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Abstract

In order to study multi-dimensional unstable detonation waves, we have devel-

oped a high order numerical scheme suitable for calculating the detailed transverse

wave structures of multidimensional detonation waves. The numerical algorithm uses

a multi-domain approach so that different numerical techniques can be applied for

different components of detonation waves. The detonation waves are assumed to un-

dergo an irreversible, unimolecular reaction A → B. Several cases of unstable two

dimensional detonation waves are simulated and detailed transverse wave interactions

are documented. The numerical results show the importance of resolving the detona-

tion front without excessive numerical viscosity in order to obtain the correct cellular

patterns.
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Nomenclature

a = local sound speed

A = reactant

A = ∂F

∂U
Jacobian matrix

B = product

B = ∂G

∂U
Jacobian matrix

C = cross point between subdomains

D = detonation speed

e = specific internal energy

f = overdrive of Chapman-Jouguet detonation waves

F = ξ-flux in curvilinear (ξ, η) coordinates

f = x-flux in (x, y) coordinates

G = η-flux in curvilinear(ξ, η)coordinates

g = y- flux in (x, y) coordinates

√
g = Jacobian matrix of mesh transformation

K = constant

lsk = mesh size for detonation front

n = normal direction of shock front

(n, m) = mesh size in (ξ, η) direction, respectively

p = pressure

Q = specific heat formation

s = entropy

t = time

t = tangential direction of shock front

T = temperature

T = ∂v

∂u

U = conservative variables in curvilinear (ξ, η) coordinates
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u = flow x- velocity

u = conservative variables in (x, y) coordinates

v = flow y- velocity

v = primitive variables in (x, y) coordinates

W = channel width

(x, y) = spatial coordinates

γ = ratio of specific heats

λi = mass fraction of i-th species

Ψ = right hand side

Φ = right hand side

ρ = density

(ξ, η) = curvilinear spatial coordinates

E+ = activation energy

f ∗ = critical overdrive of steady detonation waves

`∗ = half reaction distance

t∗ = half reaction time

U1 = ξt + uξx + vξy contravariant velocity

U2 = ηt + uηx + vηy contravariant velocity

a0 = local sound speed in unreacted gas

Dj = C − J speed of steady detonation waves

`i = left eigenvalues of A or B

Mi = molecular weight of i-th species

µij = stoichiometric coefficients for j-th species in i-th reaction step

ωi = reactant rate of i-th reaction step

ri = right eigenvalues of A or B

ρi = density of i-th species

Π3(x) = cubic Hermite interpolation polynomial
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Introduction

Detonation waves are intrinsically multi-dimensional unstable phenomenon as demon-

strated by the experiments of Oppenheim [1]. Since then, the simple steady Chapman-

Jouquet theory [2], [3] has been re-examined for its limited explanation of most of the

multi-dimensional features seen in real world detonation waves. The unique characteristics

of multi-dimensional detonation waves are their cellular patterns which are the trajectories

recorded on the wall by the transverse waves structures. Those transverse wave structures

consist of so-called “triple points” which have three shock configurations [4] (an incident

shock, a reflected shock and a Mach stem plus a contact discontinuity). The formation of

those transverse wave structures moving along the main precursor detonation front attracted

much attention. These phenomena raised the interest of experimentalists trying to measure

the cell size of the cellular pattern [5].

In this paper, we will present a high order hybrid method in order to study two dimen-

sional detonation waves. The numerical simulations done in the paper are for an idealized

model of a chemical reaction in which the reactant species is in an irreversible, unimolecular

reaction A → B with finite Arrhenius reaction rate. It is evident that this model can not

represent all the effects of realistic chemical kinetics on the cellular structures observed in lab

experiments. However, an accurate numerical solution of this simplified model will provide a

better understanding of the physics involved in the onset and evolution of detonation waves.

There are three basic characteristics of detonation waves: (1) a strong precursor detona-

tion front; (2) Mach stem configuration of the “triple points” and transverse wave structures;

(3) stiff chemical reactions. The flow field can be divided into regions of highly irregular and

steep gradients near the detonation front and regions of strong but smooth pressure waves.

Near the shock fronts, strong vorticity fields are generated from the roll-up of slip lines.

The temporal changes of thermodynamic and chemical compositions vary dramatically from

region to region. We will construct our hybrid numerical schemes according to these char-

acteristics of multi-dimensional detonation waves.
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The reaction rate depends on the flow temperature exponentially through the Arrhenius

relation. Accurate computations of the flow field are extremely important in producing the

correct chemical reactions and thus the correct cellular structures. Traditional shock captur-

ing schemes, designed to smooth shock and contact discontinuities, introduce a considerable

amount of numerical viscosity near those discontinuities. They have been shown to have

a tendency to distort the real chemical reaction processes. In [6], the widely used P.P.M.

high-order Godunov scheme was found to produce nonphysical weak detonations. Also in [7],

the ENO finite difference scheme was shown to yield wrong detonation speeds in one dimen-

sional ZND simulations. All of these facts point out the importance of designing numerical

methods without excessive numerical viscosity.

