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An Adaptive Wavelet Method
for Nonlinear Circuit Simulation

Dian Zhou, Wei Cai, and Wu Zhang

Abstract—The advance of very large scale integrated (VLSI)
systems has been continuously challenging today’s circuit simula-
tors in both computational speed and stability. A novel numerical
method, the fast wavelet collocation method (FWCM), was first
proposed in [1] to explore a new direction of circuit simulation.
The FWCM uses a totally different numerical means from the
classical time-marching or frequency-domain methods and has
demonstrated several superior computational properties, such as
uniform error distribution and better computational stability,
as compared to that provided by the conventional simulation
methods.

The foundation for using wavelets to expand the solution
of ordinary differential equations (ODE’s) was laid out in [1],
[2], and [10] where linear systems were computed. However,
it has not been studied in detail how to effectively apply the
FWCM to solving nonlinear systems. In this sequel paper, we
explore the iterative and adaptive schemes which extend the
FWCM to nonlinear systems. The proposed adaptive procedures
mainly address the method of linearization of nonlinear terms
after the unknown vector function is expanded into wavelet
basis functions. We implemented two different adaptive schemes,
multilevel adaptive and multiinterval adaptive, and evaluated
their advantages and disadvantages. It is shown that the FWCM
can handle nonlinear systems very efficiently with an accuracy
as high asO(h*) for the solution and fast mapping between the
values of the function and their wavelet expansion coefficients
in, at most, O(N log N') operations, whereh is the discrete time-
interval length and N is the total number of collocation points.
Furthermore, the derivatives of the unknown function can be
calculated with an accuracy ofO(h*) in O(N log N) operations.
Numerical results are presented which match well with the SPICE
simulation.

Index Terms—Circuit simulation, VLSI, wavelet method.

I. INTRODUCTION

and [10] where a fast wavelet collocation method (FWCM)
was introduced to approximate solutions of ordinary differ-
ential equations with a uniform error distribution.Theoretical
analysis and numerical results of applying FWCM to the
linear circuit indicated that the FWCM is indeed a robust
algorithm, by which the circuit simulation can be performed
very efficiently. The purpose of this paper is to study the
potential of extending the FWCM to solving nonlinear systems
and to develop the corresponding adaptive schemes.

The paper is organized as follows. Section Il first outlines
the general format of the FWCM and then extends it to
solving nonlinear systems. It presents the discretization method
and iterative schemes. Section Il demonstrates the proposed
algorithm with numerical experiments of nonlinear circuits.
Section IV comments on the further research. To ensure that
the paper is self-contained and for readers who are inter-
ested in the mathematical completeness of the FWCM, the
Appendix describes the background of the FWCM, includ-
ing the construction of approximation subspaces, definition
of basis function sets, wavelet expansion of any function
having second-order continuous generalized derivatives, and
the transform between expansion coefficients of the function
and its values.

Il. THE FWCM FOR NONLINEAR PROBLEMS

This section deals with the application of the FWCM to
nonlinear ordinary differential equations. Specifically, we shall
describe the entire numerical procedure of the FWCM, includ-
ing the expansion of the unknown solution, the discretization
of the nonlinear system, the iterative scheme, and adaptive
techniques.

HE time-marching method is the most popular numeri-

cal approach in VLSI circuit simulation because circu

TS Function Expansion

nonlinear properties can be well handled in the time domainLet H*(I) be a Sobolev space which basically contains
[3]. However, the method suffers from inefficiency in treatingunctions with square integrable second derivatives [5]. We

singularities, which often develop in high-speed circuits.

