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ABSTRACT. In this paper we will present an exact absorbing boundary condition for solving
2-D exterior Helmholtz equation in a unbounded domain. The proposed boundary condi-
tion is based on the Dirichlet-to-Neumann mapping for the exterior strips surrounding the
boundary of the rectangular computational domain. After the variables along the half-line
interfaces are eliminated in terms of the solutions on the computational boundary, an exact
boundary condition is obtained for the formulation of a finite element method of the exterior

Helmholtz problem over the finite computational domain.

1. INTRODUCTION

For many scattering applications including the resonant waveguide, diffractive optics ap-
plication such as the electromagnetic cavity problem and guided mode grating resonance
filters and photonic crystal patterned semiconductor waveguide, we need to solve scattering
of inhomogeneous scatter embedded in layered media. In order to apply finite difference
or finite element methods, the computational domain needs to be truncated to a minimum
finite region around the scatter. Therefore, an absorbing boundary condition is needed on

the truncated computational domain boundary so no artificial wave reflection occurs there.
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Many researches have been done for the case where the scatter is embedded in a homoge-
neous medium [1]-[4]. In this paper, we will present a new absorbing boundary condition for
scattering embedded in layered media.

Waves propagate in the layered media in various modes such as guided modes, leaky and
surface waves, and Rayleigh waves [6]. The Sommerfeld radiation condition [5] is replaced
with different kinds of decay condition such as the upward going (or downward going) con-
ditions [6] [8] . The formulation of boundary condition should accurately consider the effects

of all these waves to arrive at the correct absorbing boundary condition.

2. THE SCATTERING PROBLEM

Consider a perfect conductor €2y embedded in a layered medium. For simplicity, we assume
that the medium has only three layers and that {2y lies in the rectangle D = {z : —a <
1 < a, 0< xy < d} for some positive constants a and d (see Figure 1). Then the dielectric

constant €(z) has the following form:

(
€1, To>d,

€@) =9 e, O<zy<d, and z= (x.x2) ¢ Qo

L €3, X2 < 0.

In this paper we only consider the transverse magnetic wave, i.e., the electric field £ =
(0,0, u(zy,27)). Let a plane wave E; = (0,0, u;) incident on zy = d, where u; = e'(@®1=522)
a = kysin(f), § = kycos(d), and 0 € (—7/2,7/2), ki = w,/€;p, where the permeability u
is assumed to be a constant. Then u solves the following Helmholtz equation derived from

Maxwell’s system of equations

(2.1) Au+ E*(x)u = 0 in R*\Qq
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with the boundary condition

(2.2) u =0 on Iy,

where k?(z) = w?ue(x) with R(k) > 0 and S(k) > 0, Ty is the boundary of Q.

Y Iy 21 o =d
Q
QF Ty Lo [Ty %
To = 0
2o —a I's a 299

Figure 1. The geometry of the problem

In order to determine the physical solution, radiation conditions as xo goes to infinity
have to be imposed on the scattered field. Here we shall adopt the radiation condition
proposed in [8] [9]. Notice that the scattering field in the half planes ; = {z : zo > d}
and Q3 = {x : 23 < 0} are us = u — u; and u, respectively. We require that u satisfies the

following radiation conditions:

(2.3) us(z) = 2 /E %us(y)ds(y), r e,
(2.4) uiw) =2 [ Ww)ds@, e,

where ¥y = {z: 29 = d} and ¥y = {x : x5 = 0}, n(x) is the upward or downward unit
normal vector to X; or ¥y at x, and G(k, z,y) is the fundamental solution of the Helmholtz

equation with wave number %k in R2?, i.e.,

Glk,v.y) = —7HY (Klz = yl), @€ R”
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It follows from Remark 2.4 of [9] that the reflected filed up = —e'(@1+8@2=2d) in O has the

following integral expression:

_ 8G1(«T,y)u 3 _ 3G1($,y)u s T
unle) = = [ S ugypasty) = - [ LB u)dsty), a e

Hence, (2.3) becomes

(2.5) w(z) = ur(z) + ug(z) + 2 / Gk 2,Y) oV as(y). =€ Q.

o on(y)

By taking normal derivatives in (2.5) and (2.4), we get the following radiation boundary

conditions on ; and X:

Ou(x) PGk, 2,y)
2. =2 d )y
Ou(x) PG ks, 2,y)
2. = _— d by
20 on(r) 2 s, Dnlejony) "WEW TR
where g(z) = —2i3e'®*1=84)  The above two equations are known as the Dirichlet-Neumann

mapping. The hypersingular integral operators should be understood in the distribution

sense. Now we can formulate our scattering problem as:
Find u satisfies the Helmholtz equation (2.1) in{x: 0 < zy < d and z ¢ Qp},
(2.8) the boundary condition (2.2) and the radiation boundary conditions (2.3) and
(2.4).
3. THE PROBLEM ON THE BOUNDED DOMAIN
In this section we shall reformulate the unbounded problem (2.8) into a problem on the

bounded domain 2 = D\Qy. To this end, we need to propose boundary conditions on I'; for

j=1, 2, 3, 4 (see Figure 1), which, together with Iy, forms the boundary of the domain (.
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As shown in Figure 1, we shall use the following notations:

Yn=Az: xe=d, 11 < —a}, Yipo={x: 29 =d, z1 > a},
Yor={x: 22=0, x1 < —a}, Yo ={z: 25=0, 21 > a},
Iy=Az: zo=d, —a<z<a}, To={x: x1=—a, 0<y <d},
My3={x: 2=0, —a<x;<a}, Ty={z: x1=0a, 0<y <d},

Qf ={2: v1>a, 0<my<d}, Q5={r: 1 <—a, 0<axy<d}.