In Section 1, we will introduce the governing equations for reacting flows and its for-

mulation in general curvilinear coordinates. In Section 2, we discuss the hybrid numerical

scheme. In Section 3, we consider the treatment of interface conditions between different

numerical schemes and the smoothing techniques for the detonation front. In Section 4, we

validate the hybrid numerical scheme and test the effects of smoothing of the detonation

front on the cellular pattern of detonation waves. Then, we present simulations of two cases

of two dimensional detonation waves. In Section 5 a conclusion is given.

1 Governing Equations

Consider two dimensional detonation waves in an infinite channel moving from left to right

into unreacted gas mixtures and the channel is denoted by Ω = (−∞,∞) × [−W/2, W/2]

where W is the channel width. The governing equations for reacting detonation waves with

s species and p reaction steps are the following Euler equations,

∂u

∂t
+

∂f(u)

∂x
+

∂g(u)

∂y
= Φ(u) (1)

where

u = (ρ, ρu, ρv, ρe, ρ1, · · · , ρs)
>
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f(u) =

(

ρu, ρu2 + p, ρuv, ρu(e +
p

ρ
), ρ1u, · · · , ρsu

)>

g(u) =

(

ρv, ρvu, ρv2 + p, ρv(e +
p

ρ
), ρ1v, · · · , ρsv

)>

Φ(u) = (0, 0, 0, 0, ω1, · · · , ωs)
>

and ωi = ρMi
∑p

i=1 νij
∂λi

∂t
, and dλi

dt
denotes the change rate of the ith reaction progress variable

which is assumed to obey Arrhenius’ rule. In the case of one-step A→ B irreversible reaction,

i.e. s = p = 1 and

ω = −Kρλe−E+/T (2)

where λ = ρ1

ρ
is the mass fraction of the reactant. If we assume exothermic reaction, the

specific internal energy

e =
p

(γ − 1)ρ
+

u2 + v2

2
+ λQ (3)

where Q is the specific heat formation and γ = 1.2 is the ratio of specific heats.

All quantities above have been non-dimensionalized by the initial states in the unreacted

gas mixture in front of the detonation fronts. They are given as follows (“←” indicates

nondimensionalization and “0” subscript denotes states of unreacted gas )

p ← p
p0

ρ ← ρ
ρ0

u ← u√
RT0

T ← T
T0

E+ ← E+

RT0

Q ← Q
RT0

t ← t
t∗

x ← x
`∗

Where t∗ = `∗√
RT0

, `∗ is the half reaction distance which a mass particle will travel from the

detonation front before half-depletion of the reactant occurs.

Consider a general curvilinear coordinates (ξ, η, t), ξ = ξ(x, y, t), η = η(x, y, t), the gov-

erning equation (1) becomes

∂U

∂t
+

∂F(U)

∂ξ
+

∂G(U)

∂η
= Ψ(U) (4)
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where U =
√

gu,

F(U) =





























U1√gρ
U1√gρu + yηp
U1√gρv − xηp
U1√gρe + (yηu− xηv)p
U1√gρ1

...

U1√gρs





























G(U) =





























U2√gρ
U2√gρu− yξp
U2√gρv + xξp
U2√gρe + (−yξu + xξv)p
U2√gρ1

...

U2√gρs





























(5)

Ψ(U) = (0, 0, 0, 0,
√

gω1, · · · ,
√

gωs)
>

where
√

g = xξyη − xηyξ is the Jacobian of the mesh transformation, U 1 = ξt + uξx +

vξy, and U2 = ηt + uηx + vηy. The spatial discretization is done in the (ξ, η) space for

equation (4) and the range for ξ, η are both [-1,1].

2 Hybrid Numerical Algorithm

The computational region consists of the detonation front moving to the right and the rear

piston boundary and upper and lower solid walls. It will be subdivided using the multi-

domain technique with the detonation front as the right most boundary (see Figure 1).

Three different numerical techniques will be applied in different parts of the computational

region. They are

• Shock tracking algorithm for the detonation front;

• High Order ENO finite difference scheme in the subdomain which contains the reflected

shocks and contact discontinuities along the detonation front;

• Chebyshev collocation methods for the strong vorticity and pressure fields from the

interaction of transverse waves along the detonation front. We refer the reader to [8]

for the details of this method. The reason for using Chebyshev collocation methods

is because of its higher accuracy and efficiency for the same number of mesh points

than a shock capturing scheme such as the ENO schemes, a detailed CPU performance

comparison between these two methods can been found in [9].
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We give brief descriptions of the ENO finite difference method and the shock tracking

scheme used in our algorithm.

