) < (2440, Yiv0) < -+ < (T, yn) < L.

This is a saturated chain since LSign(yi+2)RSign(yi+1)(xi,yi) = LSign(yi+2)RSign(yi+1) = (xi+27yi+2)a
and the label of ((z;,y;), R¥8MWit1) (1, 1)) is smaller than the label of ((z;,v;), LS8MWit1) (2, 4)),
since y; is positive. Hence C7 is an “earlier” chain, exhibiting the fact that [¢ + 1,7 + 1] € Z¢, in

contradiction with the assumed minimality of [4, j].

Thus from now on we may assume (41, Yi+1) = RSigN(yi+1) (x4, yi). Since the sign of y; is positive,

either (z;,y;) = LT (25-1,yi—1) or (z;, ;) = RT(x;—1,y;—1) holds. In the first case the saturated chain

~ o~

Cs:0=<(z1,91) <+ < (i—1,%i-1) < L™ (zi=1,Yi-1) < (Tig1, Yit1) < -+ < (@n,yn) < 1,

in the second case the saturated chain

~ ~

Co:0=<(z1,11) <+ < (zim1,¥i—1) <= R (i—1,Yi-1) = (Tit1, Yigy1) < -+ < (2, yn) < 1,

is “earlier” than C, therefore we reach the contradiction [i,i] € Z¢ in either case. (The last part of

Lemma 3.6 may be used to verify that Cg and Cyg are saturated chains.) &
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6 “Descents” as a function of the LR-operators

In this we identify the “descent set” of each saturated chain C, that is the set of those i € [1,n] for
which the singleton [i,i] belongs to Z. We facilitate expressing our findings by observing that every
saturated chain of T}, may be uniquely described as a sequence of words of length n + 1 using letters
from the alphabet {L~, L™, R~ RT} subject to the restriction that the penultimate letter must be
negative, and the last letter must be L~. Here the i-th letter in the code of the chain will stand for

the operator that takes (z;_1,y;—1) into (x;,y;). For example, the saturated chain
0=(-1,1) < (1,-2) < (1,3) < (1,—4) < (—4,-5) =1

in T3 corresponds to the word L~ RTR™L~. (If the reader wants to think in terms of composing
operators then, unfortunately, at this point one would need to write the operators after the argument,
which seems to be less elegant overall. However, this is the encoding that allows an easy transition to

cd-words as they are usually defined in the literature of Eulerian posets.)

Definition 6.1 We call the word associated to a saturated chain of T, in the above described way the
LR-code of the saturated chain.

In particular, the number of saturated chains in 7T}, is 2 - 4"~!. What may also take some getting-
used-to for the first time reader, that the descents will not be associated to the letters of our words,
but to the gaps between the letters and before the first letter. In fact the element (z;,y;) of rank
i in a saturated chain C' : 0 < (z1,41) < -+ < (Zn,yn) < 1 corresponds to the gap between letter
(at position i) of the operator taking (x;—1,y;—1) into (z;,v;) and letter (at position (i + 1)) of the
operator taking (x;,y;) into (z;+1,yi+1). We may mark the descents using vertical bars between the
letters. For the example above we will see that the only descent occurs at rank 2, thus we may write
L™ R*|R™ L~ to mark that descent.

Theorem 6.2 Consider the shelling described in section 5. Given a saturated chain C : 0 < (z1,y1) <
- =< (Tn,yn) < 1 of Ty, the singleton [i,i] belongs to Zc if and only if one of the following holds for
its LR-code:

(i) The letter at position (i — 1) is negative, the letter at position i is an R-operator, the letter at
position (i + 1) is an L-operator (pattern ... X~ RE|L"...),

(ii) the letter at position (i — 1) is positive, the letter at position i is an L-operator, the letter at
position (i + 1) is an L-operator (patterns ... X TLF|L"... and L¢|L"...), or

iii) the letter at position i is positive, and the letter at position (i + 1) is an R-operator (pattern

