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Abstract

In this paper, we study a coupling of spectral methods and the p-version
finite element method for elliptic boundary value problems containing sin-
gularities. The method of auxiliary mapping, which is a recent develop-
ment to deal with domain singularities in the p-version of the finite element
method, is employed to remove the pollution effect caused by singulari-
ties. An iterative interfacial coupling between spectral methods and the
p-version of the finite element method is used and investigated numerically.
The advantages of such an approach are demonstrated by the high accuracy
of spectral methods for the smooth part of solutions and the flexibility of
the p-version finite element method for dealing with singularities and irreg-
ular domains. The efficiency of the coupling method is also evaluated by
comparing results obtained by this method with those obtained by the full
finite element algorithm.
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1 Introduction

Spectral methods have proved to be very effective for a variety of flow simulations.
However, as global methods based on orthogonal polynomial approximations, they
have some restrictions. The solutions of the physical problems should be smooth and
the solution domain should be rectangular-like, otherwise spectral accuracy can not be
obtained.

To ease the restriction on the geometry, the spectral element method has been pro-
posed. This method has been successfully applied to solve Navier-Stokes equations on
domains which can be divided into rectangular-like subdomains ([14], [17]). However,
the spectral accuracy can only be achieved when the solution possesses no singularities.
The singularities in the solutions can be divided roughly into two sources. First, there
are singularities that come from ”internal” aspects of the equations, as shock waves in
conservation laws. Second, there are singularities that come from ”external” aspects
of the equations. These aspects include irregularities of domain, matching of different
types of boundary conditions, nonsmoothness of data, and so on. For both cases, spe-
cial attention has to be paid when spectral methods are applied. In this paper, we are
concerned with problems containing the latter type of singularities. Spectral methods
for shock waves have been studied in ([7], [20]).

In the spectral-element approach, the spectral approximation is applied on each of
the subdomains. Therefore, for those subdomains where the solutions are not smooth,
the high order accuracy of spectral methods will be destroyed, as usual. To eliminate
as much as possible the influence of the irregularity of geometry on the overall accuracy
of spectral methods, different approaches have to be adopted.

The finite element method is flexible in dealing with problems on irregular domains
and with problems containing singularities. Moreover, the method of auxiliary map-
ping, developed recently ([2],[15], [16]), can handle such singularities effectively and
economically when it is applied in the p-version of the finite element method. Thus, in
this paper, we intend to couple spectral methods and the p-version of the finite element
method. With this approach, we expect to keep the merits of the two approaches: the
high accuracy of spectral methods for smooth solutions and the flexibility of the finite
element method in dealing with irregular domain geometry. The essence of the cou-
pling method is dividing a given domain (2 into large rectangular subdomains €2, and
the remaining part Q7. = Q\Q,,, and then applying spectral methods on €2, and the
p-version of the finite element method on {2¢.. Here the domain {2 is divided so that
the subdomains {2,, do not contain any singularities. The coupling of spectral and
the h-version finite element methods has been attempted in [6], however, the essential
problem of singularities in the solutions has not been addressed.

Like any other hybrid method, the essential issue in coupling two types of numerical
methods is a correct and efficient formulation of matching conditions on the interface
where two different methods are patched. In [6], based on the variational argument of
the original elliptic equations, several type of interface conditions have been suggested



and studied. There the solutions from both the spectral and the finite element methods
are coupled, resulting in large systems of algebraic equations to solve.

In [8], an iterative interface technique was suggested to match two spectral solutions
along a common interface. With such a technique, solutions in the spectral domain
and the finite element domain are solved separately and sequentially, and solutions in
separate domains are coupled through the boundary condition on the interfaces. The
process of iteration stops when some prescribed criteria is satisfied.

An iterative interface coupling of spectral and finite difference methods for smooth
solutions on arbitrary domains has been examined([12]). The novelty of our approach
lies in coupling spectral and the p-version finite element methods; within the p-verson
of the finite element method, the method of auxiliary mapping can be used. With the
device of auxiliary mapping ([2]) in the framework of the p-version of the finite element
method on singular regions ()., the pollution effect on spectral subdomains (2, caused
by singularities, can be removed completely or can be reduced significantly.

As a first part of our investigation of this coupling method, we test the method on
Helmholtz equations on polygonal domains which have re-entrant corners or cracks.
The motivation to use Helmholtz equations as model problems is two-fold. First,
many problems in solid mechanics and electro-magnetics are related to the solution of
these equations. Second, in the spectral simulations of Navier-stokes equations[14], the
diffusion term is often treated implicitly and a Helmholtz equation has to be solved in
each time step. Thus, it is of practical interest to have accurate solutions of Helmholtz
equations. We can increase overall accuracy of spectral discretization of Navier-Stokes
equations.

This paper is organized as follows. In Section 2, we introduce numerical techniques
to be used in the coupling of spectral methods and the finite element method. In
Section 3, numerical results for Helmholtz equation on different irregular domains are
presented. We also give a comparison in terms of accuracy and CPU time between
results obtained by our coupling method and the results obtained by the p-version of
the finite element method. Finally, concluding remarks are given in Section 4.

