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CONSERVATIVE LOCAL DISCONTINUOUS GALERKIN
METHODS FOR TIME DEPENDENT SCHRODINGER
EQUATION

TIAO LU, WEI CAI, AND PINGWEN ZHANG

Abstract. This paper presents a high order local discontinuous Galerkin
time-domain method for solving time dependent Schrédinger equations. After
rewriting the Schrédinger equation in terms of a first order system of equations,
a numerical flux is constructed to preserve the conservative property for the
density of the particle described. Numerical results for a model square poten-
tial scattering problem is included to demonstrate the high order accuracy of

the proposed numerical method.
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1. Introduction

Traditional analytic solutions of Schrodinger equations using plane wave analysis
and perturbation technique can only handle simple planner structures or weak
perturbations [1][2]. Direct numerical solution of the time dependent Schrédinger
equation provides an efficient and flexible way to study quantum structures in
complicated geometric configurations such as quantum wells, quantum wires and
quantum dots embedded in layered media. It allows us to address the effect of
impurities and scattering of rough interfaces and also different type of incident waves
used to probe the quantum structures [2]. Finite element methods and boundary
element methods have been used to solve Schrodinger equations [3].

In this paper, we will introduce a discontinuous Galerkin method for time de-
pendent Schrédinger equations for hetero-structures with possible different effective
masses. We will limit our consideration to one dimensional models though the basic
numerical technique can be extended to multi-dimensional problems. An important
property of the resulting numerical algorithms is the conservation for the probabil-
ity density of the particles under consideration, which we will prove for the proposed
numerical method. The basic numerical method follows closely with the discontin-
uous Galerkin methods proposed in [6] for the heat equation where an auxiliary
flux variable was introduced to rewrite a second order partial differential diffusion
equation in terms of a system of first order PDEs. For more references on the
development of discontinuous Galerkin methods for other types of applications, we
refer the readers to [4]-[8].
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The remaining of the paper is organized as follows. After introducing the ba-
sics of Schrodinger equation in Section 2, the local discontinuous Galerkin (LDG)
method is proposed for an one-dimensional Schrodinger equation in Section 3. In
Section 4, we will construct a numerical flux which is shown to keep the conserva-
tive property of the continuity equation for the density function. Numerical results
are given in Section 5 to demonstrate the convergence of the proposed method for
a model scattering problem of one square potential barrier. Finally, a conclusion
and plan of future work is given in Section 6.

2. Time Dependent Schrédinger Equation

We consider the one-dimensional effective mass Schrodinger equation [2]

ou .0 [10u . .
(1) 5 z% (m@x) =—iVu in (0,1) x (0,7),

where m is the effective mass, V' is the potential function, i = v/—1, and u is the
complex-valued wave function. Consider a single electron whose probability density
is given by

(2) n(z,t) = u*(z, t)u(x,t)

and whose probability current density is given by

(3) (1) = —i% ngyu—u* (gg)}

If u obeys (1), probability density n and current density J satisfy the following
continuity equation
on 0

3. Local Discontinuous Galerkin (LDG) Numerical Method

R I
12 =0 Tng1/2 =1

FIGURE 1. [0,1] is discretized into N = 4 segments. Black dots
are the nodes x;.

To define LDG method for (1), we introduce a variable

1 0u
(5) 1= o
so we have (assuming that V' = 0)
ou .0q )
(6) a — ’L% =0 m (0, 1) X (O,T),
1
(7) - L% 0w 0,1)%0,17).

mox
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The initial condition and the boundary condition are provided by the exact solution
for simplicity. As illustrated in Fig. 1, the computational domain [0,1] is divided
into N segments, 0 = w1/ < T3/ < - < Tyq12 =1, 7=1,---,N, I; =
[€;_1/2,%;4+1/2]. The finite element space is

(8) Vi={ve L0, 1) s vy, € PH(I) =1, N,

where PF(I) denotes the space of polynomials in I of degree at most k. The
approximate solution (uy, qn) given by the LDG method is defined as the solution
of the following weak formulation:

Yo € PH(I;) :
Oup(z,1t) . Ovp ()
/Ij th’u(aj)dm 41 /Ij qn(z, t)Tdm
(9) - hu7j+1/2(t)vh7u(:rj_+1/2) + hu7j_1/2(t)vh7u(x;'_l/2) =0,
Yop.q € PR(I;)
1 Ovp, ¢()
/I qn(x, t)vp q(x)dz + m; /I up(x,t) o dx

J J

1 _ 1
(10) - Eth,j+1/2(t)vh,q(xj+1/2) + ﬁthﬁjfl/Q(t)vh,q(x;iuz) =0,

where (R, j+1/2, hq,j+1/2) is the numerical flux which approximates (ig, u) at ;41 /2,
and my; is the real constant effective mass in I;.