High Order ENO Finite Difference Methods To apply the ENO finite difference

method to (4), the spatial derivative is discretized by conservative numerical flux differences:

∂Ui,j

∂t
+

F̂i+ 1

2
,j − F̂i− 1

2
,j

∆ξ
+

Ĝi,j+ 1

2

− Ĝi,j− 1

2

∆η
= Ψ(Ui,j) (6)

where Ui,j is the numerical approximation of (4) using the method of lines. In order to

compute the numerical fluxes F̂i+ 1

2
,j, Ĝi,j+ 1

2

, first the primitive functions for F,G are ap-

proximated by piecewise polynomials using the ENO adaptive stencil idea of Harten [10],

and then the derivatives of those polynomials are evaluated at the edge-centered mesh points

(ξi+ 1

2

, ηj), (ξi, ηj+ 1

2

) to produce the numerical fluxes. For technical details on the construction

of ENO fluxes to the system of equations (4), we refer the reader to [10][11].

We need the eigenvalues and eigenvector on the Jacobian of fluxes A = ∂F

∂U
,B = ∂G

∂U
for

the characteristic decompositions in order to define the ENO fluxes. If D
Dt

= ∂
∂t

+ u ∂
∂x

+ v ∂
∂y

denotes the material derivative, then the eigenvalues of A are Dξ
Dt
−
√

ξ2
x + ξ2

ya, Dξ
Dt

, Dξ
Dt

, Dξ
Dt

, Dξ
Dt

+
√

ξ2
x + ξ2

ya and those of B are Dη
Dt
−
√

η2
x + η2

ya, Dη
Dt

, Dη
Dt

, Dη
Dt

, Dη
Dt

+
√

η2
x + η2

ya. The corresponding

five left and right eigenvectors are liT,T−1ri, i = 1, · · · , 5, respectively, and

l1 = (1,−αρa,−βρa, 0, 0)
l2 = (0,−β, α, 0, 0)
l3 = (1, 0, 0,−a2, 0)
l4 = (0, 0, 0, 0, 1)
l5 = (1, αρa, βρa, 0, 0)

r1 = 1
2
(1,− α

ρa
,− β

ρa
, 1

a2 , 0)>

r2 = (0,−β, α, 0, 0)>

r3 = (0, 0, 0,− 1
a2 , 0)>

r4 = (0, 0, 0, 0, 1)>

r5 = 1
2
(1, α

ρa
, β

ρa
, 1

a2 , 0)>

(7)

where a =
√

γp
ρ

is the sound speed and α = ξx√
ξ2
x+ξ2

y

, β = ξy√
ξ2
x+ξ2

y

for A and α = ηx√
η2

x+η2
y

, β =

ηy√
η2

x+η2
y

and the transform matrix T = ∂v

∂u
with v = (p, u, v, ρ, λ) being the primitive variables,

T =

















γ−1
2

(u2 + v2) −(γ − 1)u −(γ − 1)v (γ − 1) −(γ − 1)Q
−u

ρ
1
ρ

0 0 0

−v
ρ

0 1
ρ

0 0

1 0 0 0 0
λ
ρ

0 0 0 1
ρ

















(8)
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Tracking Algorithm for Precursor Detonation Front The detonation front will be

represented by a continuous curve

x = x(y, t),
−W

2
≤ y ≤ W

2
, t ≥ 0 (9)

and the normal of the front denoted by n = (nx, ny) points to the unreacted gas, which can

be computed by

nx =
1

√

1 + (xy)2
(10)

ny =
−xy

√

1 + (xy)2
.

By the Huygen’s principal, the detonation front will propagate in its normal direction

with speed

Dn =
xt

√

1 + (xy)2
. (11)

Following the procedure proposed in [12], we can write the Rankine-Hugoniot condition

across the shock front as follows






















ρ0(un,0 −Dn) = ρ1(un,1 −Dn)
ρ0(un,0 −Dn)2 + p0 = ρ1(un,1 −Dn)2 + p1

γ
γ−1

p0

ρ0
+ 1

2
(un,0 −Dn)2 + λ0Q = γ

γ−1
p1

ρ1
+ 1

2
(un,1 −Dn)2 + λ1Q

ρ0λ0(un,0 −Dn) = ρ1λ1(un,1 −Dn)

(12)

where “0” denotes the state in front of the detonation front and “1” the states behind the

front. And un = (u, v) ◦ n is the normal velocity on the front. Equation (12) relates the

states in front of the shock and behind the shock. To close the system, we need to impose

the continuity of tangential velocity, i.e.

ut,0 = ut,1 (13)

where ut = (−ny, nx) ◦ (u, v) is the tangential velocity.