141) the lett t 1) ) 4% d the lett t 4% L+ 1) ¢ R t tt
L XT|REL ).
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Proof: The singleton [i,i] belongs to Z¢ if and only if there exists an “earlier” saturated chain C’ :
0 < (x1,y1) < -+ (Tim1,¥i1) < (@}, ¥)) < (Tit1,Yit1) < (T, Yn) < 1. Equivalently there must be an
element (2}, y}) strictly between (z;—1,y;—1) and (41, ¥i+1) such that the label of ((zi—1,yi—1), (z,y}))
is less than the label of ((zi—1,vyi—1), (zi, v:)).

Case 1: (z;+1,¥i+1) is in the image of some L-operator.

In this case we must have (z;41,y;41) = LS8R+ (2, ;) = LS8OWi1) (o) o) and y; = ¢} = 2iy1.
Since y; = y., both (z;,y;) and (z},y}) are in the image of some operator with the same sign sign(y;).
Hence the set {(z;,v:), (2}, y})} is equal to the set {RSlgn(yi)(xi,l, Yio1), LS8N (g5, yi—1)}. There

are two possible ways to match the elements in these two sets. The first possibility is
(zi,:) = R (2,1, y; 1) and  (af,y)) = LYW (251, y,-1).

In this case, the saturated chain C’ is “earlier” if and only if the sign of y;_1 is negative. This is
equivalent to saying that (x;_1,y;—1) is in the image of some operator X~ (where X € {L, R}), and

we recover the pattern ... X~ Rf|L"7...

The second possibility is
(zi,y;) = L8 (21, y;1) and () = RY8™W) (21, y;1).

In this case, the saturated chain C’ is “earlier” if and only if the sign of y; 1 is positive. This is
equivalent to saying that (z;_1,%;—1) is in the image of some operator X* (where X € {L, R}), or
that (z;_1,y;—1 = (—=1,+1) and we recover the patterns ... X TLf|L"... and L¢|L" ...

Case 2: (z;+1,yi+1) is in the image of some R-operator.

In this case we must have (x;41,vyir1) = RSign(yiH)(azi,yi) = RSign(yiH)(azg,yg), and z; = 2} =
zit1. The only way for (z;,y;) and («,y}) to be different is by y; and vy, having opposite signs.
Hence the set {(z4,v:), (2}, y})} is either equal to {R™(w;j—1,vyi—1), R (zi—1,yi—1)} or it is equal to
{L™(wi—1,9i-1), L (wi_1,9i—1)}. Either way, C’ is “earlier” than C exactly when (x;,y;) is in the

image of the positive-signed operator. We recover the pattern ... XT|R¢.... <&

Using Theorem 6.2 it is relatively easy to recover the flag h-vector of T,,, but for the sake of
calculating the cd-index it is worth observing the following. The two patterns in case (ii) may be
merged into one pattern if we note that 0= (—1,1) has a positive second coordinate, and could be
thought of as the “image of an operator L™”. So we may convert our codes for the saturated chains
of T;, to words of length n + 1 by adding an initial letter L™ in front of each word. This will yield the

positive augmented LR-code of the saturated chain. For example, for the saturated chain
0=(-1,1) < (1,-2) < (1,3) < (1,-4) < (—4,-5) =1

in T3 we obtain the code LYL™RTR™L~. Descents now correspond to the gaps between letters,
except for the gap between the first two letters. The description of the descent-yielding patterns may
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be simplified to:
CXTRALT..., XTLE|ILT..., or L XT|RE.... (4)

~

Let us observe next that, by Proposition 3.7, the poset T}, is also isomorphic to the interval [(1, —2), 1]
of Ty, 41, and so we may also enumerate the descents of the saturated chains of T;, by enumerating
the descents of all saturated chains in the rooted interval [(1, —2),/1\]6 ~(1,-2) Of Tny1. It is easy to
verify that this enumeration corresponds to the following encoding: we append an L~ in front of the
LR-code of each saturated chain of T},, and use the same list of patterns (4) to describe the position of
the descents. We call the resulting long code the negative augmented LR-code of the saturated chain.