4. Numerical Conservation for Probability Density

For simplicity, we rewrite the LDG formulation as

Yopu € PH(I;) :
8uh . 8’Uh u
o ud )
Ij 325 Uh, x+l/]j an 3x
(11) = P i1 /2Vh,u (T j9) + a1 /2Vhu(T) ) =0,
Yon., € PF(I;)
1
/ qnvn,qdx + —/ up, g dzx
I mj Jg, or

J

1 _ 1
(12) - th,j+1/2vh,q($j+1/2) + th,jfl/whq(x;_—lm) =0,

dxr

Setting vy, = uj, in (11), we obtain

oup, . ou}
i ﬁuhdm +1 /1 an 8:: dx
J J

(13) — hu,j+1/2’u;(l’j_+1/2) + hu,j—l/Qu;(Ij—_l/Q) = O
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From (13) and its complex conjugation, we obtain

3nh L Oup ouj,

J

+ hur1/2Un (T ) = P12 (27 o)

(14) + hzﬁj+1/2Uh(.’L';+1/2) _

?‘D“

+
i
u] 1/2uh(95j+ 1/2)'

Setting vy, ¢ = Ouj/dz in (12), we obtain

ou;, 1 0?uj
/IA% . daH—mj/Ijuh 2 dz

1 ouy, , _ 1 ouj,
(15) — mith7j+1/2%(xj+1/2) + Ethj_l/QE(x;rfl/Z) =0.

Again, using (15) and its complex conjugation, we obtain

Ou;  ,Ouy
/I]. <Qh or oz ) de
__L/ 52*_u*52uh i
o omy " 02 " a2

—h Zh (T - —h
+ m; 0.3+1/275, (m]+1/2) m; e 1275, ( b 1/2)
1 % Ooup, , _ 1 % Ouy, +
- m; hq J+1/2 9, (z g+1/2) + mith,j—lﬂﬁ(zj—l/?)
1 0 ou;, Oup,
= - — - — y— d
/ o (uh oz "oz > v
1 ouy , _ 1 ouy, o
+ mfth,m/zg(%ﬂ/z) - ghm—lﬂg(%—uz)
ouy, , _ Ouyp,
h* ) h* T
m; @.3+1/27 5" (z J+1/2) ai=1/2 90 ( 171/2)
1 _ ouy, 1 i ouy, . |
) G 00 ] o) G
1 ., _ oup , _ 1, + Ouy, +
+ Hjuh(%ﬂp)%(%ﬂ/z) - ﬁj“h(xj—lﬂ)aix(xj—lﬂ
1 ouy , _ 1 ouj,

—hg ;i (g — —hyiqo—=R(xT
+ mj 0.3+1/275, (m]+1/2) mj 0.3-1/275, (x]—1/2)

« auh _ * 8uh
(16) h J+1/27 9.7 or (j+1/2) h q.j—1/2" 9, or (j—1/2)'



With (16) to replace flj (qh aa“; —q %“h) dx in (14), we have
ony, 1 _ ouy, ouy,
. ﬁdw = — Zmij {_uh<xj+l/2) o ( ]+1/2> + U/h( j 1/2) oz ( j—1/2)
J

Oup, , _ . ouy,
+uh( J+1/2) ox (Ij+1/2) 7uh(‘rj_1/2)g(‘rj_1/2)

ouy , _ ouj,
+ hq7j+1/287;(1’j+1/2) - hq,j—1/287;(1’;—1/2)

* 6uh _ aUh
" Mai+l/2 g, (z J+1/2) +hq,3 /28, (x ;_—1/2)}

+ hugar/2un (T ) — hu,j—1/2“2(x;——1/2)
(17) + hz,j+1/2uh($;+1/2) - hz,j71/2“h($;i1/2)~
e Periodic boundary condition

First let us consider periodic boundary condition. Summing (17) for j, we can
obtain

o L), o
N N
1 5‘u,*1} . { L1 8uh}
=—1 Up— +1 Up——F—
Jz_;{ m 0r iy ]2:: m 0% J|j112
N
1 Ou? 1 Ouy,
i h,ﬂg[h} iy n [ ]
; SR TR | PRy ; AN G | PEP
N N
(18) - Zhu,j+1/2 [wirllj1/2 — th,j+1/2 [unl 12
j=1 j=1

where
[u]|j+1/2 = u(x;':.l/z) - u(a:;+1/2), m(x;:.l/z) = Mj+1, m(Ij_J,_l/Q) = myj.