From (12) (13), we can solve the quantities (p1, ρ1, un,1, ut,1, λ1) behind the shock in terms

of those in front of the shock (p0, ρ0, un,0, ut,0, λ0). Using the notation in [13], we have the
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following

ρ1 = ρ0
(γ + 1)κ2

(γκ2 + 1)(1− w)

p1 = p0
(γκ2 + 1)(1 + wγ)

γ + 1
(14)

un,1 = un,0 − (un,0 −Dn)(1− ρ0

ρ1
)

ut,1 = ut,0

λ1 = λ0

where w = κ2−1
γκ2+1

and κ = |Dn−un,0|
a0

is the Mach number of the shock front relative to the

unreacted gas and a0 =
√

γp0

ρ0
=
√

γ is the sound speed in the unreacted mixture.

In order to derive a time evolution equation for the shock front, we define the time

differentiation along the shock front d
dt

= ∂
∂t

+ xt(y, t) ∂
∂x

for any fixed y ∈ [−W/2, W/2]. By

applying d
dt

on both sides of (14) and separating the terms which involves xtt(y, t), we obtain

the following

dp1

dt
= c1xtt + d1

dρ1

dt
= c2xtt + d2

du1

dt
= c3,uxtt + d3,u (15)

dv1

dt
= c3,vxtt + d3,v

dλ1

dt
= c4xtt + d4

where

c1 =
4ρ0τ

(1 + γ)(1 + (xy)2)

d1 =
dp0

dt

2γκ2 + 1− γ

1 + γ
− 2ρ0

(1 + γ)(1 + (xy)2)
[2τNt + κ2St]

c2 =
4(γ + 1)κ2

τ [(γ − 1)κ2 + 2]2

d2 =
ρ1

ρ0

dρ0

dt
+

2(γ + 1)ρ0κ
2

[(γ − 1)κ2 + 2]2
[
2Nt

τ
− St

S
]
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c3,u =
c3,n + xyc3,t

1 + (xy)2

d3,u =
d3,n + xyd3,t

1 + (xy)2

c3,v =
−xyc3,n + c3,t

1 + (xy)2

d3,v =
−xyd3,n + d3,t

1 + (xy)2

c3,n =
2

γ + 1
(1 +

1

κ2
), c3,t = 0

d3,n = xytv1 +
(γ − 1)κ2 − 2

(γ + 1)κ2
Nt −

2

(γ + 1)

St

τ
, g3,t = Pt − xytu1

f4 = 0, g4 =
dλ0

dt

and S = (1 + (xy)
2)a2

0, N = u0 − xyv0, P = xyu0 + v0 and Nt = dN
dt

, τ = xt − u0 + xyv0, Pt =

dP
dt

, St = dS
dt

.

Using dv1

dt
= ∂v

∂u

du1

dt
= Tdu1

dt
, equation (15) can be rewritten for conservative variable u,

T
du1

dt
= Tcxtt + Td (16)

where c = (c1, c2, c3,u, c3,v, c4)
>,d = (d1, d2, d3,u, d3,v, d4)

>.

Now on a fixed point on the shock front we consider the characteristic component of

equation (1) in the normal direction n = ( 1√
1+(xy)2

, −xy√
1+(xy)2

),

∂u

∂t
+

∂

∂n
f̃ +

∂

∂t
g̃ = Φ. (17)

where f̃ = nxf + nyg, g̃ = −nyf + nxg. The eigenvalues and eigenvector of Jacobian matrix

Ã = ∂ f̃

∂u
are

un − c, un, un, un, un + c (18)

l1T, l2T, · · · , l5T (19)

where li, i = 1, · · · , 5 are given in (7) with α = 1√
1+(xy)2

, β = −xy√
1+(xy)2

and un = αu + βv.

Along the normal direction of the shock front, the (un +c)-characteristic field approaches

the shock front from behind, therefore a compatibility condition can be obtained by consid-

11



ering the characteristic combination of equation (16)

l5T
du1

dt
= l5Tcxtt + l5Td, (20)

thus yielding the following ODE for the shock speed

xtt = H(u1,u0, xy, xt, xty) (21)

where

H =
l5T

du1

dt
− l5Td

l5Tc

and

du1

dt
= U1

d

dt

1√
g

+
1√
g

∂U1

∂t

and ∂U1

∂t
= −∂F(U)

∂ξ
− ∂G(U)

∂η
+Ψ(U) is the residual computed in (ξ, η) space behind the shock

front.

Interface Conditions A correct interface coupling between subdomains is crucial for the

global stability and accuracy of the scheme. The basic idea behind the treatment of inter-

face and boundary condition is the propagation of information along characteristics of the

hyperbolic systems [14]. Let us consider the cross points between the wall boundary and

interior interface - “C” points (Figure 1).

In order to update the solution for point “C” we have to consider the information which

comes from both subdomains Ωl and Ωr and also the role of the wall. Characteristic surfaces

approaching the point “C” from several direction can be used to form a closed system to

determine this solution [14].