For example, for the saturated chain
0=(-1,1) < (1,-2) < (1,3) < (1,—4) < (=4, -5) =1

in T3 we obtain the code L~L™RT|R™L~. Note that the descent set associated to this chain when
using the negative augmented LR-code is different: it is {2}, as marked in the code. But if we sum up
the descents associated to the negative augmented L R-code for all saturated chains of T;,, we obtain
the same flag h-vector statistic, since we end up computing the flag h vector of the same partially

ordered set. We may also use both codes and take the average.
Corollary 6.3 The flag h-vector of T,, may be calculated as follows.

1. Write down all words uw = uguy - - up+1 of length n + 2 using the alphabet {L~,L* R~ R"}
satisfying up € {L~, LT}, up, € {L7, R}, and up+1 = L.

2. Number the gaps between the letters left to right with the numbers 1,...n, omitting the first gap.
(Gap number i follows the letter u;.)

3. Mark the descents wherever any of the patterns listed in (4) occurs.

4. hs(T),) is the half of the number of words for which exactly the gaps associated to the set S C [1,n]

are marked as descents.

7 The cd-index of T,

The use of Corollary 6.3 makes the calculation of the cd-index of T, really easy.

Theorem 7.1 The coefficient of the cd-word w = c*1dc¥2d - - - dcF+1 in the cd-index of T), is
2de8a(W) (k1 4 1)+ (ky + 1).

Here deg,(w) denotes the number of d’s occurring in the cd-word w.
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Proof: Consider the set W of all words described in Corollary 6.3. The ab-index of T}, using its
definition and Corollary 6.3, may be described as follows. For each word ug - - - un41 € Wf write a b
below the gaps marked as descents, and a letter a to all other gaps, except for the gap between ug and

u1. One half times the sum of the associated ab-words over all words from W, yields the ab-index.

Switching the sign of any letter except for the sign of u, and u,;; takes Wt into itself. Allowing
all such sign switches induces a Zj-action on W, Each equivalence class under this action may be
characterized by word of length n + 2 on the (unsigned) alphabet {L, R} starting and ending with
the letter L. (The sign of the last two letters may be dropped, since they have to be negative, the
sign of the other letters may be ignored due to the Z§-action.) We claim that each equivalence class
contributes the constant multiple of exactly one cd-monomial w to the cd-index. The coefficient of
the contributed cd-monomial will be 24¢8a(®)=1 " (Different equivalence classes may contribute the
same 29°8a(¥)qy.) To see this, consider an arbitrary (signed) LR-word u = ug ... u,y1 € WiE. Let us
determine the effect of choosing the sign of u; on the descent set where 0 < i < n. Let us observe that
the choice of the sign of u, will not change the position of the descent, hence we may focus on the

remaining wu;’s, each of which is followed by at least two letters.

Case 1: u;11 is of the form R® and w;yo is of the form L". According to the list of descent patterns
(4), depending the on the choice of the sign of u; we see either the descent pattern X~ R*|L" or the
descent pattern X T|R°L" at positions 7,7 + 1,47 + 2, and the sign of u; alone will determine which of
the gaps numbered ¢ and ¢ 4 1 respectively is a descent. Note also that the case ¢ = 0 is special, since
the gap between ug and wu; is ignored for the purposes of the descent statistics. Choosing the sign of
u; will have no effect whatsoever on the existence of a descent at any other gap. Hence summing over
the sign choices of u; will contribute a factor of ab+ ba = d covering the gaps numbered ¢ and ¢ + 1 if
1> 0 and a factor of a + b = ¢ for ¢ = 0.

Case 2: both u;y1 = L® and u;4o = L™ are signed L-letters. For these the sign of u; will determine
whether the descent pattern X+ L|L" occurs or not at positions 7,7 + 1,7 + 2, and will have no effect
on the existence of descents at any other positions. Hence summing over the sign choices of such a u;

will contribute a factor a + b = ¢ covering gap number 7 + 1.