2 Numerical Methods

In this section, we introduce some numerical techniques that are used in coupling
spectral methods with the finite element method. They are the method of auxiliary
mapping ([2],[15], [16]) in the framework of the p-version of the finite element method,
the pseudospectral Chebyshev Collocation methods( [8], [10]) and the iterative interface
method ([9],[21] ).

Let us consider the following elliptic boundary value problem:

—Au+pu = f inQ, (1)
v = g onlp, (2)



ou

a—n = h on FN, (3)

where Tp UTy = 09, Q is a polygonal domain, u > 0, measure(T'p) > 0, f € L?(Q),
g € L?>(Tp),h € L?(Ty), and du/dn is the outward normal derivative to ['y.

2.1 The Method of Auxiliary Mapping in the framework of
the p-version of the finite element method

The results and arguments of this section go through without essential change if the
Laplacian A is replaced by the general elliptic operator £ = 3, ; 0/0x;(as;0/0x;).

Let G be a smooth extension of g with bounded support. Then by setting w = u—G,
one can convert the elliptic problem (1)-(3) to the problem of the same type with
homogeneous Dirichlet condition. Thus, it is sufficient to consider the problem (1)-(3)
when g = 0.

Let H'() = {u € L*(Q) : Du € L*(Q)} and H(Q) ={u € H' () :u=0o0n I'p},
where Du is the weak partial derivative, then the exact solution u., of (2) means the
unique weak solution of the following problem: Find u., € Hp(2) such that

B(u,v) = F(v) for all v € Hp,(Q) (4)
where

B(u,v) = //Q{Vu-Vv+u(u-'v)}dQ,
Fv) = //vadQ—i-/rN gudy.

2.1.A. The p-version of the finite element method: There are three versions
of the finite element method: the h-version, the p-version, and the h-p version. The
h-version is the standard one, where the degree p of the elements is fixed, usually at a
low level, with p = 1, 2, or 3 and the accuracy is achieved by properly refining the mesh.
The p-version, in contrast, fixes the mesh and achieves better accuracy by increasing
the degree p of the elements uniformly or selectively. The h-p version is a combination
of both. The p-version of the finite element method is a new development ([3],[5]).
Hence, in the following, we describe the p-version of the finite element method.

Let S, = {w € HL(Q) : w|c 0 P, is a polynomial of degree p on E for every element
e}, where &, : E — e is the element mapping, F is the standard triangular element T’
or the standard rectangular element ) according to whether e is a triangular element
or a rectangular element. Then the p-version of the finite element method is defined
as follows: Find u, € S, such that

B(up,v) = F(v), forallve S, (5)



The dimension of S, will be called the degree of freedom and denoted by DOF. Let
us note that in the p-version the triangulation of €2 is fixed and only the degree p of
polynomial is increased. If u., € H} () is the exact solution then

lup — teallp = gélg:) |w — teal|m,
where || - ||g is the energy norm.

Let z = 1 + ixo and & = & + &5, Let

S = {(rd): 0<r<R,a<f<b} (6)
§* = {(r,6): 0<r* <Ra* <@ <b} (7)

be two circular sectors on the z-plane and the £-plane respectively. Suppose % : §* —
S is the conformal mapping defined by

z = ¢*(§)=¢& (8)

and let ¥ be the inverse function of ¢, then the determinants of their Jacobians are

|J(g0a)| — 042(T*)2(a_1) and ‘J(d)” — ir2(1—a)/a (9)

o2
respectively. Henceforth, the pull back of a function f : S — R by the conformal
mapping ¢ is denoted by f (that is, f = f o ¢?).

The following was proved in ([2], [16]).
Lemma 2.1.  For u,v € H'(S), we have

[[Vu-Vo+u-vidnde, = [[ (Vi Vo+|I(e)fa-okdede  (10)

and

[[f@p@dndz, = [[ o’ +&) " f©ie)dede, (1)

2.1.B. The Method of Auxiliary Mapping: We now describe the method of
auzxiliary mapping, which can efficiently handle elliptic problems containing singulari-
ties( corner, jump of boundary data, interface of two or more materials). Suppose the
exact solution u., has a corner singularity at P and suppose f = 0 on a neighborhood
of P (argument is similar if f # 0 on any neighborhood of P). Let wm be the interior
angle at P. Then, on a neighborhood of P, the exact solution u., can be written as
follows:

Uez (T, 0) Zakr sin(kf/w)



and the method goes as follows:

Step 1: Determination of the Singular Regions. At each singular point P, construct
a sector S centered at P. Namely,

S={(r,0):0<r <Ry} NAQ,

where (r,6) are the polar coordinates at P. Our method is not sensitive to the size
of the radius R, since we are using the method in the p-version of the finite element
method. However, when the singularity is very strong, it is better to choose for Ry to
be a little bit large if it is possible ( e.g. > 0.5.)