First let us consider the characteristic surface which is tangential to the interface Γ with

normal n = (1, 0). The corrected characteristic quantities w1, w4, w5 can be obtained as

follows, assuming λ1, λ4, λ5 all positive (otherwise, replace subscript “l” by “r” for each

negative values of λi − SΓ,C , i = 1, 4, 5),

wx
1 = wcorrected

1 = pl − āρ̄ul
n (22)
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wx
4 = wcorrected

4 = λl (23)

wx
5 = wcorrected

5 = pl + āρ̄ul
n. (24)

where subscript “x” indicates the normal direction of the characteristic surface and un = u◦n.

On the other hand, we know that the entropy s remains constant along the characteristic

direction corresponding to the eigenvalue un = u ◦n, we can correct the entropy s as follows

scorrected =







pl

(ρl)γ if un − SΓ,C > 0
pr

(ρr)γ otherwise
. (25)

Next, we consider the characteristic surface approaching the wall at point “C” with

normal n = (0, 1) - (top wall) or (0,−1) - (lower wall). On the top wall, un = v = 0, so

λl = un − a = −a and we have the first characteristic field approaching the wall from the

computational domain. Therefore, we can correct the first characteristic variable wy
1 using

the results from either Ωl or Ωr, i.e.

wy
1 = wcorrected

1 =

{

pl + āρ̄ul
n if un − SΓ,C > 0

pr + āρ̄ur
n otherwise

. (26)

Finally, we solve for all four primitive quantities of the flow as follows

v = 0 (27)

λ = w4 (28)

p = (wx
1 + wx

5 + 2wy
1)/4 (29)

ρ = (
p

s
)

1

γ . (30)

The treatment of the cross point on the lower wall can be done similarly.

Smoothing Technique of Detonation Front In order to evolve the detonation front, we

need to compute the time derivative of its normal speed Dn, which depends on xtt. Thus,

the accuracy of the detonation front depends on the residual of the numerical solution at the

detonation front. Numerical experiments show that the front will develop high frequency

numerical instability if no smoothing is applied on the detonation front. In this paper, we
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test three types of smoothing on the detonation front and compare the effects of different

smoothings on the cellular pattern of detonation waves.

Smoothing I. Averaging Solution on the Detonation Front. In equation (21) we replace u1,j

by the simple average of neighboring solutions,

u1,j ←−
u1,j−1 + 2u1,j + u1,j+1

4
. (31)

It can be seen that this averaging procedure will reduce the accuracy of the shock front to

only first order, and have a larger dissipation than the other smoothing techniques suggested

below.

Smoothing II - Derivative Smoothing. Let (xi, yi), i = 1, · · · , n be n- discrete data points and

x1 < x2 · · · < xn. The cubic Hermite interpolation Π3(x) is a piecewise cubic polynomial

which has a continuous derivative at nodes xi and satisfies the following conditions,

{

Π3(xi) = yi

Π′
3(xi) = y′i

1 ≤ i ≤ n. (32)

and

y′i =
∆i−1si + ∆i−1si−1

∆i−1 + ∆xi
2 ≤ i ≤ n− 1

where si = yi+1−yi

∆xi
, ∆xi = xi+1−xi. The derivative at the end points is given by appropriate

one-sided differences.

To maintain the monotonicity of the original data, we limit the derivatives y ′i’s [15],

y′i ←− y′lim,i =

{

min(max(0, y′i), 3min(si−1, si)) if y′i > 0
max(min(0, y′i),−3min(si−1, si)) if y′i ≤ 0.

(33)

Then we change x′y in H of equation (21) as follows,

(x′y)i ←− (x′y)lim,i, 1 ≤ i ≤ n. (34)

Smoothing Technique III - High Frequency Spectral Space Smoothing. The third smoothing

technique applies high frequency cut-off functions in the Fourier transform space of the
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detonation front. Assume that the discrete data xi, 1 ≤ i ≤ n are equally distributed and

data (xi, yi) is decomposed into Fourier modes,

yi =

n
2
−1
∑

k=−n
2

ŷke
ikxi 1 ≤ i ≤ n (35)

where ŷk = 1
n

∑n
i=1 yie

−ikxi.

We multiply the Fourier coefficient ŷk by a decreasing factor σk so that the high frequen-

cies will be decreased. The modified yi is given by

yi ← (yi)
filtered =:

n
2
−1
∑

k=−n
2

σkŷke
ikxi 1 ≤ i ≤ n. (36)

Here we chose σk so that it decays exponentially in terms of the wave number,

σk = e−µ( 2k
n

)2`

for |k| ≤ n

2
, (37)

where the constant µ is chosen so that σn
2

is the machine zero and 2`(` = 6) is called the

order of the exponential filtering.

