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Abstract

This paper is concerned with a new method to solve an inverse problem for one-dimensional
parabolic equations. The inverse problem seeks to recover the subsurface absorption coefficient
function based on the measurements obtained at the boundary. The method considers a tempo-
ral interval during which time dependent measurements are provided. Using a number of change
of functions it relates the inverse problem of interest to an ill-posed boundary value problem for
a differential-integral equation, whose solution is obtained by the method of Quasi-Reversibility.
This approach leads to an iterative method. A number of numerical results are presented which
indicate that a close estimate of the unknown function can be obtained based on the boundary

measurements only.

1 Introduction

In this paper we develop a new method of recovering an unknown function in one-dimensional
parabolic equations. Such problems are known as inverse problems, where the interest is to recover
an unknown system parameter using the output measurements from the system. Inverse problems
appear in various fields with different applications. For instance, in electronic devices the vital
metal parts are routinely tested for coating quality or hidden corrosion or adhesion problems [1].
In thermal systems various thermal properties, including heat convection coefficient [2] and tem-

perature dependent thermal conductivity [3] are often unknown and need to be recovered. Recent
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applications also include the optical imaging where the interest is to recover abnormal anomolies in
human tissues [4, 5]. In most applications one is led to excite the system by an external means and
record the associated system response. The collected data is then used to recover the soughtafter
unknown. For example in applications involving non-destructive evaluation (NDE), also known as
thermal imaging, one makes use of laser sources to illuminate an external surface of the material
in order to induce thermal waves. The interactions of the thermal wave field with the material
inhomogeneities give rise to the scattered fields which propagate and are ultimately measured at
the surface of the material.

Motivated by numerous physical applications, inverse problems for parabolic equations have
recieved considerable attention. Recent results include an analytical method for the solution of
the overdetermined inverse heat conduction [6], application of neural networks for the recovering
of electrical conductivity profile [7], a spectral method for solving the sideway heat equations [8],
and a discrete diffusive model for the recovery of the absorption coefficient from diffused reflected
light [9]. Also, additional methods for various applications include nonlinear optimization using
genetic algorithms [10], Marquardt’ procedure [11], and thermal wave slice tomography [12]. Recent
analytical results have also been reported which deals with the existence and unigeness of the
solution to the inverse problems involving such systems [13, 14, 15].

The purpose of this paper is to develop a new method based on Quasi-Reversibility. It can be
considered as an alternative to optimization based methods. In most optimization based methods
one seeks to minimize a cost functional which is a measure of the error. It leads to an iterative
algorithm which often requires a large number of iterations for satisfactory convergence [16, 17].
The present method uses the given data and, through an appropriate change of function [18,
19, 21], relates the inverse problem at hand to an over-specified boundary value problem (BVP)

for an integro-differential parabolic equation. The present algorithm uses the method of Quasi-



Reversibility [20] to solve the associated BVP after which it can readily solve for the soughtafter
unknown function. It also leads to an iterative algorithm, however, it requires far fewer number of
iterations for convergence.

The key idea of the new approach in [18, 21], called *Elliptic System Method’ (ESM) is to reduce
an inverse problem to a BVP for an integro-differential parabolic equation, in which Volterra-
type integrals with respect to time are involved. In order to solve such a BVP, a spectral-like
representation of its solution through a truncated generalized Fourier series with respect to time was
considered. This way those Volterra-like integrals are eliminated and a BVP for a coupled elliptic
system with respect to spatially-dependent generalised Fourier coefficients is obtained. Recently,
however, a second generation of the ESM was developed and tested in [19]. In this new approach the
BVP for that integro-differential equation is solved directly, without eliminating the integrals. The
idea in [19] was applied only to a wave-like equation (with attenuation) in the frequency domain.
The main difference between [19] and the current publication is that here we further develope and
apply the idea of [19] for the case of parabolic equation. This, in turn, requires to develope some
essential modifications of the idea of [19], such as, for example, application of the "parabolic version’
of the method of Quasi-Reversibility [20] to the resulting BVP.