Step 2: Selection of Auxiliary Mapping. Suppose w > 1. Then the auxiliary
mapping can be chosen as follows: Let us define an auxiliary mapping by ¢“ : S* — S
where z = ¢¥(€) = £“, a conformal mapping from the £-plane to the z-plane. Then the
auxiliary mapping ¢* transforms a singular function u., on S to an analytic function
lleg On S*. That is,

Uez (1", 0%) Zak ¥ sin(k6*)

Step 3: Triangulation of (2. Generate a triangulation 7g on S as shown in Fig.
2.1. Then construct a triangulation 7 on 2 such that 7 |s = Ts. Let 73 be the image
of Ts under (¢*)™' (see, Fig. 2.1).

Fore* € T3 (and e € Ty = T\Ts), Per ( @) is the usual elemental mapping from the
standard element E (which is either the reference triangle or rectangle according as e*
(e) is a triangular or a rectangular element) onto curvilinear elements e*(e) respectively.
Since we allow circular arcs as sides of elements, they could be of the blending type as
those in chapter 6 of ([19]) and satisfy the usual technical conditions ([1]) that lead to
conforming elements.

Step 4: Computation of Stiffness Matrix and Load Vector.

In computing local stiffness matrices and local load vectors,

e Use the standard elemental mapping ®. for the elements e in the nonsingular
region 2y = Q\S.

e Use the standard elemental mapping ®.. for the elements e in the singular region
S; in other words, local stiffness matrices and load vectors on the element e in the
singular region are replaced by those computed on the elements e* = (¢*)~!(e)
by using the right hand sides of equations (10) and (11).

Let &5 denote the special elemental mapping from E onto e € T, defined by &5 =
¢“o®,.. We will call this special elemental mapping ®5 the singular elemental mapping.

If ®7 is used as the elemental mapping on the element e in a singular region S then
the basis functions constructed through ®5 will mimic the original singularity on S.



Let N; be the standard shape functions on E, N = N;o®_.! and N; = N;o (®5)~?
Then Nj o ¢* = N} Hence, from Lemma 2.1 , we have

[[{TNTNT + w(NN))
= [ [ AN (TN + (o) A ()Y (12)

//f/\fd:v—// [T (9%)| N de. (13)

Instead of computing the left hand sides of (12)-(13) involving singular shape functions,
we compute the right hand sides of (12)-(13) for the local stiffness matrix and load
vector on the elements e in the singular regions. Thus, the computer implementation
of our method is quite simple since any existing finite element code can be used for the
computation of the right hand sides of (12)-(13) without any alterations. Furthermore,
if u =0and f =0 on S, our method does not require any extra work.

Suppose e; € Ty, e2 € Ts and v = e; Ney = {(rg,0) : @ < 6 < b}. Then the
conformal mapping (¢*) ! is linear on the closed interval [a,b] and hence the basis
functions constructed by using the usual elemental mapping ®. for e C 2y and the
singular elemental mapping ®5 for e C S are continuous along their common edges 7.

Thus far, for brevity, the method was explained for the case of one corner singularity.
The argument is similar to the case when the problem contains many singularities of
different types ( we refer to [2] for the corner singularities, to [15] for the boundary
data singularities, to [16] for interface singularities).

Suppose ue, has corner singularities at P, ..., Py. For each g, let S; be the singular
region determined by Step 1, w,m be the interior angle at P,, ¢“¢ be the auxiliary
mapping determined by step 2, 7, be the triangulation on S, determined by step 3.
Suppose Uezlo, € H*(Qp) and uez|o, € H*(Q,), 1 < g < M. Then without loss of
generality we can assume that (kg —1) > 1,0 < (k;,— 1) < 1, for each ¢, 1 < ¢ < M.
Since w, was assumed to be > 1, fiey = Ueg|a, 0 ¢** € H*(Q}) and (k} —1) > 1. Here
¢“1(27) = Q. The following results were proven in ([2],[15]).

Theorem 2. 1 (1) Suppose ug‘”""""M ) is the finite element solution obtained by em-
ploying the method of auxiliary mapping with the auziliary mapping ¢“? on each sin-
gular region Q4 in the framework of the p-version of the finite element method. Then
we have

(14)

||u1()w17"'7wM) S C ||Nuez||k0,QO + Z C | 6]::2*|k1 72

where N, is the degree of freedom and, for each q, 0<q < M, C, is independent
of Np.

(2) Let uz be the finite element solution obtained by employing the method of aux-
iliary mapping with the auxiliary mapping ¥ : z = £“4 in the framework of the h-p
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version of the finite element method, then

h#a~
CO ko—1 ”ueIHko,Qo + Z CJ ky—1 ”Uea:
p q=1 p

||uez — up k; ,Q;

where po = min(p +1,ko), pg = min(p+1,k;), forq=1,..., M, and the constants

Cy are independent of the polynomial degree p, the mapping size wy, and the length of
the largest side h.