3 Numerical Results

Recently, the numerical studies of two dimensional detonation waves have received renewed

interest since the early results by Taki & Fujiwara [16] and Oran [17]. Especially, the

simulations done by Majda et al [18] with an improved P.P.M scheme and those by Quirk

[19] with a sophisticated adaptive Godunov-type scheme have improved the state of the art

of detonation wave simulations.

Our computation starts with the ZND steady state solution of a plane detonation wave.

To induce the transverse waves, we introduce perturbations either in the detonation front or

in the flow variables themselves, or both. The type of perturbations used will be sine-like

wave

x(y, 0) =: x(y, 0) + ε sin(πy2), −W/2 ≤ y ≤ W/2 (38)
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or random perturbations (εranf()). Solid boundary conditions will be used in all computa-

tions.

To predict the cell size of detonation waves with a simple one step reaction as in this

paper, Erpenbeck studied the linearized Euler system and based the cell size on the most

unstable mode under multidimensional disturbances [20]. Another approach consists of the

work of Strehlow [21] and, more recently, that of Majda [22], both used the idea of ray

trapping of acoustic waves near a steady detonation front. In [22], an explicit time-dependent

amplifying mechanism and nonlinearity for small-amplitude high frequency waves were also

considered in deriving the criteria of transverse wave formation and cell size. However, as

far as comparison with the simulations done in this paper is concerned, these theoretical

results can not be applied directly. In the linear mode analysis of Erpenbeck, a periodic

boundary condition is assumed in the transverse direction, thus the effect of a channel wall

boundary on the cellular pattern can not be accounted for. Also, in the acoustic ray trapping

approaches of Strehlow [21] and Majda, [22], the solid wall effect is also ignored. In [18],

a numerical verification of the proposed acoustic ray trapping theory gives very incidental

agreement. The reason for such disagreement could be that both linear mode analysis and

high frequency asymptotic with acoustic ray trapping are done assuming that the amplitude

of perturbations are small and nonlinear effects can be ignored. However, in most of the

numerical computations, large amplitude nonlinear effects could be the deciding effects on

the cellular pattern.

Meanwhile, the experimental data on cell size of oxygen and hydrogen [21] and other

fuels (methane, acetylene, or ethylene) [23] demands much more complicated chemical ki-

netics such as the one step reaction which can be handled by our algorithm in this paper,

therefore, at this time we were unable to present any meaningful comparison results with

either theoretical results or experimental data.

Validation of Numerical Scheme

Calculation results of Neutral Stability Curve of One Dimensional Detonation Waves
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To validate our hybrid scheme, we have calculated the neutral stability curve of one

dimensional detonation waves in the presence of one dimensional disturbances as studied

in [13]. For one dimensional detonation waves with a one step irreversible reaction, for a

given heat formation Q, the overdrive parameter f , defined by f = ( D
Dj

)2 with Dj being the

Chapman-Jouguet detonation speed, determines its stability. There is a critical overdrive f ∗

such that the steady one dimensional detonation wave will be stable if f > f ∗ and unstable

if f < f ∗ under one dimensional perturbations. For Q = 50, E+ = 50, Erpenbeck predicted

f ∗ = 1.76 [13].

In Figure 2, we present the neutral stability curve based in the critical overdrive f ∗ for

16 different heat formations Q with E+ = 50. The solid curve is the calculated f ∗. Note

that the heat release Q is in logarithmic scale. The smaller dots are the results of Erpenbeck

using eigenmode analysis [13] and the dashed curve is the extrapolated results by Erpenbeck

based on the dots. We see a good agreement between our calculated curve and the dots

given by his linear analysis.

Two Dimensional Computational Mesh Set-up

In all the computations presented here, we take the total length of the channel to be

150`∗ with the detonation front as the right boundary of the computational domain. As the

detonation propagates and curves, the interfaces between subdomains will travel at a speed

taken to be the averaged speed of the curved detonation front.

In the first subdomain, we use the third order ENO-LF schemes[11] in order to resolve

the reflected shocks and contact discontinuities. The right hand side of the first subdomain,

being the detonation front, will be tracked by the track algorithm in Section 2. Smoothing

III will be applied on the detonation front for every 20 iterations. Chebyshev collocation

methods are used in the remaining subdomains.

Effect of Smoothing of the Detonation Front on the Cellular Patterns

To evaluate the effects of smoothing of the detonation front on the cellular structure, we
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consider the ZND detonation wave with heat formation Q = 50, activation energy E+ = 50,

and the overdrive f = 1.6. The channel width is taken to be W = 20`∗. We take a mesh

-
∑9

i=1(n, m) = (50, 200) + (24, 50) + (20, 50) + (20, 50) + (20, 40) + (10, 20) + (10, 10) +

(10, 10)+(10, 10) and lsk = 160. The initial size of the subdomains will be 5`∗×W, 5`∗×W,

5`∗ ×W, 5`∗ ×W, 10`∗ ×W, 15`∗ ×W, 25`∗ ×W, 40`∗ ×W, 40`∗ ×W . Three tests are done

to see the effects of smoothing on the cellular pattern.