Introduce a basis function set of approximation subspace

also has the problem of nonuniform error distribution that mal,; C H?(I) for a given integer/ > 0 and a fixed interval

cause a phase shifting phenomenon of the simulated signal

Bl [0,L] with L > 4 [2], [10]

The importance of uniform approximation was explored in [1]Vw
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wheren; = 27 L. We further define a set of wavelet subspacekhe following collocation points are chosen fdf,, and
W;,j > 0, respectively

Vo = {m (), m2(t), n2(L — ), m(L — )} (2.2)
Vo = span{po,—1(t), pox(t),0 <k < L—4 #=Y =, té‘”:%, TV k-2 3<k<L+1
wo,L—3(L —t) (2.3) 1
P FR SV (2.12)
Wj = Spa11{¢j7k( ), —-1<k< 7’Lj—2}, 0<;<J -1, L+2 — 9’ L4+3 — :
(2.4) (_Ji_ 11_1_27 t;j):k—i_—jl'o7 0<k<n;—3
Vi=VhaWeasWid - @W,_;, 0<j<J-1 ) 2 2
J —
@25) th2=L- g (2.13)
Vi =V, UV, (2.6)

Note that the total number of collocation pointsNs= 27 L +
where the notationV @ W stands for the direct sum and3, which equals exactly the number of the basis functions
span{fi, f2,...,fn} represents a function set formed bydefined in (2.1) and the number of the expansion coefficients
all linear combinations of the functiong, f»,..., f.. The in (2.7)=(2.9). Consequently, we can uniquely determine the
subspaces defined in (2.2)—(2.6) form a wavelet decompositéefficients by the above interpolating conditions.

of the Sobolev spac&?() [2], [10]. The orthogonal wavelet

proposed by Daubechies was originally designedid¢g), B. Discretization of Nonlinear System

with R being the whole real line [14]. Hence, for any function Consider the following nonlinear ordinary differential equa-
z(t) € H*(I), we can expand it in a series of the basis functiotions:

system defined by (2.1) and consider its interpolation at some dx
interior knots, called collocation points, defined in (2.12) and a f(t,x) (2.143)
(2.13) below. We write the expansion of the functioft) as 2(0) = =z (2.14b)

2s(8) = Iyalt 27)

J-1

) + Z Iw’jx(t)
=0

where
Iypor(t) = 321 —am(t) + &—1,—oma(t) + 21, —190(t)

z_:fc Leern(t) + 21 p—3o (L — 1)

k=0
+a 1 p—om(L —t)+ 2 1 p1m(L—1)
= a:_l(t) € Vo (28)
and

TLj*Q

ija:(t) = Z .’i’j7k1/)j7k(t) = .’L’j(t) € Wj, 0<5< J—1.
h=—1

(2.9)

We denote expansion coefficients as a vector

Ty = (35—1,—3735—1,—27 cee s @1 kyer 3 £—1,L-2,L—1,L—1

L0,—1,%0,05---7L0ks -1 L0ne—31 L0 NG—2svvrn--

LJ—1,-1,LJ=1,01- - LI=1,ks-- - LJI-1,n;_1—3

(2.10)

Zi1n,_1-2)

wherez(t) = (x1(t), z2(t), ..., z,(t)) is an unknown vector
function andf(¢, z) is a given nonlinear vector function. We
expand the unknown function(t) for a given integer/ > 0
and obtain

J—1
Ix(t) = Iy, z(t) + Y Iw,z(t) = z_1(t)
7=0

—i—Zar,

wherez_1(t) andz;(t), 0 < j < J — 1 have the same forms
as those in (2.8) and (2.9), respectlvely Interpolating (¢)

in (2.15) at the collocation pomtéfk },7>-1in(2.13) and
substituting the expressions (2.15) into (2.14), we obtain the
following nonlinear discrete algebraic system:

Az = f(2)
where A is an N-by-N invertible derivative matrixtc = 2 ;
given in (2.10) andf(z) is the vector of the values of (&)
at all collocation points ordered in the same wayzas-or a
given integerJ > 0, A is a constant matrix. Elements &
are given by calculating derivative values of basis functions at
each collocation point (for details oA, see [10]). Solving

(2.16), we obtain solutior of the expansion coefficients.
From a fast discrete wavelet transform (DWT) technique, we

—.TJ t (215)

(2.16)

which will be determined by satisfying interpolating condition§an effectively construct the approximation solutiof(t) of

at collocation pointst,(c_l), 1<k<L+3and t,(j), -1<
E<n; —2,5 >0, ie.,
Lzt ) =2(tY), 1<k<L+3
IJa;(t<’)) 2(tP),  jz0; —1<k<n; -2
0<j<J-1

the ordinary differential equations (2.14) from the expansion
coefficientsz [2].