Case 3: wu; is followed by to signed R-letters, u;+; = R® and u;19 = R". The sign of such wu;’s will
determine alone whether there is a descent between w; and w; 41 (according to the pattern X +]RE)
and will have no effect whatsoever on the existence of any other descents. Hence such u;’s contribute
a factor of a + b = ¢ covering gap number i. Again the case i = 0 is special, since the gap between ug

and w; is ignored in the descent statistics.

Case 4: u; is followed by u;11 = L® and u;yo = R". In this case the sign of w; has no bearing

whatsoever on the existence of any descent, summing over the sign choices of u; yields a factor of 2.
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Observe also that that in any of the patterns listed in (4), switching the sign of the letter denoted
by X makes the descent in question disappear. In fact, there is no descent between R® and L" in a
pattern ... XTRFL" ..., no descent between L and L in the pattern ... X L°L"... and no descent
before R® in a pattern X~ R°. Moreover, in all patterns the letter X is followed by 2 letters, except
for the last pattern, where we know that X+ can not be u,, since the last letter must always be L.
This means that the existence of any descent is controlled by the sign of some w; followed by at least

two letters, and the four cases above cover the generation (and “disappearance”) of all descents.

What we obtained is that the equivalence class of u contributes a multiple of that cd-word w in
which the letters d cover exactly the gaps before and after those u;11 = R® satisfying 1 <i <n — 1,
which are followed by a w;42 = L. The coefficient of the cd-word will be one half times 2 raised to
the power of the number of those u;’s whose sign has no influence on the descent structure. Observe
that the sign of every w; associated to a letter d determines the existence of descents at two positions,
making the role of of one u; in determining the descent structure unnecessary, while the u;’s associated
to a letter ¢ determine the existence of a descent at one position. Hence the number of u;’s whose

sign has no influence on the descent structure is the number of d’s, and the coefficient of w is exactly
odegy(w)—1

Finally we need to answer the question, how many equivalence classes yield the same cd-word. Each
equivalence class may be uniquely represented by a word v = vy ...v,4+1 on the (unsigned) alphabet
{L, R} that satisfies vg = v,4+1 = L. From what was said above, it is clear that an equivalence class
contributes 24¢8a(®) . for some ¢d word w = cF1dck2d - - - defr+1 if and only if the gaps before and
after the letters v; satisfying v; = R, ¢ > 2, and v;41 = L, mark exactly the beginnings of the d’s in
w. For example, the term 22! - deede is contributed by the following equivalence classes of saturated
chains in T7: LLRLLLRLL, LLRLLRRLL, LLRLRRRLL, LRRLLLRLL, LRRLLRRLL, and
LRRLRRRLL. Here we may observe that whenever there is a ¢/ between two d’s that corresponds
to kj letters between two RL patterns. These k; letters may contain any number of R’s between 0
and k;, but once we fix this number there is a unique way of filling in the letters since we are not
allowed to create a new RL pattern, and so the R’s must be right-adjusted. This gives us (k; + 1)
independent options. Concerning the letters before the first RL pattern marking a d we may make
almost the same observation, but we also have to note that we are always allowed to change to choose
the letter v; to be either R or L, since v1 = R, vo = L is an RL pattern that does not induce a letter
d. For example, the term ccd is contributed by the following equivalence classes of saturated chains in
Ty: LLLLRL, LLLRRL, LLRRRL, LRRRRL; LRLLRL, LRLRRL. If there is a c** before the first
d, then the corresponding RL pattern is preceded by vgv; - - - vg1o. Here vg = L, we have 2 choices to
setvy, and k1 + 1 choices to choose the number of (right-adjusted) R letters among vy - - - vg12. This
yields a factor of 2 - (k; + 1). Note finally that all letters after the last RL pattern must be L’s.