2.2 Chebyshev Collocation method

In the most common Chebyshev collocation method, the collocation points in the
interval [—1, 1] are chosen to be the extrema
mJ ,
- - =0.---.N 15
rj=cosTL  (j=0,,N) (15)
of the Nth order Chebyshev polynomials T (z). Here the Chebyshev polynomial of
degree n is defined by

-1

T.(z) = cos(ncos - z). (16)

In order to construct the interpolant of u(z) at the point z we define the polynomials

(1 — &) Ty () (=1)"*

C]Nz(ﬂf—x]) (]ZO”N) (17)

¢i(z) =

with &g =¢ey =2, =1 (1 <j <N —1). It is readily verified that ¢;(zx) = ;.
The Nth degree interpolation polynomial, Pyu(z), to u(x) is given by

N

Pryu(z Z u(zj)¢;(x (18)

Alternatively, Pyu(z) can be expressed in terms of series expansion of Chebyshev
polynomials,

Pyu(z Z a, T, (19)

where
2 1 N u(:c]) (5'3])

(20)
Nen o Cj

Ay = —=



It should be noted that the coefficients a,, in (20) can be evaluated using the FFT. In
fact, using (16) in (20) gives

21 X - j
_ 21 ulz)  min

= . 21
Nénjzo Cj N 1)

n

The second step in getting a collocation approximation is to express the derivatives
of Pyu in terms of u(x) at the collocation points x;. This can be done by differentiating
either (18) or (19). With (19) we obtain

dBu(r) X dr
dzr jz:%u(acj)ﬁqu(x), (22)
so that N
d%u(x
WD) _ 5™ () (DR 23
§=0
where
D dP
(D )k = 75 0i(@) o=y (24)
For example
G (—1)i Tk .
O = 25 p)
j J
:1:’.
(DN)ii = _Q(T]:cz-)’ (25)
J
2N? +1
(DJIV)UO = 6 = _(Djlv)NN
and
Dj = (Di) (26)

2.2.A. Chebyshev Collocation Method for One Dimensional Problem: Let
us consider

—Upe = f in (—1,1), (27)
U(xg) = g%, and Uzy) =g,

where g = 1 and zn = —1.
The collocation approximation of (27) results in the following algebraic system of
equations for the unknowns u; = u(z;),0 < j < N,

N

— > u(@;) (D = flm)  1<k<N-1, (28)



where uy = u(xy) and uy = u(zy) Let

v = (D)o, (DF)2,0, - (Diy)n-10)", (29)
v = ((Di),ns (DR, (DR)n-1,n)", (30)
and
Dy = ((Di)k;) 1<k, j<N-1. (31)
Then
(D)oo . (D3 )o.n
Dy=| aw D}, By |- (32)
(DX ) w0 a (DX )w.n
Thus (28) becomes
Uo
Uy
—(@n, D}y, Bn) = f, (33)
UN-1
un
where fz (fo, -, f~)T u; = u(zj), fj = f(z;). Since uy = g™ and uy = g, from
(32) we can get the following algebraic equations:
—Dii = f+g*dn + g B, (34)

where @ = (u1,us, -+, un_1)".

2.2.B. Chebyshev Collocation Method for Two Dimensional Problem: Let
us consider the Helmholtz equation

AU+uU=f  inQ, (35)
U=g on 02,
where 2 = [—1,1] x [-1,1]. For a general rectangular domain ' = [—a,b] X [—¢,d],

we can use the affine transformation that maps Q into €'. Like the one dimensional
problem, we choose the following Chebyshev collocation nodes:

z = cos—~  (0<i<N), (36)
N-
y; = cos% 0<j<M). (37)



The two dimensional Lagrange polynomials are defined by the tensor product of the
one-dimensional counterparts in x- and y- spatial directions with appropriate degrees,

(D11 = )T} () ()71~ )Ty ()
PV S NG ) G-y e
= ;' (2)87" (v),

where gy=cey=dp=dy =2,6=11<i<N-1),d;=11<j <M —-1).
It is also readily verified that
(39)

Q5 (1, Ym) = 6it6jm

The interplant polynomial, Pyxu(z,y), to u(z,y) is given by

PNMU' :C y ZZ m’ny] ij 33 y)

1=0j5=0

(40)

Let u;; = u(z;,y;), then with given Dirichlet boundary conditions we have only (N —
1) x (M — 1) unknowns u;; (1 <i< N—-1,1<j <M —1). We put the unknowns

{u;;} into vector form in two different ways,

Uy (%1
o ?Iz — 172
U= ) , V= . ;
Up—1 UN-1

where U; = (’UJLZ’, U2y, UN 1,1') and v; = (Uj,l, Uj2,* ", uj,M—l) . Then, for fixed Yj,
(41)

D} ij + dng; + gNgf

gives 9*u/0z* along the j-th row mesh points where dy and BN are vectors defined in