In section 2, we present the formulation and apply the method of Quasi-Reversibility to obtain
the solution to the associated BVP. In section 3 we use a number of numerical examples to discuss
the algorithm in details. In particular, we study applications from heat conductions as well as

optical tomography, and section 4 is devoted to closing remarks.



2 Problem Statement and Quasi-Reversibility

Consider a physical system for which the state u(t,z) is governed by a parabolic equation given by

U = Ugy — a(z)u, t€[0,7], z€][0,(], (1)

with a Robin boundary condition at z = 0 and Dirichlet boundary condition at z = ¢

uy(t,0)+ au(t,0) =0, ux(t, €)= f(t),

where constant a > 0, and initial condition

u(0,2) = fo(x),

where, u(t,z) is the local temperature in heat conduction problems [22], and the light intensity in
the case of optical tomography [23]. The boundary conditions at both ends can be altered according
to the applications. The medium is excited by a specified flux at one boundary, i.e., x = £. If the
light intensity at both boundaries, u(¢,0) and u(¢,¢), in addition to the flux u,(%,0) are recorded,

i.e.,

u(t,0) = yi(t), u.(t,0)=1y2(t), wu(t,l)=ys(t)

then the inverse problem for the above equation is to recover the absorption coefficient a(z) based
on the known applied flux and the measurements collected at the boundaries.
Let ug(t,2) be the field due to an assumed value for the absorption coefficient, ag(z), which

is related to the actual absorption coefficient, a(z), by a(z) = ao(z) + h(z), where h(z) is the



unknown perturbation. So, ag(z) is our guess for the background function, and A(z) is an unknown
perturbation of the background. We will use linearization with respect to h(z). Hence, we assume
that h(z) is much smaller than ag(z), i.e., [|h||1,00,q << ll@ollz,[0,q- Therefore, ug(t,z) is the

solution of the equation

Uy = U0gy — ao(;r)uo, (2)

with the same boundary conditions as those for equation (1).
The equation for the error, i.e., v(t,2) = u(t,z) — uo(t, ), can be obtained by subtracting the

Eqn. (2) from Eqn. (1). This leads to

vt = Vg — ag(2)vo — h()u. (3)
Linearization of Eqn. (3) around ug leads to

vy = Uy — ag()vg — h(2)ug. (4)

The product h(z)uo suggests rewriting Eqn. (4) in terms of a new function H(¢,z) = ;= —1, which

leads to

Hy = Hyp + 2H, 222 — h(a), (5)

Ug

where H(0,2) = 0 [21]. The Equation (5) still has two unknowns, namely H(¢,z) and h(z).

However h(z) is not a function of time, and if we differentiate Eqn. (5) with respect to time, then



we obtain

t
P =P+ QE [&/ PI(T,x)dT] , where P(t,z)= Hy(t,z). (6)
8t U 0

This reduces the original inverse problem to an integro-differential equation with a Volterro-like
integral for one unknown function, namely, P(¢,z). Once the solution for P(t,z) is obtained, then

the unknown pertubation h(z) is found by integrating Eqn. (5) from 77 to Ty, i.e.,

1 B ' !
h(z) = T / [Hy — Hyp — QHQS&]dt, where H(t,z)= / P(r,z)dr. (7)
1 2JT Uo 0

The boundary conditions for the function P are provided by noting that the domain is accessible
at both boundaries, therefore the intensities and the fluxes are known. Once an initial absorption
function is used then the error in the intensities at the boundaries, i.e., v(¢,0), v(¢, ), and the error
in the fluxes v,(%,0), v.(¢,£) can be obtained. These in turn provide boundary conditions for the

function H (¢, )

H(t,0) = ﬁo( o7 Ho(1,0) = 'vz(t,O)UO(t,g(%(;z(;()t,O)UOI(t,O)’ @)

with similar relations for the boundary at = (. Differentiating the boundary condition (8) with

respect to time, we obtain the boundary conditions for the P(¢, ), according to

P(1,0) = Hy(t,0), P(t,0) = Hy(t,0), Po(t,0)= Hoy(t,0), Pult, €)= Hyu(t, 0). (9)