Therefore there are 2(k; +1) - - - (k. + 1) equivalence classes contributing to the same cd monomial

w = c*1dck2d - - - dekr+1, and each such class contributes 2984(®)=1 44 itg coefficient. &
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The cd-index of T;, for the first few values of n is provided in Table 7.

Uea(Th) = 1

\chd(Tl) = cC

Uoy(Ty) = c2+2d

Uog(T3) = &+ 4ed + 2dce

Uoq(Ty) = c*+6c¢2d+ 4ede + 2dc? + 4d?

Uog(Ts) = ¢ +8c3d+ 6c%de + dedc® + 2de® + 8cd? + 8ded + 4d>c

Table 1: The cd-index of T}, for n < 5.

Remark 7.2 With some effort, it is also possible to deduce the cd-index formulas of this section from
the ce-index formulas that will be shown in section 8, without using shelling. However, it is always
an intriguing challenge to describe the cd-index of a class of “symmetric” posets using some sort of
statistics on words. The earliest example of such a calculation may be found in Purtill’s paper [19] who
calculated the cd-index of the Boolean algebras using an ascent-descent statistics studied by Foata,
Schutzenberger, and Strehl in [14], [15], [16], and [17]. The existence of such interactions still needs a

better explanation.

8 The ce-index and the flag f-vector of T,

As a consequence of Proposition 3.7, we may write and easy recursion formula for the ce-index of T,.

Proposition 8.1 The ce-index V..(T,,) of T, satisfies the recursion formula

Ueo(Ty) = 20V oo (T1) — €2Weo(Ty_2)  forn > 2.

Proof: As it is known (see e.g. Stanley’s paper [22, Formula (5)]), the ab-index of an Eulerian poset

of rank n 4+ 1 may also be written as

SC[1,n]
where vg = v1 -+ - v, and
b if i € 5,
YTl a-b ifigs.

Let us apply this formula to T,,, and split the sum into two parts depending on whether S C [1,n]

contains 1 as an element.
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Case 1: 1 € 5. Since T;, has four atoms, and above each atom, according to Proposition 3.7, there is

a copy of T,,_1, we obtain

> Fs(Tn) - vs = 4bWap(Try).

SCl1,n]

IES
Case 2: 1 ¢ S. All elements of a partial chain not containing any element of rank 1 are either above
(—1,-2) or (+1,+2). If a partial chain is above both of these elements, then it contains no element

of rank 2 and it is a partial chain in the Tchebyshev poset of
Q:-33<—-44<---<—nn<—(n+1)<—(n+2)

that avoids the top element (—(n + 1), —(n + 2)). The Tchebyshev poset of =3 < 3 < —4,4 < --- <

—n,n < —(n+1) < —(n + 2) differs from 7'(Q) only in having an extra minimum element (—3,3)

and this latter poset is isomorphic to T),_2. Hence summing over all partial chains of T'(Q) avoiding

its top element has the same effect as summing over all partial chains of 7,,_o that avoid its top at

bottom element. Therefore

Z fs(Ty) - vs = 2(a — b)Wep(Th—1) — (a — b)*Wep(Tr—2).
SC[1,n]
1¢S

Adding up the contributions of all partial chains from both cases yields
Uop(Th) = (4b+ 2a — 2b) U o3 (T—1) — (a—b) ab(Thn—2) =2(a 4+ b)Vp(Th—1) — (a—b) ab(Th—2),

and so we are done by c=a+b and e =a — b. &

Corollary 8.2 The substitution c — x, e — 1 sends the ce-index of T}, into the Tchebyshev polynomial
Th(z).

In fact, under this substitution, the V.. (7p) goes into 1, the .. (T}) goes into z, and the recursion

formula of Proposition 8.1 goes into the well-known recursion
To(z) = 22T —1(x) — Thh—a(x).

of Tchebyshev polynomials. This corollary is by the way the one that motivated the name “Tchebyshev

poset”.