Test One Smooth I, II, and III

In the first test we activate all three types of smoothing on the detonation front. Thus,

strong numerical viscosity will be produced to stabilize the front. In the top part of Figure

3, we record the pressure on the detonation front for time t = 30t∗−40t∗. A very regular and

symmetric two cell structure is produced by the interaction of four different triple points.

This corresponds to a cell width 10`∗ - half the channel width.

Test Two. Smooth II and III

In the second test, we use Smooth II and III, only one cell is present in the cellular

pattern (middle part of Figure 3) which corresponds to a cell width 20`∗.

Test Three Smooth III only

In the third test, we use only Smoothing III. The cellular pattern of the detonation front

(bottom part of Figure 3) also consists of one regular cell almost identical to that of Test

Two.

These tests show us the sensitivity of the cellular patterns of the detonation waves to the

amount of numerical viscosity in the scheme. Test two and Test three give consistent results

which we could use for final calculations. Because of the higher accuracy of the Smooth III

used in Test Three, only Smooth III will be used in later calculations.

Accuracy of Time Integration and Mesh Convergence Studies

1) Comparison of Time Discretizations
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We compare the results of the time splitting method as in [17], [18] (which is at most

second order) and the third order Runge-kutta method with the same resolution and spatial

discretizations in the spatial directions. The detonation parameters are Q = 50, E+ =

50, f = 3; the mesh sizes are
∑9

i=1(n, m) = (120, 150) + (34, 70) + (20, 40) + (20, 40) +

(20, 30) + (10, 20) + (10, 10) + (10, 10) + (10, 10); and the channel width W = 10`∗. The

initial size of the subdomains will be 5`∗×W, 5`∗×W, 5`∗×W, 5`∗×W, 10`∗×W, 15`∗×W,

25`∗ × W, 40`∗ × W, 40`∗ × W . In Figure 4, we plot the pressure along the center of the

channel at time T = 34t∗. The solid line is the results obtained by the third order Runge-

Kutta method while the dash line by the splitting method. We can see both results agree

fairly well except that the splitting method fails to resolve some of the fine structures in the

pressure. In the numerical tests given later, the third order Runge-Kutta method will be

used.

2) Mesh Convergence Studies

We use the same detonation parameter as above but with three different meshes in the

spatial direction. The third order Runge-Kutta method is used in both cases. Mesh A is

∑9
i=1(n, m) = (100, 100)+(34, 70)+(20, 40)+(20, 40)+(20, 30)+(10, 20)+(10, 10)+(10, 10)+

(10, 10). Mesh B is
∑9

i=1(n, m) = (120, 150)+(34, 70)+(20, 40)+(20, 40)+(20, 30)+(10, 20)+

(10, 10)+(10, 10)+(10, 10). Mesh C is
∑9

i=1(n, m) = (160, 200)+(34, 70)+(20, 40)+(20, 40)+

(20, 30) + (10, 20) + (10, 10) + (10, 10) + (10, 10). The initial size of the subdomains will be

8`∗ ×W, 5`∗ ×W, 5`∗ ×W, 5`∗ ×W, 10`∗ ×W, 12`∗ ×W, 25`∗ ×W, 40`∗ ×W, 40`∗ ×W . So

in the first subdomain, mesh A is about 10 points per `∗ and mesh B is about 15 points per

`∗ and Mesh C is about 20 points per `∗. In Figure 5, we plot the temperature and mass

fraction of the reactant along the center of the channel. Close agreement can be seen among

the results for all meshes. In the rest of the computation, we will use at least the resolution

of Mesh B, which is about 15 points per half reaction distance. We use this reference mesh

even though, during the collision of triple points, the half reaction distance could be different

from that in a steady C-J detonation waves.
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Numerical Simulation of 2-D detonation Waves

We present two cases of detonation waves using our high order hybrid scheme.

CASE I Q = 10, E+ = 50, f = 1.2, channel width W = 10`∗ - One cell pattern

The mesh used in this case is
∑9

i=1(n, m) = (110, 140) + (20, 40) + (20, 40) + (20, 30) +

(20, 30) + (10, 20) + (10, 10) + (10, 10) + (10, 10) and lsk = 300. The initial size of the

subdomains will be 5`∗ × W, 5`∗ × W, 5`∗ × W, 5`∗ × W, 10`∗ × W, 15`∗ × W, 25`∗ × W,

40`∗ × W, 40`∗ × W . This mesh gives a resolution of 14 points per half reaction distance

in the ENO domain. We start the computation with the ZND steady state solution with a

sine-like perturbation (38) on the shock front with ε = 0.15.