C. lterative Schemes

Since the system (2.16) is nonlinear, it needs to be solved
by some kind of iterative method. We study the following two
iterative schemes.
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Scheme 1[Using (2.16) directly.]
We rewrite (2.16) as follows:

&= AT f(2) (2.17a)
and then have the iterative scheme
D = A= (30, (2.17b)

The following is a formal computation procedure.
Step 1) Choose initial iterative vectdf® = %, and give
a tolerances > 0.
Step 2) Findz**+1) from (2.17) wherek = 0 for the first
iteration.
Step 3) Compute errof where

E = |30+ _ jj(k)H/

™. (2.18)

Stop computing if£! < €. Otherwise, go to Step 2.
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(2.14b) of the ordinary differential equations. That is, we
assume that:(t) = zo for all collocation points. The other
depends upon the input of the system studied.

D. Adaptive Techniques

One of the main advantages of the FWCM is that adaptive
procedures can be used [1], [2]. Using adaptive techniques,
we can improve the computational efficiency significantly. In
the following we consider two types of adaptive procedures.

1) Multilevel Adaptive: As a result of the wavelet space
decomposition property (2.5), higher resolution of the solution
can be obtained by increasing the levabf the wavelet expan-
sion in (2.7). More importantly, because of compact support
of the wavelet basis, not all wavelet basis functiafs,(t)
are needed in higher wavelet spad&s: in order to improve
the resolution of the singularities in the solution. Moreover,
it is well known [2], [14] that the wavelet coefficients of

The scheme described in (2.17) is a fixed-point scheraa approximation to a function reflect the singularity of the

which corresponds tot = 7% where 7' is an operator
determined by matrixA and functionf.
Scheme 2[Using an equivalent form of (2.16).]

We rewrite (2.16) as the following equivalent form:

T =2 - p(Az — f(2)).
Thus, we obtain the corresponding iterative scheme as follo
FRFD _ ak) _ p(Afj(k) _ f(ﬁj(k)))

d (R
— 2® —p< x

(2.19a)

_ 2R _
7 f(t, k)) (2.19b)

function. Therefore, by thresholding the wavelet coefficients
within a given error tolerance we will only retain those
wavelet basis functions which have contributed significantly
to accuracy. Thus, the magnitude of the wavelet coefficient
in W; will indicate whether a refinement, by increasing the
wavelet space level, is needed or not. For example, given error

Vygl_erances, if

max |&yp| > €

(2.20)

then we can increase the number of wavelet subspHces
in the expansion for the numerical solutiary(t) = I;x(t)
in (2.3), say, up toW,J' > J. Let J' > J and define a

where0 < p < 1 is a relaxation factor and determined bysolution vector

_or af

the condition number of the matrigA — 5%) where —52

is the Jacobian matrix of vectgf(#) with respect to vector

Z. Equations (2.19) is also a fixed-point iterative scheme and
converges if thep value chosen is small enough [13]. The here +() — {IJfa:(tij))

iterative procedure is as follows.

Step 1) Choose initial iterative vectaf® = &, and give
a small real numbet > 0.

Step 2) Calculatelz®) and f(2®)) or £ and f(t,z). Let
k = 0 for the first iteration.

Step 3) Find#®*+1) from (2.19).

zp=I1px= (a:(_l),a:(o), . ,a:(‘]_l),a:(‘]), . ,a:(‘],_l))

(2.21)

TLj*Q

2 d <5 £ J = 1. Next,
zp € VUV Woed---® Wy _1 will be the new numerical
solution which yields a better approximation of the exact
solution of (2.14).

Again, only basis functions, thus their coefficients near the
singularities (which could be determined by the magnitude of
the wavelet coefficients on levél;), shall be included in the

Step 4) Compute errdk defined by (2.18). Stop computinghigher wavelet spaced’ ;..

if R < e. Otherwise, go to Step 2.