Therefore,
D%, (1 g3 AN 92 Bn
) : + ' + : (42)
D%, Unr—1 gr—10N 917/[—1B'N

is 0%u/0x? evaluated at all interior nodes, arranged in a row by row order
Similarly,
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hy Bu

D?, Un_1 hy_18um h]_Vle'M

gives 0%u/0y? evaluated at all interior nodes, but arranged in a column by column
order, where h;” = g(x;, ) and h; = g(x;, ym),1 <i < N — 1.
We know that for our vectors U and V there exists a permutation matrix P such
that
U = PV. (44)

Let us denote the (N — 1) x (M — 1) by (N — 1) x (M — 1) block matrices by

D2,
D, = D , (45)
Dz,
and
D2,
D, = Do , (a0
D%,
and also let .
fi
F= f ', (47)
fua

where f; = (fui, fai, -+, fv-ns) ', 1< i < M= 1.
Then, by combining (42) and (43) we have the following Chebyshev collocation

approximation to (35):

— (Dy+ PD,P~' — uI)U
g an 91 BN hidu hi Bu
+a -3 hia hy B =
_ AN g2,BN +p| *TM [+p 2,ﬁM + F (48)
91T4—1C_Y‘N 917/1—15N hj\_’—l&M hl_\l—lgM
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2.3 The iterative method for the Helmholtz equations.

The high order basis functions in spectral methods disagree with the low order basis
functions in the finite element method along the interfaces. Thus the coupling process
will lead to discontinuous trial functions. We have investigated an iterative method to
deal with this matching problem.

Let us describe the iterative method proposed in ([9],([21]). Consider a simple
rectangular domain Q = [—1,1] x [—a,b] with a,b > 0, decomposed into the subsets
0 =[-1,1] x]0,b], Qy = [-1,1] X [—a, 0]. We denote by I' = [—1, 1] x {0} the interface
between €2; and 2y, and by 02 the boundary of €2. Then for all square-integrable
function f, g and nonnegative constant u, we consider the following Helmholtz equation:

—Au+ pu = f in Q, (49)
u=yg on 012,

If v denotes the restriction of u to 21, and w the one to {2s, then (49) can be written
in the following split form:

—Av+pupw=f in 4,

v=g on 0 \T, (50)
v=w on I

ow Ov

-2 T

on  On o

w=g on 0Q\T', (51)

—Aw+ pw = f in s,
where % denotes the normal derivative along interface I'.

An analogous statement also holds for decompositions of the domain 2 into any
finite number of disjoint subdomains. In such case, continuity of the function and of
its first derivative should be enforced at each interface boundary.

We introduce the following iterative procedure in order to solve (50)-(51). Let
A1 be any given function on I'. We consider the two sequences of functions v and
w™ n > 1 which are the solutions of the following two problems respectively,

—Av™ 4 gev™ = f inQ,
o™ =g on O \T', (52)
o™ =), on I
and
—Aw™ + gow™ = f in Q,,

w™ =g on OQL\T, (53)
= r
9 9 on T,

12



where
g1 = Bw™ + (1-60)A, onT, n>1, (54)

and 6 € (0,1] is a relaxation parameter. The problems have the inherited boundary
conditions along 99 \I' and 0N, \T respectively. If the sequences {v(™} and {w™}
converge, their limits are necessarily the solutions v and w to (50)-(51).

Let
c(0) = sup |ck(6)|- (55)
k>1
where c,(8) = 1 — (1 + p(k)) for k > 1, p(t) = tanh(y/tb)/tanh(v/ta), t > 0. Then,
for the Helmholz equation with homogeneous boundary condition (i.e. g = 0), it is
proven in [9] that for all A;, a, and b, the iterative procedure (52-54) converges if and
only if ¢(f) < 1.

3 Numerical Results

In this section, we give numerical results obtained by applying our method to Helmholtz
equations with Dirichlet boundary conditions. We also compare the results obtained
by our coupling method with those obtained by the finite element method.

First, we apply the coupling method to Helmholtz equation by dividing the solution
domain €2 into two subdomains, 2 is the L-shaped domain as depicted in Fig.3.1. The
case when the domain is divided into three subdomains is discussed in Test Two.

Test One: Let us consider the Helmholz problem, (49), with ¢ = 1 on the L-shaped
domain as depicted in Fig. 3.1. Suppose f = g = r*3sin(2/3)6. Then u(r,6) =
r?/35in(2/3)6 is the true solution of (49), with 4 = 1, and hence this problem is
actually the Laplace equation. Thus the results obtained by applying our method to
the Helmholtz equation with nonhomogeneous Dirichlet boundary condition is expected
to be the same as those obtained by applying our method to the Laplace equation.
Hence, from Theorem 2.1, an exponential convergence is expected when the method of
auxiliary mapping was used in the finite element part of the coupling method.

In order to apply our coupling method to the problem (49), the domain Q is de-
composed into a rectangular subdomain €2,,, on which the true solution u., is analytic,
and a nonrectangular subdomain €., on which u., has a corner singularity. The sub-
domains €y, {0f., and the mesh on €y, for the finite element method are depicted in
Fig 3.1.