Now substituting
+
Uh( j+1/2) Jruh( ]+1/2)

hq7j+1/2 = 9
into (18), we have
N
3nh 8nh Z *
(19) 2 — / - { [willy 12 TERML = [unll ;12 TERM2},
where
_ un(Ty)5) 6uh(x-++1/2) .
TERMIL = m(2; jp) ——5 = +m(a], ) ——5—— + 24172,
our (x4 ,9) out(zh )
_ - i+1/2 hA\"j4+1/2
TERM2 = m(l’j+1/2)T + m( J+1/2)T — ZQhu]+1/2
Observing the above equation, we can choose

; Oup(x, 1 ,5) oun(zh | ,5)
i - +1/2 +1/2
b 172 = 3 (m(xjﬂ/z 57; —|—m(x;'+1/2) 5;
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to keep the numerical conservation of the numerical probability density. Thus, we
prove that if the numerical flux is defined as

' Qun (T /) oun(zt )
! - h\it1/2 h\Tj41/2
(202)  hujraz =g (m(mjﬂﬂ)@;: (el ) |

un (@71 n) +un(@fy )
2 )

(20b) hq,j+1/2 ==

the numerical conservation of the probability density n holds.
e Nonperiodic boundary condition

The periodic boundary condition requires

U(IJJ\rI-s-l/z) = U(IT/Q)’ Wy n) = u(@y)y),

21
2D au(xxﬂ/z)/@x = au(xf/z)/ax, Qw1 /9)/0x = Ou(ay ) /0.

In the case of periodic boundary condition, we have (18) where the sum is taken

for j = 1,2,--- ,N. For nonperiodic boundary conditions, the sum is taken for
7=1,2,--- N — 1, in addition, we have a boundary term
1 . 6u2(zf/2) . auh(xf/z)
o= el i)
/2
. auZ(mf/z) . auh(mf/z)
+ th,l/QT - th,1/2T
- hu,l/ﬂi@bg) - hZ,1/2uh(xT/2)
N 1 un (o~ 8u}§($1_v+1/2) i (1 8uh(:z:1_v+1/2)
— h — T T WYy, —
m(scNH/Z) N+1/2 Ox N+1/2 Ox
. Qup(Ty 1) Qun(Tyi1)0)
—ihgnii 2 —  tihg N
(22) + P N4172UR (T ) + I v 2 (T )

Also choosing the numerical flux (20a) and (20b), we have

ony,

(23) W = Oby



where

) 1 8UZ(I-1F/2) 1 auh(xi—/z)
Sp= = - —uj(ay
b 2{“h(m1/z’m<wn2> T T I

1 8uh($;/2) N 4 ) 1 au;(xf/z)

- — U (:c+ ) + up(x —
m(ay,,)  Ow MR Vm(ay,) O

L (e
m(x;[H/z) Ox

1 Qun (T, 1/5)
m(‘r;f-i-l/Q) Oz

1 8uh(z;+1/2) oy -
M4y 2) Ox LACITEVEY

1 au;;(x}Jrl/Q)

m(xﬁ+1/2) Oz

- “h@fztrﬂ/z)

+ UZ(l”j\}H/z)

(24)

uh(m;/+1/2)} .

If the periodic condition holds, it is obvious that S, = 0. If m, u;, and duy /Ox
are continuous at the boundary points, we have

! Ouj (z1/2) Oun(z1y2)
Sh _Zm($1/2) ( B up(21/2) — Tuh(m/z)
. 1 Oup (TN 41/2) Oun(TN41/2)

25) - - U :
(25) Zm(:EN+1/2) ( Ox un(@n1/2) ox ui(@n2)
where

m(x12) = m(x ) = m(mirm)v
uh(xl/Q) = uh(w;/g) = uh(xf/2)7
Qun(z1y2) _ Oun(wyy) dup (27 ),)
ox N ox N or
m($N+1/2) = m($§+1/2) = m(xxﬂ/z)v
up(Tny1/2) = “h($E+1/2> = uh(:c}+1/2),
Oup(ryni1/2) auh(x]:]+1/2) B 3uh(xj\',+1/2)
ox - ox N ox ’
Using the definition of probability current (3), we have
(26) SbZJh($N+1/2)—Jh(1'1/2) :Jh(l)_Jh(O)'