In Figure 6, we contour plot five snapshots of the pressure, temperature, vorticity and

mass fraction at time T = 30.5t∗, 31.5t∗, 32.5t∗, 33.5t∗, 34.5t∗. In Figure 7, we sketch the

interaction of the triple points.

Case II Q = 50, E+ = 50, f = 1.6, channel width W = 20`∗. Two cells pattern

We use a mesh
∑9

i=1(n, m) = (50, 250)+(34, 70)+(20, 40)+(20, 30)+(20, 30)+(10, 20)+

(10, 10) + (10, 10) + (10, 10) and lsk = 300. Figure 8 shows a two cell pattern produced by

the trajectories of four triple points. There is a larger cell with a width of approximately 10`∗

(half the channel width) and a smaller one with a width 5`∗. Figure 9 contains six snapshots

of the detonation at time t = 20.25t∗, 21.5t∗, 22t∗, 22.5t∗, 23t∗, 23.5t∗. The times were chosen

so that the interaction of the triple points can be shown clearly in the contour plots. A

random perturbation with magnitude ε = 0.3 is used to perturb the shock front at t = 0. In

the first time snapshot t = 20.25t∗, in the lower middle part of the channel, two triple points

C, D are moving away from each other just after collision and A has been reflected from the

upper wall and is about to collide with triple point B. In snapshot two (t = 21.5t∗), in the

upper part of the channel, two smaller triple points A, B collide and separate and, in the

middle part of the channel triple point C is moving upward to collide with triple point A.

Near the lower wall, triple point D is reflecting away from the lower wall. In snapshot three
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(t = 22t∗), triple point B is approaching the upper wall, triple points A and C collide, and

triple point D keeps moving up away from the lower wall. In snapshot four (t = 22.5t∗),

triple point B reflects away from the upper wall and is about to collide with triple point C,

while triple points A and D are about to collide with each other. In snapshot five (t = 23t∗),

in the upper part of the channel, triple points B and C collide and triple points A and D

approach each other. Finally, in snapshot six (t = 23.5t∗), triple points B and C finish the

collision and exchange directions while triple points A and D collide.

Also notice that in Snapshots 4 and 5, the two pressure waves from the reflected shocks

intersect with each other before the collision of the triple points happens along the detonation

front (Snapshot 6). Such interaction will cause sudden reaction of any unreacted gas in the

interior region and produce so-called “explosions in explosions’.

4 Conclusion

We have developed a high order numerical scheme which is suitable for computing detailed

transverse wave structures of two dimensional detonation waves. The numerical algorithm

uses a multi-domain approach so that different numerical techniques can be applied for

different components of detonation waves. The propagation of waves across the interfaces

of subdomains are smooth and the order of accuracy of the whole numerical scheme is only

limited by the accuracy of the time integrator. Tracking of the detonation front avoids

differencing across the detonation front, thus avoiding excessive numerical viscosity as in

shock capturing schemes.

We have shown that the cellular pattern of the detonation waves is affected by the

accuracy of the detonation front and the amount of numerical viscosity, especially the amount

of viscosity involved in the time evolution of the detonation front by the numerical scheme.

We have studied two cases of detonation waves with specific ratio γ = 1.2, from small heat

release (Case I) to large release (Case II) and small overdrives (Case I) to large overdrives

(Case II). The numerical results successfully reproduced the onset and evolution of the
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transverse wave structures. The contact lines within triple points create large vorticity

fields behind the detonation front which distort and interact with the detonation front. The

contact discontinuities from the triple points after their collisions convect downstream and

generate vorticity downstream.
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Captions for all figures

Figure 1 Multidomain set-up for the hybrid numerical scheme for detonation waves.

Figure 2 Neutral stablity curve of one dimensional ZND detonation waves.

Figure 3 Cellular patterns: (top) Test one (middle) Test two (bottom) Test three.

Figure 4 Pressures along the center of channel obtained by time splitting (dash line) and

third order Runge-kutta (solid).

Figure 5 Temperature and mass fraction of the reactant along the center of channel with

three meshes.

Figure 6 Case I, Q = 10, E = 50, f = 1.2, W = 10. Five snapshots of pressure, temperature,

vorticity, mass fraction of reactant (from top to bottom) at t = 30.5t∗, 31.5t∗, 32.5t∗, 33.5t∗, 34.5t∗.

Figure 7 Case I, Q = 10, E = 50, f = 1.2, W = 10. Sketch of the interaction of the triple

points.

Figure 8 Case II,Q = 50, E = 50, f = 1.6, W = 20. Tracks of the triple points.

Figure 9 Case II, Q = 50, E = 50, f = 1.6, W = 20. Six snapshots of pressure, temperature,

vorticity, mass fraction of reactant (from top to bottom) at t = 20.25t∗, 21.5t∗, 22t∗, 22.5t∗, 23t∗, 23.5t∗.
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