Note that the equation (6) for P(¢,z) is only of second order. However, we need to satisfy two

boundary conditions on each side. Therefore, the boundary conditions are over-specified. Moreover,



the initial condition, P(0,z), is unknown. Evaluating Eqn. (5) at ¢ = 0, we obtain
P(07x):Ht(07$): _h(x)7 (10)

which is indeed the unknown function. Therefore, we are faced with solving an ill-posed problem
(6), (8) and (9) for the function P(t,z). Expanding Eqn. (6) leads to

1
Py = Py + 2P + 29/ Podt, g(t,z)= —2=, (11)
0 ug

This formulation was used in [18, 21], where integrals were eliminated through truncated generalized
Fourier series with respect to time (see Introduction), and a Newton-like iterative process was used
to deal with non-linear dependence of the function u(t,z) from the perturbation term h(z). Now,
however, we solve this problem without an elimination of the integral, which is similar to the idea
of [19], where an inverse problem for a wave-like equation (with attenuation) in frequency domain
was considered. So, to solve the BVP we apply the method of Quasi-Reversibility [20]. Rewriting

equation (11) in a compact form, we obtain

! o 0? 0
AP = Qg/o P.dt, where A= 5% e an—x. (12)

In the method of Quasi-Reversibility, instead of solving Eqn. (12) for P(¢,z), we solve
1 ., 1 ../
2P+ AP 4 —ATAP = 2—A g/ Pdt, (13)
1 1 0

where, the operator A* is formally adjoint to the operator A, and small numbers ¢ and ¢, are

regularization parameters. In the limit of €1,¢; — 0, the solution to the above equation converges



to the solution of the original equation in Eqn. (11), at least in the case when the integral is not

present in Eqn. (11) [20]. The corresponding initial and final condition are given by [20]

P(0,z) — 6288—1;(0,$) - %AP(O,$) = Py(z)— Pj(z), t=0 (14)
1
oL o)+ Lapr,a)=o, P=T, (15)
8t €1

where, Py(z) = P(0,z) is the initial condition for P(¢,z), which is related to the unknown hA(z)
in Eqn. (10), thus unknown. The function Pj(z) is any function in L3[0,1]. According to [20],
the choice of Py(z) will have influence on the solution P(%,z) near the initial line £ = 0 in a
neighborhood of O(\/€3), for larger ¢, the effect of Py (z) will diminish as ¢, e, — 0. Therefore, in
all calculations, we choose Pj(z) = Py(z), so the right hand side of Eqn. (14) is homogeneuous.
An alternative boundary condition to Eqn. (14) is to use Eqn. (10) instead. Since we have no
exact information on A(z), so initially, we can set h(z) = 0, then as an iterative inversion algorithm
_ hupdated(x)

progresses, updated information on h(z) can be used as the boundary condition:

P(0,z) = _hupdated(x) (14)/

hupdated($)

where, initially, = 0. The term A*A leads to a fourth order differential operator which
enables us to enforce both boundary conditions on either side of the domain. Expanding equation

(13), we obtain

i i i
0 0 0



Uo ¢

m=eé+29,, 9=

M2 = =269+ 49t — 899z + 2zs
where €= (14 €1¢3), and N3 = —€ + 2¢5 — 4g2, Ny = 4g

s = _291‘1‘ - QQtzz + 4grgt + 4ggtr

e = 499t — 491z, nr = —2g;

Therefore, instead of solving Eqn. (11) for P(t,2), we are led to solve an elliptic boundary value

problem depicted in the following diagram

6238—]:(T,;r;) + i.AP(T,CL‘) =0

Eqn. (16)

P(0,z) — 6233—1;(0,:1;) — iAP(O,:L’) =0

Solution of this problem gives an approximation to the function P(¢,2). This problem is well-posed
and the solution is accurate everywhere except near a region close to the t = 0 and ¢t = T boundaries
[20]. Now we have the following iterative inversion algorithms:

An Inversion Algorithm Based on Quasi-Reversiblity

[1 ] Assume an initial absorption coefficient, ag(z), and solve for the field due to ag , i.e. ug(t,z).