Remark 8.3 The substitution ¢ — z, e — 1 sends d into (22 — 1)/2, and thus Theorem 7.1 yields

the following formula for Tchebyshev polynomials:
5]

Tp(z) = _Ox”—2m(x2_> LD | (S

m= SC[1,n] I€Z([1,n]\S)
|S|= 2m ngl
S even
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Here Z([1,n]\ S) stands for the collection of longest possible intervals whose disjoint union is [1,n]\ S.

It is also well known that

Comparing coeflicients yields:

<2’;): S I +u.

SC[1,n] I€Z([1,n]\S)
|S|=2m ngl
S even

Using Proposition 8.1 it is easy to obtain the following closed formula for the ce-index of Ti,.

Theorem 8.4 The coefficient of a ce-word u in Wo(T},) is 298 (W) =1(_1)deec(w)/2 if the last e in u is
followed by at least one ¢, and 2degc(“)(—1)dege(“)/2 otherwise. FEquivalently

= ISI=L ()82 if S s even and n & S,
LENT,) = ¢ 2n=I81(—1)I81/2 if S is even andn € S,
0 if S is not even.

The proof is a straightforward induction on n and left to the reader.

We conclude this section with calculating the flag f-vector of T;,.
Proposition 8.5 Assume that the elements of S C [1,n] are 1 < s1 < s9<-+- < s <n. Then

A0 s1(52 — 51)(53 — 82) -+~ (5% — s-1) fn € S.

Fo(Th) = { 41815y (53— 51) (53— 92) - - (5% — 5p1) ifn &S,

Proof: The number fg(7},) is the number of increasing chains of the form

(e1ji,m(s1 + 1)) < (e252,m2(s2 + 1)) < -+ < (ekr, k(8K + 1))

where the ¢;’s and 7;’s are signs. Assume first that n ¢ S, ie., s < n, and let us count the
number of such increasing chains by filling it up from the bottom up. The possible values of j;
are 1,2,...,51. There are 4 ways to choose the signs 1 and 71, so the first element of our chain
may be chosen 4s; ways. Suppose now we have already chosen (e1j1,m1(s1 + 1)), (g272,m2(s2 + 1)),

oy (8i—1Fi—1,mi—1(8i—1 + 1)), and let us count the number of ways to choose (g;j;,7(s; + 1)). The
possible values of j; are: j;—1,8i-1 + 1,8i-1 + 2,...,8;. If j; = j;—1, then we must have ¢; = ;3
and if j; = s;_1 then we must have ¢; = n;_1. In all other cases there are two ways to choose ¢;.

There are always two ways to choose 7;, and so choosing (g;j;,7:(s; + 1)) contributes a factor of
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242+ 4(s; — si—1 — 1) = 4(s; — 8;—1 — 1). Multiplying the numbers of choices we made we obtain

exactly the stated formula.

The only difference arising when n € S is that the sign n; of sy +1 =n + 1 must be —, and so we

have only half as many options to choose the last element of our increasing chain. &

9 Extremal property of the Tchebyshev posets

The main result of this section is the following extremal property of the Tchebyshev poset Tj.

Theorem 9.1 Ford > 1, the f-vector (f-1, fo, ..., fa—1) of an arbitrary (d—1)-dimensional simplicial

complex satisfies the inequality

2dzg 0fi—1 (wT_l)J S 1

~1<a<1 Ja-1 = 2d-1°

Equality holds for the order complex of Ty \ {6, T}

As a first step towards the proof of Theorem 9.1, let us collect the terms of the polynomial Z =0 fi—1 (x 1)
and denote the coefficient of 24~ by L;. We call the vector (Ly, ..., Ly) obtained this way the L-vector

of the simplicial complex.

Definition 9.2 The L-vector (Lo, L1, ..., Lg) of a (d —1)-dimensional simplicial complex is given by

d .
d
o)
j=d—i
Introducing y = Z51 allows to transcribe Z?:o Liz%t = Z;l:o fi-1 (’“"T*l)] into
d
> Li2y + 1)? Z fio1y.