Another improvement of the convergence is to apply the

Some suggestions about the above iterative schemes willitegative scheme (2.19a) to find the differencec¢f) — x s (¢)
given in Section lIl. In general, we would rather use Scheme®herex ;(t) is the previous solution of (2.15), using wavelet

which is a convergent scheme, if thevalue chosen is small

space up toW; and z(¢); the exact solution of (2.14).

enough. Scheme 1 may diverge because it is possible tiaus, a wavelet expansion up to levél;, in (2.21) will be
the Scheme (2.17b) may not produce a contraction operat@pplied tox(¢) — z;(¢). Such an approach is very close to
In fact, unlike Scheme 2, iterations in Scheme 1 cannot bee defect correction method [11] in the context of wavelet
controlled during iterative computation. We shall thereaftepproximations.

consider iterative Scheme 2 only.
Finally, we discuss how to choose initial starting vaiti&)

2) Multiinterval Adaptive: Another improvement of accu-
racy is to use the idea of multidomain methods commonly

with which the discrete system (2.16) is solved iterativelyised in computational fluid dynamics [12] where the physical
Since we solve the nonlinear system (2.16) in the whotlomain is decomposed into subdomains. In our situation, the
interval I simultaneously, we must provide initial valuesvhole time interval will be subdivided into subintervals, hence
along the intervall. Two kinds of initial starting values arethe term multiinterval adaptive. Within each subinterval, we
considered in the present paper. One uses the initial vaken apply any numerical technique (i.e. iterative Schemes 1
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or 2, multilevel adaptive). Our experience with the singular
solution is that the combination of multiinterval and multilevel
adaptive techniques give the best performance in terms of rate
of convergence and accuracy, as shown in the numerical results
given below.

)

w

Vin
I1l. NUMERICAL EXPERIMENT O

Vout

o

For linear circuit simulation, [1] compared the FWCM with
the time matching methods, including Euler, Runge—Kautta,
and those used in SPICE. The results demonstrated that the
FWCM has a superior property in improving computational
stability, overcoming the phase shifting phenomenon, and
providing uniform approximation. In the following we show N
the performance of the FWCM for nonlinear circuit simulation —
and compare it with SPICE. Note that the intervaln the @
previous discussion is a standard intervak= [0, L] where
L is a positive integer. For a real physical time interval
I, = [to,t1], to = 0 and¢; > o we shall first map it to
the standard interval and then apply the FWCM.

S

B N N

w

50 |

A. Nonlinear Circuit 25

Vin (v)

A CMOS inverter is used here as a representative example
of the nonlinear circuit for its simplicity [Fig. 1(a)]. Let(¢),
the output voltage of the inverter, be the unknown function.
The nonlinear ODE describing the circuit behavior is

00 |

00 2.0 40 60 80 100

2 time (ns)
du(t
% = f(t,v(t)) (3.1) ®)
v(to) = ’ Fig. 1. (a) A CMOS inverter. (b) The input signal.
where TABLE |
Ids,Pmos +) — Idstmos t NUMERICAL RESULTS FORJ = 2
o)) = Pt~ diemes @) g ) .
L N RI R2 n C(PU ‘”:;)e
Secon
and (3.3), at the bottom of this page, in which,, K,, X;i,
and) are the transistor's model parameters [8], [9] &icand - oB2ed | 3600 i 148
[ are, respectively, the channel width and length. The input'® s 7.27e4 | 105el 14 7.58
voltage v, is assumed to have the form shown in Fig. 1(b). 20 83 42le4 181¢3 12 19.97
Initially, the load capacito” is discharged. The FWCM and 40 163 296¢e-2 131e-2 20 123.6

numerical techniques described in the previous sections were

implemented in C++, and the computation was performed on a

Sun Sparc 20 workstation. We now analyze the effectivenesgdgfameters/ and L and the computation data, such as central

the proposed numerical techniques and choose the computafig@cessor unit (CPU) time, number of iteratiomsand errors

parameters involved. R1 and R2 for solving the nonlinear equations (3.1)—(3.3)
1) Selection of Parametetsand L: To use the FWCM, where R1 and R2 are, respectively, the error of nonlinear

we must first choose level parameteof approximation space iterations and the error between the present results and the