[2 ] Use the given measurements and obtain boundary condition for P(¢,z), i.e., Eqns. (8-9).



[3 ] Use the method of Quasi-Reversibility, i.e., Eqn. (16), to solve for P(¢,z), and in turn,

obtain H(t,z) using H(t,x) = [ P(r,z)dr
[4 ] Obtain the perturbation h(z) using Eqn. (7), and update according to ai(z) = ao(z) + h(z).
[5 ] Repeat the process [1-4] until satisfactory convergence is achieved.

In the step [4], we have to choose T, T; away from a boundary layer of thickness of at least O(,/€3)
from both ¢ = 0 and ¢t = T time lines. This is needed to avoid the influence of specific boundary
condition (14) and (15) or (14)’. At every iterations the error can be computed and, as the iteration
proceeds, it can be monitored for satisfactory reduction. In the next section we use a number of

numerical examples to explain the algorithm in details.

3 Numerical Implementations and examples

For numerical implementation of the proposed inversion algorithm, high order finite difference
schemes for parabolic equations are used to discretize the partial differential equations [24]. The
algorithm is composed of assuming an initial guess, ag(z), for the absorption coefficient and then
solving for the perturbation, A(z), which is then used to update the assumed guess according to,
a;(z) = a;—1(z) + h(z). Once a background absorption function is assumed then the field, uo(¢, z),
due to ag(z) is obtained. This involves the numerical integration of the parabolic equation given in
Eqn. (1). An implicit Crank-Nicolson time integration together with a fourth-order finite difference
spatial discretization leads to an accurate approximation. Once the background field, ug(?,z), is
known, then, using the given data, the error, v at the boundaries can be obtained. With the
known field ug(t,z) due to the assumed ag, the function ¢(¢,z) = ?—Of can also be computed. The
discrepancies at the boundaries furnish the boundary conditions for the P(¢,z) according to Eqns.

(8-9). Given the boundary conditions for the variable P(t,z), method of Quasi-Reversibility is used
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to find an approximation for the function P(t,z) inside the domain. It is composed of solving the
elliptic boundary value problem given in Eqn. (16). Using at least a second-order accurate finite

difference approximation for the terms in Eqn. (16) leads us to the discretization given by

1 . . 1 .
P, PIFY _opi 4 pITY = (Pt - piT! 1
tt = Af2 ( % + : )7 t QAt( % : ) ( 7)

Py = E(Pij+1 - Pz'J—l)a Pryzo = Az 4(PZJ+2 4P] f1 T GPJ Pi]—l + PZ'J—Q) (18)
1 S i

P'L"L‘ 3Az 2 [(P]+1 - 2P]+1 + Pz]—:—ll) + (P - QPJ + Z-|—1) + (Pi]—ll - QPZJ ! + PZJ—I—I1 )] (19)
1 i+1 1 1 1

P, = 4Amt(Pg++1 P - P P, (20)

where, At and Az are the step size in time and space. The approximation leads to a stencile of

the form
i,j+1
d = £]
1m20 AL 1427
s, —H £]
1,7 —1

The boundary conditions are imposed according to

P(jAL,0)= P!, P,(jAt,0) = ——(-3P/ +4P] — PJ)

2Azx
' 1 . , 4
(]At ﬁ) n+17 Pl’-(]Atvﬁ) = m(gprjz-l—l - 4P7]L + Pg—l)v

where, n is the number of equal intervals in space. The initial condition in Eqn. (14) simplifies to

At At aAt. , At

Az 2P (1+€1€2+A 2‘|‘ B )Pi ‘|‘2A—2PZ'+1‘|'
At At oAl At

—2A$2Pi_1+(1+€1€2_ Am2 - 9 )P —I_ QA 2P2+1 =0

11



Also, the condition at t =7 in Eqn. (15) simplifies to

Atgl ! At +1 At Atgt! At
(A ~ a2 it T (taa+ )P+ (-— 70—~ o =5) Py +
Atg"tt At At Atg"tt At