=0

Comparing the coefficients of ¢/ yields

L fd—i
fj1:2jz< 4 >L2
i—o N/



In other words, the L-vector is a linearly equivalent encoding of the f-vector. It is easy to verify that

for the order complex of an arbitrary graded partially ordered set satisfies
Li=> Ls. (5)

This equation may be derived from f;_1 = Z|T|:j fr, using straightforward substitution into the
definitions. As a consequence of equation (5) and Corollary 8.2 we obtain that for the order complex

of Ty the polynomial Z?:o fi—1 (%)J is the Tchebyshev polynomial Ty(z), with leading coefficient

24=1 For a general simplicial complex of dimension (d — 1) the leading coefficient of Z;l:o fi—1 (’”Tfl)]
is Lg = (%)d fa—1, and so the leading coefficient of
1 —d —1\J
2241 ijo fi—1 (le)j
fa—1
is 2771, As it is well known, for polynomials f(x) of degree d with leading coefficient 2?71, we have

>1
_max |f(z)] >

with equality when f(z) = Ty(z). Therefore we have

2d—1 \d ) —1\J
max 2 ijo fi—1 (IT) >1
~1<z<1 fa1 -

Dividing both sides by 247! yields the statement of Theorem 9.1.

10 Concluding remarks

Perhaps the most important future use of Tchebyshev posets could be the investigation of a new
special instance of Stanley’s conjecture on the non-negativity of the cd-index of Gorenstein* partially
ordered sets. In [24, Conjecture 2.1] Stanley made the conjecture that every Eulerian poset whose
order complex has the Cohen-Macaulay property, i.e., every Gorenstein® poset, has a non-negative
cd-index. In the same paper Stanley proved his conjecture (using spherical shelling) for boundary
complexes of polytopes, and (by reducing the statement to known results about simplicial spheres)
for simplicial partially ordered sets. In [12] R. Ehrenborg and myself gave an analogous description of
the cd-index of Eulerian cubical posets. Using our description, the verification of Stanley’s conjecture
in the case of cubical posets is reduced to the question of non-negativity of Adin’s h-vector (defined

in [1]) for Cohen-Macaulay cubical complexes.

In analogy to the case of simplicial and cubical posets, one could restrict attention to those Eulerian
partially ordered sets P for which every interval [6, x] is isomorphic to the dual of a Tchebyshev poset
T,. If P is the face poset of a C'W-complex then this complex is given by the property that each of

its cells is a dual Tchebyshev cell.
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Conjecture 10.1 In the case of CW -complezes of dual Tchebyshev cells, Stanley’s conjecture may be
reduced to a non-negativity statement on an (appropriately defined) h-vector. Just like the simplicial
h-vector, and Adin’s cubical h-vector, this new h-vector will be a linear recoding of the f-vector of the

complex.

Two key issues are likely to make the treatment of such complexes more difficult than that of its
simplicial or cubical “cousins”. First, both simplicial and cubical h-vectors may be defined in relation
to shellings. This is unlikely to happen to “complexes of dual T'chebyshev cells”, since dual Tchebyshev
cells themselves are non-polytopal, have only four facets in any dimension, thus the number of types
of shelling components is not likely to grow with the dimension, while the dimension of the vector
space generated by the f-vectors probably will. Second, the Dehn-Sommerville equations for cubical
and simplicial spheres were already known to Griinbaum [18]. In terms of the cubical and simplicial h
vectors, these equations may be rewritten as h; = hg_;. It is not yet known whether the dimension of
the vector space of f-vectors of d-dimensional “spheres of dual Tchebyshev cells” would be essentially
d/2. Tt is easy to write up that many (linearly independent) relations for the f-vector, but constructing
that many examples with linearly independent f-vectors seems to be a daunting task, again because

of the “lack of polytopality”.

On the other hand “spheres of dual Tchebyshev cells” are still much more special than Gorenstein*
posets in general. Proving Stanley’s conjecture for them, together with the simplicial case could

perhaps inspire a long-awaited “common generalization”.
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