Vz,.J > 0 and length parametdr of the standard interval. The SPICE’s results in the sense of (2.18).

reasonable values of and L are important in increasing the From Tables | and I, we see that parametémnd L affect

simulation efficiency. In general, low values dfand L may both the number. of nonlinear iterations and the total CPU

result in convergence difficulty and, on the other hand, overlyme. The values of erraR2 indicate that there is an optimal

large values may increase computation cost. To highlight thigatch between valueg and L for numerical computation

point numerically, we show in Tables | and Il the choice ofvhere.7 = 2 and L = 20 in the present case. Table IIl gives

w Vds
KPl —2Xj (Ugs — Uth — 7)”(15(1 + Avas), g > vin ANA vas < Ugs — Uin
={ K w
Tas — (Ugs - Uth)Q(l + )\Uds)v Vgs > Uth and wqs > Ugs — Vth (33)
21— 2Xj1
0, others
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10.0 . 6.0 T T : -
80 [ J sof -
C = 40 E 1
z 80 1z o 7
s W F 1o 30F 3
g "E 18 20F —— SPICE ]
o - 1 = r E
ToEoE 1% 10k “Fwow
00 | = 1 oo0f E
20 o S I T SR | ] " 1 A 3
18 19 20 21 22 23 1.90 20 2. 27
time (ns) time zns)
Fig. 2. Results of using iterative Scheme 1.
TABLE 1l T T T T
NUMERICAL RESULTS FORL = 20 e
CPU time
] N R1 R2 n (second) R
= L
0 23 392¢-3 5.55¢-3 20 1.32 ©
25 —— SPICE
1 43 584e4 | 2.69¢3 12 439 S L
> olevel 1
2 83 421c-4 1.81e-3 12 19.97 - level 2
3 163 671c-4 | 247e3 10 86.74
0.0 posssecd .
19 20 21 27 23 24
TABLE Il time (ns)
N R N = 83 . . .
UMERICAL IRESULTS FOR Fig. 4. Results from multilevel adaptive.
L J RI R2 n CPU time
(second)
6.0 . . . .
5 4 1.11e4 6.26¢-1 8 27.74 50 - =
10 3 9.07 e-4 1.29 e-1 15 4225 T E E
20 2 4214 1.81e3 12 19.97 40 E 3
40 1 921e2 460e-2 20 2541 3.0 g
20 F —— SPICE 1
- o level 1 n
6.0 T : . - 1.0 C v level 2 g
50 F S 0.0 =
s 40F E 19 5560 B0 00
S 30F E time (ns)
o g 3
8 20 SPICE ] Fig. 5. Results from multinterval adaptive.
S 2 3
= 10F .
°-°‘¢_’ E with the simulation result oscillating when iterative Scheme
1.96720 ﬁm%.zns) 22 1 is used. The results calculated by using iterative Scheme 2

match very well with the SPICE simulation result and, hence,
it is recommended in this paper.

3) Adaptive TechniquesAccording to the analysis in
the results calculated under the condition of a fixed numbegction lll, we use two different adaptive techniques in the
N of collocation points.J = 2 and L = 20 are still the Present circuit simulation, i.e., the multilevel adaptive and
best match in all combinations of and L. However, the Multinterval adaptive. Fig. 4 gives the results obtained by the
combination of/ = 4 and L = 5 also gives comparable Mmultilevel adaptive, wherd, = 20 and J = 0, 1. Level 1 in
results and may provide more potential for adaptivity as, atfdd- 4 stands for the results of = 0. Level 2 represents the
higher level of wavelet spaces, more wavelet basis functiof@sults of./ = 1 where only the function difference between
could be dropped if they are not close to the singularity in tH&/0 subspace levels is considered during computation. Fig. 5
approximated solution. shows the results obtained by using multiinterval adaptive.