P+ (-1-ae+ )P+ ( 0,

( 2Az 2A:C2) Az? 20z 2Am2) +1 =

where, m is the number of time intervals. One way to solve the boundary value problem in Eqn.
(16) is to simply move all the terms to the left hand side and invert a very big matrix. However,
due to the integral terms on the right hand side the associated matrix would be a dense matrix
and the inversion would be quite time consuming. An alternative approach would be to formulate
an iterative algorithm in which the integral terms are kept on the right hand side. In this case, the

above discretization leads to a linear system of equation given by

[Py, = AP, (21)

where, the vector P contains the unknown function Pij at nodal points. The matrix I' is the
finite difference approximation of the terms on the left, and the matrix A is the finite difference
approximation of the integral terms on the right. For this case the matrix I' is now a large but a
very sparse matrix, and special routines developed for sparse matrices can effectively invert it [25].
For the numerical examples in this paper, the iterations start from a zero initial guess Py = 0, and
we need no more than three iterations for convergence. Therefore, we have an outer iteration to
update the a(z) according to a(z) = ag(2z) + h(z), and an inner iteration to solve for the P(%,z).
Example (1)

Consider a one-dimensional heat conduction problem, in which there exists a temperature de-

pendent heat generation. In this case the conduction of heat is modelled by Eqn. (1) with the

12



unknown function a(z) having a positive sign. This situation appears in a number of physical
applications including the study of polymers [26], thermal analysis of superconductors [27] and
biomedical heat generation [28]. For this case the forward problem is given by the parabolic equa-

tion given by

U = Uz + a(z)u, t€[0,0.6], z €[0,1.0]

ug(t,1) = f(t), u(t,0)=0.1
u(0,2) = 0.1.

For the inverse problem the measured data at the boundaries are provided according to

uI_(t, 0) = yl(t)v u(tv 1) = yQ(t)'

Note that we have a non-zero initial condition and a Dirichlet type boundary condition at = = 0.
The heat is added to the system through the flux boundary condition at 2 = 1.0 according to

f(t) = exp(— (t;)g)Q). Then, the flux at z = 0 and the temperature at = 1 are measured and are

provided for the inversion.

The spatial domain is divided into 60 equal intervals and the time domain [0, 7] is divided into
150 equal intervals. At every iterations the algorithm uses the given data and obtain boundary
conditions for the P equation according to Eqns. (8-9). Figures 1 and 2 show the boundary
conditions for the P equation for the first outer iteration, and Figure 3 shows the solution of the

BVP in Eqn. (16), i.e., P(t,z), after three inner iterations. The solution is accurate everywhere,

13



except for a narrow region close to the initial and final conditions. For all the numerical results in
this paper the values of the parameters are given by ¢; = ¢, = 107°. There was little sensitivity to
the values of these parameters. We obtained essentially the same results for 107 > ¢; = ¢; > 1076,

The algorithm then proceeds to compute the function H (¢, z) according to Eqn. (7) after which,
it can solve for the pertubation, h(z), from Eqn. (7). For this case the interval [17,7%] is chosen as
[0.15,0.25]. In the first example the function to be recovered is given by

a(z)=1 2z ¢€[0,0.48)U (0.62,1]
(22)

a(z) =2 z €[0.48,0.62]
Figure 4 shows the convergence of the unknown function for the first 100 outer iterations. It also
shows the actual function. Figure 6 shows the reduction in the relative value of the error as a
function of the number of iterations. The relative error is the total error divided by the error for

the first iteration. The error for each iteration is given by

N N
Error = Z(yl(jAT) — uy(JAT,0))* + Z(yg(jAT) —u(FAT, 0))>.