Let I' = Q,, N s be the common boundary of two subdomains. We choose A; as
a linear interpolation of ue(1,1) and ue,(—1,1). Let u{}) be the solution of

spy

—Augy+usp, = [ in Qy, (56)
usp = g on 0Q,\T, (57)
Usp = Ay onT (58)
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obtained by the spectral method. Now, let “S“le) be the solution of the following mixed

boundary value problem:

—Auge +ure = [ in Qye, (59)
ufe = g on Qg \T, (60)
Oufe ull)
= T 1
on an " (61)

obtained by the p-version of the finite element method. Then the Dirichlet boundary
condition along I" for the second iteration is determined as follows:

Xo = 0ul) + (1 O)\,.

This iterative process can be repeated until the desired convergence is obtained.
The optimal choice of the relaxation parameter # should be chosen dynamically for
each iteration. However, in our computations, the relaxation parameter € is chosen to
be 0.51 at each iteration step and a satisfactory rate of convergence is observed.

Throughout this section, Erro(E), NIT,N, p, and DOF denote the absolute
Error in the Maximum Norm on the domain E, the Number of Iterations, the Polyno-
mial Degree in each variable of the spectral solution in Q,, the Polynomial degree of
basis functions for finite element solution in ., and Number of Degree of Freedom,
respectively.

The errors in maximum norm for finite element solutions are computed by evaluat-
ing the absolute error at 25 points per element and those for the spectral solutions are
calculated by evaluating errors at collocation points. Henceforth, we assume p < 8.

It is observed that the maximum error occurs along the interface I'. Because of the
lower order accuracy on €y, (large elements are used as shown in Fig 3.1), we select a
subregion, Q7 = {(z,y) € Q4 : y > 1.5}, of the domain ), where the influence from
the interface will be smaller and high accuracy of spectral methods can be expected.

In all of our numerical experiments, the error on the interface Err.(T') for each
iteration decays very rapidly, then it fluctuates around some equilibrium values. The
general convergent history is not sensitive to the initial choice of A;, which is a promising
indication of the effectiveness of the coupling methods. We stop the iteration process
when the changes in Erry(T') is < 10%.

In Table 3.1 we report the convergence history of Err. (') along the interface T
for both cases: when the method of auxiliary mapping is not used and when it is used
(for finite element solution). In Table 3.2, we show the maximum errors on Q* and Q
for the results at the last iterations. In Fig. 3.2, we plot the maximum errors on three
parts (that is, Q*,T', Q) of the solution domain for three different sizes of meshes for
the coupling method. Fig. 3.2a corresponds to the case when no mapping technique
is used in the finite element method while Fig. 3.2b corresponds to the case when the
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mapping technique is used. By comparing Fig. 3.2.a and Fig. 3.2.b, one can see that
the mapping technique leads to a dramatic improvement in accuracy. That is, one can
see an exponential convergence in the latter case.

To see the profile of the change of error, in Fig. 3.3, we plot the maximun error
in logarithmic scale of the solutions along a line L, depicted in Fig. 3.1, across the
domain 2. Once again, one can see the improvement by the mapping technique which
can remove the pollution effect caused by the singularity.

In the tables in this paper, the columns labeled with without mapping stand for
the case when the method of auxiliary mapping is not applied for the finite element
solution of our coupling method. On the other hand, the columns labeled with with
mapping stand for the case when the mapping technique is applied.

Table 3.1. Erry(I') at each iteration until convergence is achieved (three mesh
sizes are reported here).

without mapping with mapping
NIT N =4 N =38 N =16 N =14 N =38 N =16
p=2 p=4 p=2_8 p=2 p=4 p=2_8
1 | 0.587D-00 | 0.963D-00 | 0.764D-00 || 0.995D-00 | 0.963D-00 | 0.964D-00
2 | 0.265D-00 | 1.610D-02 | 1.555D-02 || 2.292D-02 | 2.161D-02 | 1.727D-02
3 | 0.146D-00 | 3.492D-03 | 2.559D-04 | 1.377D-03 | 5.725D-04 | 2.911D-04
4 | 0.102D-00 | 7.754D-04 | 5.337D-05 || 9.480D-04 | 1.352D-04 | 5.252D-06
5 | 8.622D-02 | 6.341D-04 | 4.814D-05 | 9.127D-04 | 1.290D-04 | 8.031D-07
6 | 8.015D-02 | 6.217D-04 | 4.810D-05 stop stop 3.421D-07
7 stop stop stop 2.206D-07
8 1.816D-07
9 stop
Table 3.2. The error in maximum norm on Q;‘p and Q..
without mapping with mapping
N | pdeg | Erroo () | Er7eo(Qge) | NIT || Erro(Q5,) | Erroo(2se) | NIT
4 2 3.374D-02 | 2.759D-02 6 1.342D-04 | 1.248D-04 5
8 4 4.009D-05 | 3.755D-04 6 1.178D-04 | 9.593D-05 5
16 8 7.123D-06 | 1.401D-04 6 3.574D-10 | 6.154d-07 6