2) lterative SchemesWe apply two different iterative The interval [1.9., 2.3] is divided into two subintervals, [1.9,
schemes given by (2.17) and (2.19) to solve nonlinear equatidd] and [2.1, 2.3]. In Fig. 5, circles indicate the results
(3.1). Two sets of results are shown in Figs. 2 and 3 where tbktained on the interval [1.9, 2.1] and triangles on interval [2.1,
approximation-level parametdr= 3 and the standard interval 2.3]. Clearly, both adaptive techniques generated satisfactory
length L = 40. As indicated in Section Il that Scheme 1 mayesults. Fig. 6 shows the results of combining multilevel and
diverge for some cases, Fig. 2 demonstrates such an incidanitiinterval adaptive techniques. The whole interval [0, 10]

Fig. 3. Results of using iterative Scheme 2.
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6.0 [ . . . ; - tions always play an important role in the related numerical
50 [ R T e R T T R method. We now discuss those used in the FWCM.
Tk T [ . We first introduce the following function spaces:
4.0 & -
s oF I Vo = span{go,_1(t), pox(t),  0<k<L—4,
g o0f { E wo,—3(L—1)} (A1)
g 10 E: ! ’ gwglla l :E Wj = span{z/)j,k(t), -1 S k S ny — 2}, J 2 0 (A2)
0.0 Friemrc® - 3’% e where the definitions of functiongg _1(t), wo (%), 0<
3 k< L—4,00r 3(L—t)andy;x(t), -1 <k<n;—2,5>0
105720 A 50 Eu o are given belowspan{fi, f2..... fn} is a function set formed
by all linear combinations of the functiong, fz,..., fx.
Fig. 6. Results from the combination of two techniques above. From definitions (A.1) and (A.2), we obtain the following
results:
is divided into five subintervals. On each of the subintervals, VocVicVocC... (A.3)

multilevel adaptive (up ta/ = 3) is applied.

Through the numerical experiment we also find that thehereV; = V;_; + W;_1,j > 1.
selection of the iterative initial value of nonlinear discrete It can be proved that
systems is very important. In general, whether initial value (i)
is close to the solution not only affects the convergence rate, . n
but also may result in divergence. With both parameters Vier =V; & W, forj € Z7.
and J given, we always select the computational results §farefore
adjacent lower level and previous standard interval Iength(“)
as initial values of the higher level and/or larger interval.
The numerical experiment implies that the convergence rate W; LW, jezt
is then significantly improved. Note that it is very difficult
to obtain a convergent solution with the whole time interval (iil)

consi(_jered simultaneously. V\_/e_ suggest that the .muIFiintervaI H(I) = V; ®ieze W,
adaptive should be used to divide the large physical intervals
into smaller ones. where Z7T is a positive integer set and the orthogonality is
defined in [10].
V. CONCLUSION From the above properties, any functiarit) € HZ(I)

The FWCM discussed in this paper has successfully pr%e—ln be approximated as closely as needed by a function

duced solutions of nonlinear systems. The proposed techniqﬁég) € V; = VoaWodW1®- - -@W;_, fora sufficiently large
7. In this case, the approximation relates to a homogeneous

for treating the boundary conditions and the adaptive procje— bl , 0) = (L) — 0

dures make it possible to improve both the computation%'i?: em. I'?"x(.) = )};2 I I

efficiency and numerical accuracy. The property that high- or any functionz(¢) € H*(1), 37.(0) # 0, 2(L) # 0, we
. . . .introduce a set of boundary functions

level wavelet basis functions can be obtained by translating

and dilating the lower basis functions makes it very simple to Vi = {m @), n2(t), ma(L — ), m(L —t)} (A.4)

implement the computation code. o )

We conclude by mentioning a few areas requiring furthdyhere the definitions of functionsi, (t), na(t), 72(L —
work. First, we are going to do more numerical tests fdp:71(L—t) are given below again. If we usg to approximate
various practical circuit systems in order to make the FwcReundary values of(t) € H*(I), thenz;(t) € V, U V; will
a practical simulation method. Special emphasis will be placéill have an approximation ta:(t) of order O(2~*) for
on making numerical results that meet the theoretical analysis9iven j > 0. The present approximation will be used
Second, we will construct more powerful iterative schemd@ tréat a nonhomogeneous problem. For simplicity, we let
and establish some criteria for using adaptive procedures lov = Vb U.VjJ 2> 0. o
different types of nonlinear problems, especially large nonlin- We first introduce approximation subspatg, C H*(I)
ear systems. Finally, we should mention that an available td8l & given integer/ > 0 and a fixed intervall = [0, 1],
for simulating practical circuit systems on a relatively larggonsisting of scaling functions and wavelet functions

scale will be developed, based on the proposed FWCM. Vor = {m(t),ma(t), na(L — ), mi(L — t);