The quantity Errorg is the above quantity for the first iteration.
Example (2)

In this example we use the algorithm to recover a heat generation function given by

a(z)=1 =z €1[0,0.15)U (0.25,0.75) U (0.85,1]

a(z) =2 z €0.15,0.25]U [0.75,0.85]

Figure 5 shows the convergence of the unknown function for a number of iterations. In both cases

the algorithm can recover a close approximation to the unknown function after hundred iterations.

14



The recovered function is more accurate if the anomoly is close to the boundaries where the data
is being collected. In both cases, the results can also be improved by continuing the iterations. We
next consider the effect of noise in the data.

Example (3)

Consider the problem of recovering the unknown function given in example (2) and assume
that the given data is noisy. For this problem the measurements are the flux at z = 0 and the
temperature at z = 1. Figure 7 shows the given data in which we have used a random number
generator [29] to model the presence of noise. Before using the given data we use a three-point
averaging approximation given by f; = %(fi_l + fi+ fi+1), to somewhat smooth out the noise. Note
that this is the crudest approach for filtering out the noise. Once the data is smoothed out then,
it can be readily differentiated by a finite difference method to provide the necessary boundary
conditions for the associated (BVP). Figure 8 shows the convergence of the unknown function for
the noisy data. Compared to Figure 5, the result loses accuracy at the midpoint in the domain,
but the algorithm can still recover a close estimate of the unknown function. Figure 6 shows the
reduction of the error for the first three examples. The error is the difference between the given
data at the boundaries and the calculated data from the system as the function a(z) is updated
after each iteration. For the case of noisy data, the error does not improve after 50 iterations.
Figure 6 shows that the reduction in the error is not always monotonic. In optimization based
methods the algorithm seeks to minimize a cost functional which always includes the error. As a
result, using such an algorithm [16] the error is reduced monotonically. However, in the present
method we deal directly with the given data.

Example (4)

15



We next consider a specific problem involving optical tomography with applications in medical

imaging [8][21]. The mathematical model is given by Eqn. (1)

ur = Dug, —a(z)u, t€1[0,7], =z €]0,4],

ug(t,0) = f(t), wuz(t,0)+au(t,0)=10, u(0,2)=0

mm2
ps 7

where, D is the diffusion coefficient. For human tissues these values are given by D & 0.075
a = 5ml—m, and a =~ 0.00092% for healthy tissues, where, ps stands for picosecond=10712. If there
exists an anomoly inside the domain, then the the absorption coefficient jumps to a value of about
twice its normal amount, and the problem in medical imaging is to look for subsurface anomolies
based on the data collected at the boundaries. The domain is excited by a specified flux f(¢) at
r=1{ie., f(t)= exp(—%), and the data are collected at both boundaries. For our purpose
the length ¢ = 5em is appropriate. The time 7 should be large enough for the excitation to reach
the other end of the domain. We use 7 = 15000ps. In optical tomography for the first 200 ~ 300ps
there is not enough time for the excitation at z = £ to reach the boundary at z = 0, and the data
for these initial times is corrupted. We use the value of zero for the first 300ps. Note that in this
case the sampling of the domain starts from a zero initial condition, i.e. u(0,2) = 0. As a result
applying the algorithm in its present form leads to numerical divergence at ¢ = 0. The divergence
occurs when evaluating the coefficient terms in Eqn. (16). This is due to the presence of zero initial
condition. As a result we slightly modify the algorithm as follows.

At every outer iteration we need to solve the equation for P(¢,z). This is done by inner iterations
in which equation (21) is solved. For the special case of u(0,z) = 0, this iterative process fails to

converge in a thin region close to t = 0. To overcome this divergence we use the first iteration for

P(t,z) to generate the H(¢,z), and in turn, the perturbation h(z). Note that the initial condition

16



for P(0,z) is indeed P(0,2) = —h(z) from Eqn. (10). Therefore, when performing the inner
iterations, after the first inner iteration we can use the boundary condition given in Eqn. (14),
instead of the condition at ¢ = 0 given in Eqn. (14). This stabilizes the inner iterations and it
converges after no more than 3 inner iterations.