In order to compare the coupling method with the p-version of the finite element
method, we apply the p-version of the finite element method to the same problem
on the whole domain 2 with mesh depicted in Fig. 3.4. Let ©; = Ujci<ge;, {dp =
U9§i§16ei793 = U17§i§2061794 = U21§i§24ei,95 = U25§i§326i, where €; stands for the
i-th element (see, Fig. 3.4). Then the maximum error in each subdomain is given by
Table 3.3: Table 3.3.a is the case when the method of auxiliary mapping is not used
and Table 3.3.b is the case when the mapping is used.
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Table 3.3.a. The maximum errors of finite element solutions obtained without
using the mapping technique.

p-deg | Erroo(1) | Er7reo(Q2) | Er700(23) | ET700() | Erreo(€2s)

2 4.02D-02 4.37D-3 1.31D-03 | 6.01D-04 | 1.91D-04
2.97D-03 | 8.89D-04 | 2.77D-04 | 1.00D-04 | 3.67D-05
1.01D-03 | 3.34D-04 | 9.83D-05 | 3.71D-05 | 1.43D-05
1.66D-03 | 2.36D-04 | 6.76D-05 | 2.55D-05 | 9.75D-06
1.53D-03 | 1.57D-04 | 4.82D-05 | 1.82D-05 | 6.99D-06

00 ~1 O

Table 3.3.b.The maximum errors of finite element solutions obtained by using the
mapping technique.

p-deg | Erroo(Q1) | Erreo(Qa) | Erroo(Q3) | Erre(Q) | Erre(Qs)

2 1.69D-03 | 2.54D-03 | 4.01D-04 | 1.71D-04 | 6.61D-05
1.72D-04 | 2.15D-04 | 5.07D-05 | 1.08D-05 | 2.32D-06
1.13D-05 | 1.13D-04 | 1.87D-06 | 2.25D-07 | 3.34D-08
2.47D-06 | 2.47D-06 | 3.36D-07 | 2.19D-08 | 3.30D-09
5.27D-07 | 5.27D-07 | 6.68D-08 | 2.70D-09 | 6.35D-10

00 ~1 O

From Table 3.3.b, one can see that the maximum error is gradually decreasing from
the region {2; to the 25. However, Table 3.2 shows that the coupling method yields

*

high order accuracy throughout the subregion QF, = Q3 U Q4 U Q5.

Next we present the CPU time comparison between the coupling method and the
full p-version finite element methods. The final solution of the coupling method or the
finite element method amounts to solving a system in the form A% = b. Thus, we use
the following notations to denote the CPU time needed to complete different stages of
solving this system. Let CPU-Ab, CPU-LU, CPU-BF, CPU-total stand for the CPU
time required to generate the matrix A and load vector I;, calculate the facorization
LU of the matrix A once, solve LUZ = b with Backward and Forward substitutions
per iteration, and the total CPU time (all iterations are counted!) respectively. The
load vector b should be calculated at each iteration. However, the factorization LU
is done only once. Thus, the extra cost at each iteration is calculating b and solving
LUZ @, = b with backward and forward substitutions.

Erre(§25) in Table 3.5.b and Erry(£2;,) in Table 3.2 versus CPU time is plotted in
Fig. 3.5 (note: Q5 C ). One can conclude from Fig. 3.5 that our coupling method
is cheaper than the finite element method when the spectral domain is larger than the
finite element domain. On Table 3.4.a, CPU time when N = 4 for the spectral part is
too small to record.

Table 3.4.a The CPU Time for the coupling method (when the mapping technique
is used on finite element part).
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Spectral part Finite Element part
N | CPU-Ab | CPU-LU | CPU-BF | p | CPU-Ab | CPU-LU | CPU-BF | NIT | CPU-total
4 2 15.88 5.69 0.01 5 21.62
8 0.2 0.13 0.01 4 32.41 6.02 0.02 6 38.94
16 1.32 12.47 0.16 8 98.69 9.53 0.15 8 124.49

Table 3.4.b The CPU Time for the p-version of the finite element method (when
the mapping technique is used).

p=1|p=2|p=3|p=4|p=>5|p=6|p=7|p=8

CPU-Ab | 15.96 | 29.41 | 47.04 | 75.36 | 112.79 | 169.74 | 250.13 | 354.99
CPU-LU | 10.13 | 10.55 | 10.53 | 11.21 | 12.49 | 14.92 | 18.61 | 29.92
CPU-BF | 0.01 | 0.02 | 0.04 | 0.08 0.15 0.24 0.39 0.61

CPU-total | 26.10 | 39.98 | 57.61 | 86.65 | 125.43 | 184.90 | 269.13 | 385.52

In the next test, we consider the case when the given domain €2 is decomposed into
three subdomains.