©0,-1(t), 0,0(t), - ., wo,1,—a(t), vo,r—3(L — t)
z/}0,*1 (t)v 1/10,0(@7 1/10,1(t)7 EERE z/}0,71073“)7 z/}0,71072(0

A. Approximation Function Spaces and Basis Functions ~ --..ocoen

APPENDIX

For any numerical computation in which function expansion Pj,—1(8),15,0(8), 15,1 (8)s - - jn;—3(8), 5, —2(2)
is considered, approximation function spaces and basis func-  ............
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r—1,-1(), Yr_10(),Yi_1.1(t),. ..

r(/}J—17n.]71—3(t)7z/}J—17nJ71—2(t)}' (AS)

The scaling functions in (2.1) are boundary scaling functions

_ _ 30 1l 3. 3
wo,-1(t) = @u(t) = St otr + 2(t 3
3 1
-t 2)3 + sl - 3)% (A.6a)
wo,r—3(L —t) = @p(L — 1) (A.6b)
and the interior scaling functions
or(t) = p(t—k), 0<E<L-4 (A.6c)
where
1o (4
o) =00 =5 3 (7) -0t - v
1=0 (A.6d)
o _ [ if £ >0
+ 710, otherwise

and N.(t) is the fourth-ordeB spline [6].

The functionsn;(t), n2(¢) are used to handle nonhomo-

geneity of the boundary data

m(t) = (1-1)73 (A.7a)

7 4 1
m(t) = 2ty — 33 + éti -5t - 1% + 5(t- 2)%.
(A.7b)
The boundary wavelet functions are
bj—1(t) = Yeo(28),  Pj0(t) = ¢ua(2°¢) (A.82)

Vim;—3(t) = P (2 (L= 1), Pjm,—2(t) = Pro(2 (L ~ 1))

(A.8b)
where
uolt) = — 20 (1490 _2(8) + o1 (1) (A80)
) = Jox (40 3500 10) + o 2(0))
(A.8d)
Po—1(H) =P +1), Po—2(t) =9t +2) (A.8e)
and the interior wavelet functions are
Pin(t) =2t —k), k=1,...,n;—4 (A.8f)
wheren; = 2/L and
9(E) =~ 20(20) + T2t~ 1) - Se(26 - 2). (ABY)

the total number of basis functions in (A.5) % = L + 3+
S 2/l = 2L +3.
We now discuss the interpolation of a functiarft) €

H?(I) at boundary point® and L by means of the boundary

interpolating functionsy (t), n2(¢) andne(L — t),m (L — t)

937

[5], it is true thatz(t) € C*(I). We can define the following
interpolating splinel, ;x(t),j > O:

IbJaZ(t) = 041771(2jt) + 062772(2jt) + C)é3771(2j(L — t))
+an2((2 (L — 1)) (A.9)

where the coefficients;,i = 1,2,3,4 are determined by cer-
tain interpolating conditions. Since splidg;x(¢) is expected

to approximate the nonhomogeneities of the functign) €
H?(I) atthe boundaries, these interpolating conditions are also
called the end conditions. In this paper, in particular, we use
the following so-called not-a-knot conditions, which amounts
to requiring that the splind, ;=(t) agree with functionz(¢)

at one additional point near each boundary. Hence, we have

the following equations fory;,i = 1,2,3,4:
1,jx(0) = %(0), Lja(L) ==a(L) (A10)
Ibyja:(n) = 37(7'1), Ibﬂ'a?(’/'g) = 37(7'2).