We consider the problem of recovering an absorption coefficient given by

a(z) = 0.0009-- = € [0,3)U(3.5,5]
(24)

a(z) = 0.0018.- =z € [3,3.5]

This function closely models the existence of an anomoly centered at z = 3.25¢m. The spatial
domain is again divided into 60 equal intervals and the time domain [0, 7] is divided into 150 equal
intervals. We start the outer iterations by assuming an initial guess for the absorption coefficient
ag(z) = 0.0009. The time interval used in Eqn. (7) is given by [2250,5000]. Figure 9 shows the
convergence of the unknown function for a few number of iterations, and Figure 11 shows the
reduction of the error as a function of iterations.

Example (5)

In this example we consider the recovering of an absorption coefficient given by

a(z) = 0.0009 =z €[0,0.7)U(1.2,3.7)U (4.2, 5]
(25)

a(z) = 0.0018 =z €[0.7,1.2]U [3.7,4.2]
Figure 10 shows the recovering of the unknown function with two anomolies. The number of
iterations needed for a satisfactory convergence is more than the heat conduction problems in
examples 1-4. The algorithm can recover a good estimate of the unknown function after 250

iterations. Figure 11 shows the reduction of the error for both cases.
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The method uses the data collected at the boundaries and, in general, the results are more
accurate if the anomoly is close to a boundary. This was also the case when we considered similar
problems using an optimization based algorithm [16]. In this paper we used a very crude method
to smooth out the noise, and as a result, the presence of the noise affects the accuracy of the
results and somewhat increases the number of iterations needed. However, the method can still
recover a good estimate of the unknown functions. A similar observation of accurate imaging of
both locations of the anomolies and the values of hA(z) within them was made in [19]. We note,
however, that in previous works [18, 21] on the ESM only locations of the anomolies were imaged
accurately, whereas values of the unknown coefficients within them were not calculated with a good
accuracy. Therefore, the second generation of the ESM, in which a BVP for an integro-differential
equation is solved directly [19], rather than by an elimination of the intgrals through truncated
generalized Fourier series, has a clear advantage over the first generation of this method. Using
the present algorithm, the computational time is considerably lower. This is due to the fact that
it requires fewer number of iterations, and in addition, at every iteration it seeks the solution to
a BVP which requires the inversion of a large but sparse matrix. The algorithm uses an efficient

method specifically developed for sparse matrices.

4 Conclusion

In this paper we presented a new method for one-dimensional parabolic inverse problems. The
method requires temporal measurements obtained at the boundary. It uses a number of change
of functions to relate the inverse problem at hand to an ill-posed boundary value problem (BVP)
for an integro-differential equation. It then uses the method of Quasi-Reversibility to solve the

corresponding BVP, after which it can readily solve for the unknown function. It leads to an

18



iterative algorithm that can recover the unknown function with a couple of hundreds of iterations.
At every iteration, it uses an inner iteration to solve the associated BVP. We considered two
different applications with different initial and boundary conditions. For application in optical
tomography the algorithm is slightly modifed to handle the divergence that can occur due to
the physical constraints. Numerical results indicate that the algorithm can effectively recover the

unkown function based on boundary measurements.
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Figure 11:

The boundary condition for the P(¢,z) at z = 0 for the first iterations in example 1.

The boundary condition for the P(¢,z) at z = £ for the first iterations in example 1.

The solution of the BVP in Eqn. (16) for P(t,z) for the first outer iterations after 3 inner

iterations for the example 1.

The convergence of the unknown heat generation function in example 1.

The convergence of the unknown heat generation function in example 2.

The reduction in the error computed at the boundaries for examples 1,2, and 3 as a function

of the number of iterations.

The collected data that are corrupted with noise in example 3.

The convergence of the unknown heat generation function for the noisy data in example 3.

The convergence of the unknown absoption function in example 4.

The convergence of the unknown absoption function in example 5.

The reduction in the error computed at the boundaries for examples 4, and 5 as a function

of the number of iterations.
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