Test Two: Let us consider the problem (49) on a domain Q which contains two
singularities ( a reentrant corner and a crack) as depicted in Fig. 3.6. Since the
numerical results for 4 = 1 are similar to those for 4 = 0, we report the results
obtained by applying the coupling method to the Possion equation: —Au = f in (),
u = g on Of).

Suppose g = uy - uy and f = —A(uy - uz) , where
Ti(z,y) = (—(y+2),2),
wi(r,0) = r'/?sin(6/2),
ui(z,y) = wi(Ti(z,y)),
(:v,y) = ((y - 2) .’17),
wy(r,0) = r**sin(26/3),
up(7,y) = wa(Ta(z,y)).
Then u., = uy - us is the true solution of the Possion equation. Let

Q,lfe {(.’E,y) e Yy S _l}a

0 = {(z,y) €Q:1<y},

Qsp = {("Bay) €efl:—1 Syf 1})

Q;, = {(z,y)€eQ:-05<y<05}

and let Ty = Qk, N Q,,, T = 02, N Q.

The convergence history of the maximum errors on both interface I'; and T’y are
listed in Table 3.5.a and b respectively. As before, the iterations were stopped when
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the changes in both Err(I';) and Erry(I'2) are < 10%. This rule is applied on Tables
3.5.a. and b. Table 3.6 shows the maxmum errors on Q},, Q% , Q7.

In Fig. 3.7, we plot the errors on various parts (that is, Q}e,Fl,I‘z,QQe) of the
solution domain for three different sizes of meshes for the coupling methods, Fig. 3.7a
corresponds to the case when no auxiliary mapping technique is used with the finite
element method while Fig. 3.7b has the case where the mapping technique is used.
Again in Fig. 3.8, we plot the maximun error in logarithmic scale of the solutions along
a line L, depicted in Fig. 3.6. Across the domain €2, we can see the improvement with

the mapping technique in removing the singularity effects.

Table 3.5.a. Erry(I'1) at each iteration until the convergence is achieved: (three

mesh sizes are reported here).

without mapping

with mapping

NIT

N=4
p=2

N=38
p=4

N =16
p=38

N =4
p=2

N=38
p=4

N =16
p=2_8

© 00 IO UL & W N ==

1.721D-00
2.663D-01
1.300D-01
1.107D-01
1.070D-01
stop

1.732D-00
1.042D-01
2.193D-03
4.997D-03
5.523D-03
stop

1.744D-00
1.078D-01
5.962D-03
9.964D-04
1.456D-03
stop

1.721D-00
1.212D-01
8.234D-03
2.643D-03
3.236D-03
stop

1.740D-00
8.203D-02
2.338D-03
2.271D-04
2.745D-04
stop

1.748D-00
7.955D-03
2.418D-03
1.162D-04
3.455D-06
4.191D-07
2.097D-07
1.644D-07
stop

Table 3.5.b. Err.(I'2) at each iteration until convergence is achieved: when the

method of auxiliary mapping is not applied (and applied) on 2, (three mesh sizes are
reported here).

without mapping

with mapping

NIT

N=4
p=2

N=38
p=4

N =16
p=2_8

N=4
p=2

N=38
p=4

N =16
p=2_8

© 00 IO Ut i W N =

1.786D-00
3.737D-01
1.544D-01
1.331D-01
1.401D-01
stop

1.701D-00
1.265D-01
7.467D-03
5.294D-03
1.117D-03
stop

1.705D-00
1.278D-01
8.107D-03
3.655D-04
1.562D-04
stop

1.786D-00
1.045D-01
6.178D-03
1.621D-03
2.958D-03
stop

1.702D-00
5.803D-02
2.480D-03
2.893D-04
2.552D-04
stop

1.705D-00
5.835D-02
2.480D-03
7.685D-05
3.882D-06
5.267D-07
3.790D-07
3.272D-07
stop
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Table 3.6. The error in maximum norm on {2,

Q}, and Q3,.

without mapping
N | p-deg | Erro(22) | Erreo(Q,) | Erres(Q,) | NIT
4 2 7.964D-02 | 1.070D-01 | 1.401D-01 5
8 4 3.442D-03 | 2.241D-02 | 3.759D-03 3
16 8 9.598D-04 | 1.542D-02 | 3.132D-03 8
with mapping
N | p-deg | Erro(22) | Erreo(Q,) | Erres(Q,) | NIT
4 2 1.678D-03 | 3.236D-03 | 5.286D-03 5
8 4 6.881D-05 | 5.707D-04 | 7.687D-04 5
16 8 1.556D-08 | 5.408D-07 | 1.605D-06 8

4 Concluding Remarks

In our first attempt to couple spectral methods and the p-version of the finite element
method, we obtained several promising results. In the numerical tests, we acheived the
advantages of both methods: efficient handling of singularities caused by the irregular
domain geometry and high accuracy of spectral methods by eliminating the pollution
effects. We intend to extend our method to general elliptic equations as well as three
dimensional cases.
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