Define
B 0?G(ky,z,y) .
Nijp(z) =2 - Wﬁb(?ﬂds(y)a J=12
_ 82G(/€1, x7y>
Nip(z) =2 . Wﬁb(?ﬂds(y),
. 82G(l€3,.§(],y> .
Nojp(z) =2 - Wﬁb(?ﬂds(y)a J=12
Ng(b(l’) -9 82G(k3,x,y)

I W¢(y)d5(y)

Denote by p;;(z) the trace of u(x) on ¥;; for i = 1,2, j = 1,2. Then (2.6) and (2.7) can be

rewritten as

(31) gzgii = Nllpll(:L') + Nlu(l’) + ngplg(l’) + g, T & 21,
(32) gzgii = Nglpgl(l') + Ngu(l’) + Nggpgg(l’), x € 22.

Now we study the solution in Q. Let Gy(z,y) be the Dirichlet Green’s function for the

Helmholtz equation in Qs = {x : 0 < 23 < d}. Then

GR(x7y) = Go(l’,y) - Go(x/,y)
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is the Dirichlet Green’s function in Q%, where 2/ = (2R — 21, 25). Let v(z) be the outward
unit normal vector to the boundary I'¥ of Q at z. Tt is not difficult to get following integral

representation of u(z) in Q&

_ 8G§(x,y)u s x R
) == | s uiste), <o

By taking normal derivative on '}, we get

0
(3.3) o= = Niypio + Niypma + Now, @ € I,
where
2GRz, ) 0GR (x, |
Nid(a) = — (2.9) §nds(y),  Niyo(a) = — (=) o ds(y), i = 1,2

r, on(z)on(y) s, On(x)on(y)

Similarly, we have the integral representation of u(z) in Q% and the integral equation on the

boundary T'Y of QF:

0G*(x,y)
3.4 ua:z—/ — P u(y)ds(y), =€ QL,
8'& * * L
(35) % = Nllpll + N21p21 + NQU, x € F2 .

Combining (3.1), (3.2), (3.3) and (3.5), we get

Nupii(z) + Nyu(x) + Niopia(z) + g = Nyypir + Nyypar + Nou, x € 3y,
Nupii(z) + Nyu(z) + Niopia(z) + g = Nigpia + Nyypaa + Nyu, x € 3y,
Noipor (x) + Nau(z) + Nogpao(x) = Nyypin + Noypar + Nou, x € Yoy,

Noipor(z) + Nsu(x) + Nogpao(x) = Niypia + Nogpao + Nyu, € Yoo.
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The above equations can be written into the following matrix form:

(3.6) Np=ou+f
where p = (p11,p12,p21,p22)T7 f= (g,g,O,O)T and
Ni1 — Ny Nis —NJ, 0 Ny — N;
Ny Ny — NY, 0 —N3, Ny — N,
N = , 0=
—N{, 0 Ny — N3y Noo Ny — N3
0 —N{, Ny Nog — N3y Ny — N3

Then, assuming that N is invertible, we have
p=N"ou+ f) = To(u, f).
Let

Ti(p,u) = Niip11 + Nigpiz + Nyu, Ta(p,u) = Niipi1 + Noypa1 + Nou,

T5(p,w) = Noypar + Nagpas + Nsu, Ty(p,u) = Niyp12 + Noypaa + Nyu.

We have from (3.1), (3.2), (3.3) and (3.5) that

0

% = Tl(To(U, f),U) +9= ZU + blu M Flu
ou

5 = To(To(u, f),u) = Tou + by, x € Ty,

ou

an T3(To(u, f),u) = Tau + b3, €T},

ou

% = T4(T0(U, f)?u) = ﬂu + b47 YIS 1—‘4

where b1 = bg :g,bg = b4 =0.
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Finally, we have the following problem on the bounded domain €2 with the nonlocal bound-

ary conditionson I' =T UTy UT'3 Uy

Au+E* (2)u=0, x€Q,

u=0 SCGF(),
@:Tu—l—b, xel,
on

where the subscript j was omitted.

4. FINITE ELEMENT METHOD

For positive integer m, let HEZ () be the closure of C¥(Q) = {u € C=(Q) : u(zx) =
0 on I'p} with respect to the norm || - ||, of Sobolev space H™(Q2) ([7], [10]). As usual,
We use (+,-) to denote the inner product on L?(Q)(= H°(Q)). We denote by (-,-) the dual
product between H~*(T") and H*(T") and the inner product on L?(T).

The variation form of problem (3.7)—(3.7) is: Find u € H(Q) such that
(4.1) a(u,v) = F(v), Vv € Hgy(Q),

where

a(u,v) = (Vu - Vo) — k3 (u,v) — (Tu,v), F(v)=(bv).

Let Vj, be a finite element space in Hp(f2) with meshsize h. Then the finite element

approximation of (4.1) is: Find u; € V}, such that
a(uh,vh) = f(Uh), Yo, € V.

To implement the above finite element, we need to find the the inverse of A/ numerically

through solving system (3.6). The study in this aspect is undergoing.
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