In our case, by choosing, = 34+, 72 = L — 54+, we have

ay = z(0), ap = 6x(7m) — 3$T(0) ALD)
ag = 6x(m) — —3$51L), 4 = (L)

Although x(t) — I, ;x(t) is no longer in the spac&3 (),
an interpolating spline:;(¢) exists in the following form:

xzj(t) =Ly x(t) +xo+vo+uyr+- +yj—1
0 € Vo, y €W, 0<i<j—1 (Al2)

wherez;(t) defined in (A.12) will still have an approximation
to x(¢) of order O(2=%) [2].

B. DWT

In order to efficiently compute expansion coefficients
£s,J > 0 from function valueSq:(tEj)), 1< k< L+3,
if j=—-land—-1 <k <n; —2,57 > 0, or vice versa, we
have introduced a fast DWT [2] which maps discrete sample
values of a function to its wavelet interpolation expansion
coefficients. To show the computational complexity, we
mention the so-called point value vanishing (PVV) property
of wavelet functionsy; x(t),j > 0,—1 < k < n; — 2 [2].
Forj > 0,-1 <k <n; -2

it =1, P =0, 1<I<L+3
ifi=—1, —1<l<n;—2  ifi>0. (B.1)

The following algorithm provides a recursive way to im-
plement the transform between point valuteand wavelet
coefficientsz.
i)z — =

This direction of transform is straightforward by evaluating
the expansiohat all collocation points{tgj)},j > —1, which
takes less than or equal &V log N (flops) operations where
the PVV property and the compactnesswofpy; x(¢t) are used
to reduce the number of evaluations aNo= 2/ L + 3 again.
(i) z — z

defined in (A.7). Based on the Sobolev embedding theoreniEquations (2.7)-(2.13) in Section L.
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We proceed to the construction @fz(¢) in three steps, [4] R. L. Burden and J. D. Fairetyumerical Analysis PWS, 1993.
i.e.. the foIIowing' [5] R. A. Adams,Sobolev Spaces New York: Academic, 1975.
e ) ’ [6] B. K. Swartz and R. S. Varga, “Error bonds for spline ahespline
Step 1) Find interpolation,”J. Approx. TheoryVol. 6, no. 1972, pp. 6—49.
[7] 1. J. Schoenberg, “Cardinal spline interpolation” (CBMS-NSF Series in
x_1(t) = I, 2(=1)s Applied Mathematics 12). Philadelphia, PA: SIAM, 1973.
[8] G. Massobrio and P. Antognettgemiconductor Device Modeling with
; Spice 1993. New York: McGraw-Hill.
Step 2) Find [9] B. Johnson and T. Quarle§pice3 Version 3e User's ManualNew
no—2 York: McGraw-Hill, 1992.
() (0) N [10] D. Zhou and W. Cai, “A fast wavelet method for high-speed VLSI circuit
zo(x) = Iw, (37 - (IVo 37) ) = Z Zoktbo,r(t) simulation,” IEEE Trans. Computer-Aided Desigvol. 46, Aug. 1996.
k=—1 [11] K. Bohmer and H. J. StetteDefect Correction Methods: Theory and
Applications New York: Springer-Verlag, 1984.
where [12] W. Cai, “High-order hybrid numerical simulations of two-dimensional
(0) o detonation waves,AlAA J, vol. 33, no. 7, pp. 1248-1255, 1995.
Ivx =z t(o) o [13] O. Axelsson]terative Solution Methods Cambridge, U.K.: Cambridge
( Vo ) { Vo ( k k=—1: .
= Univ. Press, 1996.
Step 3) Find [14] 1. DaubechiesTen Lectures on Wavelet Philadelphia, PA: SIAM, 1992.

TLj—2

zj(t) = Iw, (&9 = (L)) = D7 &)
k=—1 Dian Zhou, for a photograph and biography, see this issue, page 930.

where

(L)) =L 12 (t)), —1<k<n;—2.
Wei Cai, for a photograph and biography, see this issue, page 930.
So we haveljz(t) = x_1(¢) + zo(t) + - - - + 2 5_1(¢), which
satisfies the required interpolation condition (2.11). Reference
[2] points out that only6 V log N (flops) operations are needed.
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