5. Numerical Results

We consider the following one dimensional Schrodinger equation

2
(27) % - z‘% = —iVu, in (0,1) x (0,T).
Assuming that the time-dependent factor is exp(—iEt) (assuming that the Planck
constant h = 1), we have (here we denote the z-dependent part of u as u)

(28) —u" = (E—-V)u, in (0,1),
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A simplest potential V(z) shown in Fig. 2 is given by

_ Vo, 0 <z< d7
(29) Vi) = { 0, otherwishe.

U — VO %Ut

0 d X

FIGURE 2. A simplest potential

Let the incident wave be
(30) Uine = exp(ikiz),

where k; = VE, and we can give the exact solution in two cases: Vo < F and
Vo > E.
e W< E
we can obtain the wave function
exp(ikix) + rexp(—ikiz), <0,
(31) u(zr) = Cexp(ikex) + Dexp(—ikex), 0<z<d,
texp(ikix), x> d,

where ko = /E — Vy, r and t are the amplitudes of the reflected wave and trans-
mitted wave, respectively, and

i(k3 — k) sin(kod)

(32) "= 2](11]62 COS(de) — Z(k% —+ k%) Sil’l(kgd) ’
k(T 4r) k(1 —7)
(33) C = o ’
ko(147) — k(1 —1)
4 D =
(34) o 7
(35) ;= ka(1 4+ 7) cos(kad) + iki(1 — 1) sin(kad)
B ko exp(ikid) :
o Vp >FE

we can obtain the wave function

exp(ikix) + rexp(—ikiz), x <0,
(36) u(z) = ¢ Cexp(kex) + Dexp(—kox), 0<z <d,
t exp(ikix), x> d,



where kg = /Vy — E, and
(k2 + k) sinh(kod)

(87) "7 Sikiks cosh(kad) + (k% — k3) sinh(kad)’
(38) o ko(l+7) +iki (1 —1)
2%2 ’
(39) D— ko(l+71) —iki(1—7)
2/432 ’
(40) ‘ ko (1 + 1) cosh(kad) + ik1 (1 — 7) sinh(ngd)'

ko exp(ikyd)

In the numerical example, we set the parameters E = 472, Vo = 2m , d = 0.2.
The computational domain is [-0.5,0.5]. We use 4th-order basis functions and 4th-
order Runge-Kutta method. Three different meshes with mesh sizes 0.1, 0.05 and
0.025 are used. The exact boundary condition and initial condition are used. We
compute up to 7' = 0.159, which approximately equals one period.

While (20) is the numerical flux which maintains the numerical probability den-
sity conservation, another consistent numerical flux can be defined as

i
(41a) Pz = 5 (an(@50 ) + an(fy )

1 _
(41b) hqj+i/2 =5 (uh(xjﬂ/?) + “h($j+1/2)> '

The L? errors with the flux (20) are listed in Table 1, and the L? errors with the
flux (41) are listed in Table 2. It can be seen that the numerical results using the
flux (41) are actually more accurate than that using the flux (20).

TABLE 1. L? errors with flux (20)

N | At [ L?error of u [ order | L? error of g | order
10 | 4e-6 1.209e-5 5.049e-4
20 | le-6 4.037e-7 4.904 4.423e-5 3.513
40 | 2.5e-7 1.290e-8 4.968 3.300e-6 3.744

TABLE 2. L? errors with flux (41)

N | At | L?error of u | order | L? error of g | order
10 | 4e-6 1.988e-6 6.724e-5
20 | le-6 7.507e-8 4.727 2.610e-6 4.687
40 | 2.5e-7 2.324e-9 5.014 1.031e-7 4.662

6. Conclusion

We have proposed and tested a LDG formulation for one-dimensional time de-
pendent Schrédinger equation. The proposed numerical flux is shown to assure the
numerical probability density conservation. However, alternative form of numerical
flux using the mean value at the element interface, while not maintaining the con-
servative property of the density, yields better accuracy. Future work is planned
to extend the proposed algorithms to multidimensional problems, also to include
a Poisson equations to incorporate the effect of the charge on the potential in the
Schrodinger equation self-consistently.
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